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0 Introduction 

 

 

This is a work i n progress  

This document is very much a work in progress. The current version of it is by no means meant 

to be published in any form; it is ÍÅÒÅÌÙ ÔÈÅ ÃÏÌÌÅÃÔÉÏÎ ÏÆ ÔÈÅ ÁÕÔÈÏÒȭÓ ÐÅÒÓÏÎÁÌ ÄÒÁÆÔÓ ÁÎÄ Á 

ȬÓÎÁÐÓÈÏÔȭ of his current ideas. No proofreading has been performed, propositions might not 

even hold, and cross-references are not implemented.  4ÈÕÓȟ ÔÈÉÓ ÄÒÁÆÔ ÉÓ ÐÒÏÖÉÄÅÄ ȬÁÓ ÉÓȭȟ 

×ÉÔÈ ÔÈÅ ÏÎÌÙ ÉÎÔÅÎÓÉÏÎ ÏÆ ÉÌÌÕÓÔÒÁÔÉÎÇ ÔÈÅ ÃÕÒÒÅÎÔ ȬÏÖÅÒÁÌÌȭ ÐÒÏÇÒÅÓÓ ÏÆ ÔÈÅ ×ÏÒËȢ 
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0.1 Notation 

The following is a quick guide to the notational conventions used in the book, especially in the 

chapters on classical mechanics. 

We will use boldface for vectors, as in Ἵᶰᴙ . The length of a vector will be denoted by όḧȿἽȿȢ 

If there already is a boldface letter Ἵ denoting a vector, we might introduce the length ό without 

any explicit remarks. A hat above a vector indicates that the vector is of unit length, as in Ἵ. By 

necessity, now, ȿἽȿ ρ. If there already is a vector Ἵ  we might introduce Ἵḧ Ἵ without 

any explicit remarks. In a Cartesian coordinate system ὼȟώȟᾀ, the basis vectors are denoted ὀ, 

ὁ, and ὂ. When convenient, and when there is no risk of confusion, we will allow ourselves to 

identify points with thei r corresponding radius vectors. 

The statement ὥḧὦ means that the value ὦ is assigned to ὥ at the instance of the formula. 

ὥḰὦ means that ὥ has previously been assigned the value ὦ, that is, ὥ is equal to ὦ by (an earli-

er) definition. If Ὢ and Ὣ are functions of a single variable, ὸɴ ὢ, say, then we may write 

ὪὸḳὫὸ as a shorthand notation for Ὢὸ Ὣὸȟᶅὸɴ ὢ. 

There are often two or more frames of reference in the same discussion. In the typical case of 

two frames ꞈ 1 and ꞈ 2, we use a prime to indicate that a variable is with respect to the second 

frame, ꞈ 2. For instance, if the coordinates of some object are ὼȟώȟᾀ relative to 1ꞈ, we will de-

note the coordinates of the same object but with respect to ꞈ2 by the triplet ὼȟώȟᾀ . A dot, as 

in ὼ, means a derivative with respect to time (or any other single parameter), that is, ὼḧ ὼ, 

and ὼḧ ὼ. If we at some time have a function Ὢ of one variable ὼ that does not have the 

ÉÎÔÅÒÐÒÅÔÁÔÉÏÎ ÏÆ ȬÔÉÍÅȭȟ ×Å ÍÉÇÈÔ explicitly introduce the notation Ὢ for the derivative. 

We will usually skip the brackets in powers of function values. For instance, Ὢὼ Ὢὼ Ȣ We 

will sometimes make use of the very convenient Iverson bracket, which is a map 

ẗȡÔÒÕÅȟ ÆÁÌÓÅᴼ πȟρ defined by 

ὖḧ
ρ ÉÆ ὖ
π ÉÆ ὖȢ

 

Finally, we define the integer interval 

ὥȢȢὦḧ ὥȟὦ᷊ᴚ 

and include π in the natural numbers: 

ᴓ πȟρȟςȟσȟȣ ᴚ ᷾πȢ 
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1 Classical Mechanics 

 

 

 

 

 

 

 

Figure 1. A small part of an ideal chain hanging in a constant 
force field, such as the field of gravity at the surface of the 
Earth. In Section 1.4.6 we will prove that such a chain  will 
form the graph of the hyperbolic cosine.  A few sections later, 
we will show that the very same fundamental force will cause 
planets to o rbit stars in elliptical orbits, and comets to fly by 
stars in hyperbo lic trajectories.  

Ὣẗɝά 

 

ɝὼ 

 
ɝώ 

ὼȟώ 

ὼ ɝὼȟ ώ ɝώ 
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1.1 Space and Time 

To specify a point in space, we need a spatial coordinate system. The general idea is that there is 

a one-to-one correspondence between physical points in space and elements in Ὓḧᴙ . The 

procedure is familiar to everyone: One chooses some physical point as the origin. At this point, 

one imagines three (geometric) basis vectors, which are identified with the standard basis 

ρȟπȟπ, πȟρȟπ, πȟπȟρ of ᴙ . Then the general correspondence is obvious: if we get to a particu-

lar object from the origin by combining ὼ, ώ, and ᾀɴ ᴙ of these geometric basis vectors using the 

rules of geometric vector algebra, we say that ὼȟώ, and ᾀ are the coordinates ÏÆ ÔÈÅ ÏÂÊÅÃÔȭÓ ÓÐa-

tial position, and we associate this spatial position to the element ὼȟώȟᾀᶰᴙ . Almost always 

one makes sure that the physical basis vectors are of the same length (usually a metre), are per-

pendicular to each other, and are ordered so they obey the right-hand rule. In this case, we say 

the system is a Cartesian system. For the rest of this section, we will assume all spatial coordi-

nate systems to be Cartesian. 

Similarly, to specify the time of some event, we construct a one-to-one correspondence between 

moments in time and some set Ὕ, usually ᴙ or some interval subset of ᴙ, called the timeline or 

the time axis. The standard procedure is to make a choice about what real-world moment is to 

correspond to πɴ Ὕ (or some other fixed element of Ὕ), and then one decides that a change of ρ 

in time value corresponds to a physical duration of a second (or some other convenient dura-

tion). 

A coordinate system is a spatial coordinate system together with a timeline. Hence, it consists of a 

choice of spatial origin, three basis vectors, an origin in time, and a time unit. Given a coordinate 

system, any pointlike event, defined as an event to which we can associate a precise point in 

space and moment of time, corresponds to a unique element in Ὕ Ὓ. This product is sometimes 

called spacetime.  [In the literature , one might also see Ὓ Ὕ.] Thus, in pre-relativity physics (al-

so called Newtonian physics), the concept of spacetime is a very simple and graspable thing. 

Let us now turn to the problem of dealing with multiple coordinate systems simultaneously. To 

begin with, we will assume that all coordinate systems are at rest relative to each other; that is, 

the origin of each system is stationary (has constant spatial coordinates) relative to every other 

system. Consider Figure 2. 

 

Figure 2. Three spatial coordinate systems in Central Park, New York City.  
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Here we have indicated three spatial coordinate systems, ꞈρ, ꞈ ς, and ꞈ σ. Notice that ꞈ ρ and ꞈ σ 

have the same physical basis vectors. Consider the points ὖ and ὖ, at which two insects are 

hovering at some moment of time; one is at ὖ and the other is at ὖ. These points exist inde-

pendent of any coordinate system. Therefore, we say that they are geometric points. The coordi-

nates of the points depend on the coordinate system, however. The vector Ἲ is the displacement 

from ὖ to ὖ. This is also an object that exists independent of any coordinate system; hence, it is 

called a geometric vector. The components of Ἲ, however, depend on the coordinate system. No-

tice that the components of Ἲ are the same in ꞈρ and ꞈ σ, because these systems share the same 

geometric basis vectors: while the coordinates of a point depend on both the choice of origin and 

the basis vectors, the components of a vector depend only on the basis vectors. 

In general, two coordinate systems are in relative motion, that is, the origin of one system is 

moving with respect to the other system. This is the case, for instance, if one of the systems is 

stationary on the ground while the other is fixed inside a moving train. When we explicitly in-

clude information about the motion of a coordinate system, we call it a (mathematical) frame of 

reference. Restrict for a moment attention to mathematical frames that do not accelerate relative 

to the ground. If the train is not accelerating, then all frames stationary on the ground and all 

those fixed inside the train are admissible, as are all other frames moving with constant velocity 

relative to these. We denote the set of all such reference frames by ꞈ . Introduce a relation  ͯon 

 ꞈ by declaring that ρꞈͯ ꞈς iff the origin of ρꞈ is at rest relative to ςꞈ at all times, where 

ρꞈȟꞈ ςɴ .ꞈ Clearly, ͯ  is an equivalence relation on ꞈ , and we shall call the equivalence classes 

physical frames of reference. 

One might ask if some of the classes ꞈ Ⱦͯ  ÃÏÎÔÁÉÎ ÆÒÁÍÅÓ ÁÔ ȬÁÂÓÏÌÕÔÅ ÒÅÓÔȭȢ .ÁāÖÅÌÙȟ Á ÃÈÉÌÄ ÍÉÇÈÔ 

argue that the ground is in no motion at all, while all the cars, trains, and velocipedes are in mo-

tion. However, this is obviously a biased statement, since the Earth is very much in motion 

around the sun, which in turn, is in motion in its cluster of stars, and eventually the Milky Way 

galaxy. In addition, the galaxy itself is in motion relative to all other galaxies, and so on. Hence, in 

out interpretation of Newtonian physics, there is no concept of absolute rest, only relative rest. In 

fact, no known experiment can distinguish any preferred frame; all frames in ꞈ are equivalent. 

In the discussion in the last paragraphs, we ignored any relative acceleration. Of course, in gen-

eral, two frames are accelerating relative to each other. Hence, the entire set  ꞈcontains only a 

very special selection of frames, namely, those in uniform motion (i.e., no acceleration) relative 

to the ground. By the same arguments as in the last paragraph, one might suspect that there is 

nothing special about ꞈ , and that, in fact, all mathematical frames of reference are equivalent. 

This, however, is not the case in Newtonian mechanics. Instead, it is postulated that there exists 

(at least locally) a natural collection of mathematical frames that, in some sense, have vanishing 

absolute acceleration ɉÂÕÔ ÔÈÉÓ ÓÈÏÕÌÄÎȭÔ ÂÅ ÔÁËÅÎ ÔÏÏ ÌÉÔÅÒÁÌÌÙɊ. Such a frame with Ȭvanishing 

absolute accelerationȭ is called an inertial  frame, or, less appropriately, a non-accelerating frame. 

It turns out that to a good approximation, a frame of reference attached to the ground of the 

Earth is inertial. Even more so is a frame in free fall in outer space, which might be considered 

ÔÈÅ ȬÐÒÏÔÏÔÙÐÅȭ ÏÆ ÁÎ ÉÎÅÒÔÉÁÌ ÆÒÁÍÅ at that location. From now on, we will redefine ꞈ  to be the set 

of all inertial frames with origins in the vicinity of the objects under consideration. The seeming-

ly strange requirement that they need to be locally concentrated in space will be explained later. 

But what is an inertial frame? How can you tell if a frame is inertial or not? A commonly-stated 

answer in Newtonian mechanics is that a frame is inertial iff the following implication is valid: 

.Ï ÆÏÒÃÅÓ ÁÃÔ ÏÎ Á ÐÁÒÔÉÃÌÅᵼ4ÈÅ ÐÁÒÔÉÃÌÅ ÈÁÓ ÚÅÒÏ ÁÃÃÅÌÅÒÁÔÉÏÎȢ 
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4ÈÉÓ ÉÓ .Å×ÔÏÎȭÓ ÆÉÒÓÔ ÌÁ×ȟ ÁÓ ×Å ×ÉÌÌ ÄÉÓÃÕÓÓ ÍÏÒÅ ÔÈÏÒÏÕÇÈÌÙ ÉÎ ÔÈÅ ÎÅØÔ ÓÅÃÔÉÏÎȢ .ÏÔÉÃÅ ÔÈÁÔ ÔÈÅ 

frame enters the picture because we measure acceleration with respect to it; only according to 

some frames does the particle acceleration vanish. It is very important to notice that it is as-

sumed that the criterion given above yields the same answer no matter what particle is used to 

test the frame. (Otherwise the criterion would not make sense.) 

Consider a free particle (i.e., a particle on which no forces act) studied using two different math-

ematical frames of reference, ꞈρ and ςꞈ. Let Ἲὸ be the radius vector of the particle from the 

origin of ρꞈ at time ὸ, and let Ἲὸ be the radius vector from the origin of ꞈ ς at the same time. 

Also, let ἠὸ be the instantaneous radius vector of the origin of ꞈ ς relative to ρꞈ. See Figure 3. 

 

Figure 3. Two frames of reference in relative motion.  

Clearly, as geometric vectors, 

Ἲὸ ἠὸ Ἲὸȟ ὸᶅɴ ᴙȢ 

Differentiating twice with respect to time yields 

Ἲὸ ἠὸ Ἲὸȟ ὸᶅɴ ᴙ 

where Ἲὸ, ἠὸ, and Ἲὸ are the acceleration of the particle with respect to ꞈρ, the accelera-

tion of the origin of ςꞈ with respect to ρꞈ, and the acceleration of the particle with respect to 

ςꞈ, respectively. Assume that ꞈρ is (essentially) inertial , e.g., fixed to the ground of the Earth. 

4ÈÅÎ ɉᴻɊ ÈÏÌÄÓ, and since the particle is free, Ἲὸ π by modus ponens. Hence, 

ἠὸ Ἲὸȟ ὸᶅɴ ᴙȢ 

Therefore, 

ἠὸ πᵾ Ἲὸ πȢ 

It is trivial to verify that Ἲὸ πᵾ ꞈς ÉÓ ÉÎÅÒÔÉÁÌ, and therefore ɉᴻɊ ÒÅÁÄÓȟ ÉÎ ×ÏÒÄÓȟ 

ρꞈ ÁÎÄ ςꞈ ÍÏÖÅ ×ÉÔÈ ÃÏÎÓÔÁÎÔ ÒÅÌÁÔÉÖÅ ÖÅÌÏÃÉÔÙᵾ ꞈς ÉÓ ÉÎÅÒÔÉÁÌȢ 

Hence, given any inertial frame, all other (nearby) inertial frames, and only those, move with 

constant velocity relative to the first frame. This motivates our introduction of  ꞈand ꞈ ϳͯ :  ꞈis 

the set of (local) natural frames of reference, and the frames in ꞈ  differ only by their relative 

velocity. There are quite a few subtleties regarding frames and inertial frames, and we will re-

turn to these after we have considered some simpler things first. 
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1.1.1 The Significance of the Physical Frame 

The equivalence relation ͯ  is very useful in Newtonian physics, because many things are similar 

when analysed with different mathematical frames belonging to the same physical frame, but 

appear different when analysed with different frames belonging to different physical frames. The 

simplest example of this is the velocity vector. Consider a leaf falling from a tree with a constant 

velocity towards the ground. When analysed in a frame fixed on the ground, the leaf appears to 

be falling with the velocity vector Ἶ shown in Figure 4. 

 

Figure 4. A falling leaf as seen from the ground.  

 

Figure 5. The same falling leaf as seen from a train.  
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Now, consider the same situation, but observed from a train moving to the right with the same 

speed as the leaf is falling (relative to the ground). From the point of view of a passenger on the 

ÔÒÁÉÎȟ ÔÈÅ ÌÅÁÆȭÓ velocity vector is now Ἶ, as shown in Figure 5. Hence, as seen from the ground, 

ÔÈÅ ÌÅÁÆȭÓ ÖÅÌÏÃÉÔÙ ÖÅÃÔÏÒ ÐÏÉÎÔÓ ÔÏ×ÁÒÄÓ ÔÈÅ ÓÍÁÌÌȟ ÒÅÄȟ ÌÅÁÆ ÏÎ ÔÈÅ ÇÒÏÕÎÄȟ ×ÈÉÌÅȟ ÁÓ ÓÅÅÎ ÆÒÏÍ 

ÔÈÅ ÔÒÁÉÎȟ ÔÈÅ ȬÓÁÍÅȭ ÖÅÌÏcity vector points towards the big, brown, leaf on the ground. The con-

clusion is that the velocity vector of an object is not a geometric vector, but depends on the phys-

ical frame of reference. Inside a given physical frame, however, the vector looks the same no 

matter what mathematical frame is used ɀ only the components of the vector differ between 

mathematical frames. Thus, only if we restrict our attention to a specific physical frame of refer-

ence, we may allow ourselves to think of a velocity vector as a geometric entity. 

The reader may recall Figure 2. The displacement vector Ἲ shown there clearly is a geometric 

vector. Now, ignore the insect located at ὖ. Instead, imagine that Ἲ Ἶ is the velocity of the in-

sect initially at ὖ. Then, as shown above, Ἶ is not a geometric vector. Only according to some 

observers is it perpendicular to the surface of the lake! Now, let Ἲ Ἡ be the acceleration of the 

insect, instead. 4ÈÅÎȟ ÔÏ ÓÏÍÅ ÅØÔÅÎÔȟ ȬÎÏÒÍÁÌÉÔÙȭ ÉÓ ÒÅÓÔÏÒÅÄȟ ÂÅÃÁÕÓÅ ÁÃÃÅÌÅÒÁÔÉÏÎ ÖÅÃÔÏÒÓ are 

independent of frames of reference as long as we restrict attention to inertial frames, that is, to 

frames in ꞈ . Thus, accelerations vectors ɀ and therefore force vectors ɀ may be thought of as 

geometric entities if we only consider inertial frames. You already knew this: surely the force of 

gravity, and the ensuing acceleration of a cup of coffee, points straight to the ground no matter if 

you stand on the ground or in a train moving with constant velocity. 

The observations made above are formalised in the Galilean transformation, which relates coor-

dinates between two inertial frames. Let ρꞈȟꞈ ςɴ .ꞈ Let Ἲὸ be the radius vector of an insect 

from the origin of ρꞈ at time ὸ and let Ἲὸ be the radius vector from the origin of ꞈ ς at the 

same time. Also, let ἠὸ be the radius vector from the origin of ꞈ ρ to the origin of ςꞈ at this 

time. See Figure 6. 

 

Figure 6. Two coordinate systems in relative motion.  

The Galilean transformation is simply 

Ἲὸ ἠὸ Ἲὸȟ ὸᶅɴ ᴙȢ 

Differentiating with respect to time, 

Ἲὸ ἠ Ἲὸȟ ὸᶅɴ ᴙ 
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where Ἲὸ is the velocity vector of the insect relative to ꞈρ, Ἲὸ is the velocity relative to ꞈ ς, 

and ἠ, which is independent of time, is the velocity of the origin of ꞈ ς relative to ρꞈ. Hence, if 

ρꞈḕꞈς, ἠ  and so Ἲὸ Ἲὸ. Differentiating once more, 

Ἲὸ Ἲὸȟ ὸᶅɴ ᴙ 

because ἠ . Thus, the acceleration vector is independent of the choice of inertial frame; only 

the components can differ. 

Finally, let us introduce some standard nomenclature: two frames ꞈ ρ and ꞈ ςɴ  ꞈare in stand-

ard configuration iff 

(1)  they have the same geometric basis vectors, 

(2)  the velocity of the origin of ꞈ ς relative to ρꞈ is a non-negative multiple of the first basis 

vector of ꞈ ρ, and 

(3)  at ὸ π also ὸ π and at this time, their spatial origins coincide. 

In this case the Galilean transformation reads 

ὼ ὼ ὺὸ 

ώ ώ 

ᾀ ᾀ 

ὸ ὸ 

where ὺ ȿἾȿ ἠ is the relative speed between the frames. 

1.1.2 The Concept of Inertial Frames 

You might feel a bit uneasy about the introduction of a preferred set of frames, such as ꞈ. If so, 

you can rest assured because this concept is abandoned in the theory of General Relativity. For 

now, let us investigate the concept of inertial frames from a sceptical point of view without bri n-

ing (too much) relativity into the discussion. 

In every-day situations, it is rather easy to distinguish an inertial frame from a non-inertial 

frame. The traditional example is a person standing on the ground and in a bus (well, not simul-

taneously, obviously!). On the ground, we know that the force of gravity acts in the direction 

towards the centre of the Earth, and an equally large upward-pointing normal force is exerted on 

the person from the ground. Hence, the net force is zero, and the person is not accelerating rela-

tive to the ground. Hence, the ground is inertial. The very same experiment can be performed in 

a bus moving with constant velocity relative to the ground. Still no net force, and still no acceler-

ation of the person. Hence, the bus is also an inertial frame. However, if the bus begins to accel-

erate, suddenly the person seems pushed towards the rear end of the vehicle, although no addi-

tional force is acting on him. Now the bus is not an inertial frame. 

What is the issue, then? Well, one issue is the following: How do we really know that no addi-

tional force (pointing towards the rear end of the bus) acting on the body set in at the time when 

the bus began to accelerate? The classical answer, of course, is that we have a very complete 

theory of classical mechanics, and we have classified all the forces acting in it. We have managed 

to create a theory that works exceedingly well, and is self-consistent. Hence, we can say for sure 

that, within the theory of Newtonian physics, no additional force kicks in. 

A second issue is this: to test whether a frame is inertial or not, we need a particle on which the 

net force is zero. In practice, we cannot find any such particle, because all massive particles are 
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affected by the long-range force of gravity from every other massive particle in the universe. 

7ÈÙ ÄÏÎȭÔ ×Å ÎÏÔÉÃÅ ÔÈÉÓ ÅÆÆÅÃÔȟ ÆÏÒ ÉÎÓÔÁÎÃÅȟ ×ÈÅÎ ×Å ÁÒÅ ÓÔÁÎÄÉÎÇ ÉÎ Á ÂÕÓȩ 4ÈÅ ÁÎÓ×ÅÒ ÉÓ ÔÈÁÔ 

the force of gravity affects all massive particles, including the bus, the persons in the bus, and 

every atom of the Earth itself, in exactly the same way. 

Let us consider a third issue. Consider a container in free fall in the vicinity of the Sun. An astro-

naut inside the container, but not aware of its location in the universe, will observe that the con-

tainer behaves exactly like an inertial frame of reference. For example, a ball carefully positioned 

at some place inside the container will remain there until provoked by some force known to the 

astronaut. Of course, you can perform the same experiment in a container in free fall close to the 

Earth. Both these frames will be found to be inertial. But they are clearly accelerating relative to 

each other (one is accelerating towards the Sun, the other towards the Earth), thus contradicting 

the result that all inertial frames are in uniform motion relative to each other. What is the cause 

of this contradiction? 

The answer may seem obvious. Neither ÏÆ ÔÈÅ ÆÒÁÍÅÓ ÁÒÅ ȬÒÅÁÌÌÙȭ ÉÎÅÒÔÉÁÌ ÆÒÁÍÅÓȟ ÂÅÃÁÕÓÅȟ ÃÌÅÁÒÌÙȟ 

they are being accelerated towards the sun and the Earth, respectively. Hence, the ball inside the 

first container is affected by a strong gravitational force, and, indeed, is accelerating towards the 

sun. But since this applies equally to every atom of the container, including the matter that 

makes up the astronaut himself, he cannot know this. This seems to resolve the issue, because, 

since neither frame is inertial, nothing says that they should be in uniform motion relative to 

each other. 

But this raises another question. By the argument given in the last paragraph, a reference frame 

attached ÔÏ ÓÏÍÅ ÍÁÔÅÒÉÁÌ ÂÏÄÙ ɉÁ ÐÌÁÎÅÔȟ Á ÃÏÍÅÔȟ Á ÓÐÁÃÅÃÒÁÆÔȟ ȣɊ ÃÁÎ never be inertial, because 

every massive particle in the entire universe is affected by the force of gravity; hence, it is accel-

ÅÒÁÔÉÎÇȢ )Î ÆÁÃÔȟ ÔÈÅ ȬÅØÐÌÁÎÁÔÉÏÎȭ ÇÉÖÅÎ ÉÎ ÔÈÅ ÌÁÓÔ ÐÁÒÁÇÒÁÐÈ ÉÓ almost as naïve as the explanation 

ÇÉÖÅÎ ÂÙ ÔÈÅ ÃÈÉÌÄ ÓÔÁÔÉÎÇ ÔÈÁÔ ÔÈÅ ÇÒÏÕÎÄ ÏÆ ÔÈÅ %ÁÒÔÈ ÉÓ ÁÎ ȬÁÂÓÏÌÕÔÅ ÒÅÓÔȭ ÆÒÁÍÅȢ Indeed, one 

might argue, if we cannot use experiments to determine whether a frame is inertial or not, then 

ÔÈÅ ÃÏÎÃÅÐÔ ÏÆ ȬÉÎÅÒÔÉÁÌ ÆÒÁÍÅȭ ÄÏÅÓÎȭÔ ÅÖÅÎ ÂÅÌÏÎÇ ÔÏ ÐÈÙÓÉÃÓȦ 

A well-known (but outdated) Ȭresolutionȭ of the issue consists of actually postulating that there 

ÅØÉÓÔÓ Á ÆÒÁÍÅ ÏÆ ȬÁÂÓÏÌÕÔÅ ÒÅÓÔȭȟ ÐÅÒÈÁÐÓ ÂÙ ÄÅÆÉÎÉÎÇ ÔÈÉÓ ÆÒÁÍÅ ÔÏ ÂÅ ÓÔÁÔÉÏÎÁÒÙ ÒÅÌÁÔÉÖÅ ÔÏ ÔÈÅ 

(centre of mass of the?) fixed stars. Then every frame moving with constant velocity relative to 

this frame is defined to ÂÅ ÉÎÅÒÔÉÁÌȢ 4ÈÉÓ ȬÒÅÓÏÌÕÔÉÏÎȭ ÉÓ ÆÁÒ ÆÒÏÍ ÓÁÔÉÓÆÁÃÔÏÒÙȢ &ÏÒ ÉÎÓÔÁÎÃÅȟ ×ÈÁÔ 

about other galaxies? These are very much accelerating relative to our galaxy. 

The modern resolution of the issue can be approached by studying the statement and proof of 

the result given earlier (c.f. page 13), that two inertial frames must be in uniform motion with 

respect to each other. [Given that we have found a Ȭcounterexampleȭ for thiÓ ȬÔÈÅÏÒÅÍȭȟ ÉÔ ÉÓ Én-

deed very natural to reinvestigate it!] The problem is the assumption that any particle can be 

ÕÓÅÄ ÔÏ ÖÅÒÉÆÙ ÔÈÅ ÃÒÉÔÅÒÉÏÎ ɉᴻɊ ÔÈÁÔ ÔÈÅ ÆÒÁÍÅ ÉÓ ÉÎÅÒÔÉÁÌȢ )Î ÒÅÁÌÉÔÙȟ Ô×Ï ÄÉÆÆÅÒÅÎÔ ÐÁÒÔÉÃÌÅÓ can 

yield different outcomes. If they are close to each other, the difference in their acceleration due 

to the field of gravity is small, and the assumption is valid (to an extremely good degree), but if 

ÔÈÅ ÄÉÓÔÁÎÃÅ ÂÅÃÏÍÅÓ ȬÁÓÔÒÏÎÏÍÉÃÁÌȭȟ ÄÉÆÆÅÒÅÎÃÅÓ ÁÒÅ ÔÏ ÂÅ ÅØÐÅÃÔÅÄȟ ÁÓ ÉÎ ÔÈÉÓ ÃÁÓÅȢ In the deriva-

tion of the result on page 13 we used the same ÐÁÒÔÉÃÌÅ ÔÏ ÔÅÓÔ ȬÉÎÅÒÔÉÁȭ ÉÎ ÂÏÔÈ ÆÒÁÍÅÓȟ ÂÕÔ ÉÆ ÔÈÅ 

frames are very far away, then at least one of the frames will be very far from the particle. Even if 

the frame at the Earth seems inertial when tested by the ball in its container, it might not (in fact, 

does not) seem inertial when tested using the ball in the other container, near the sun. 
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What is the cause of the difference? The answer is the big difference in gravitational field be-

tween the two locations. To see this, consider again the container near the sun. Indeed, this 

seems inertial when tested by the ball inside the container. If we add another ball to the contain-

ÅÒȟ ÔÈÅÎ ÂÏÔÈ ×ÉÌÌ ÙÉÅÌÄ ÔÈÅ ÓÁÍÅ ÁÎÓ×ÅÒ ɉÎÏÔ ÅØÁÃÔÌÙȟ ÂÕÔ Á ÈÕÍÁÎ ÅÙÅ ×ÏÕÌÄÎȭÔ ÄÅÔÅÃÔ ÁÎÙ ÄÉf-

ference). Now imagine that the second ball is moved a few kilometres away from the sun, to-

wards the Earth. Still no major difference; the force acting on the ball is essentially the same as 

before. Move it even further away. Eventually, it will come close to the Earth, and now the accel-

eration will be completely different. It will point towards to the Earth, and, obviously, it will ac-

celerate relative to the container at the sun. 

4ÈÅ ÃÏÎÃÌÕÓÉÏÎ ÉÓ ÔÈÅ ÆÏÌÌÏ×ÉÎÇȡ ÔÈÅ ÔÅÓÔ ɉᴻɊ is essentially independent on the location of the test 

particle, as long as we restrict the attention to a region in space in which the gravitational field is 

roughly constant. Of course, this includes all every-day scenarios in homes and laboratories on 

Earth. If one needs to investigate regions in space with significant changes of gravitational field, 

one needs to take the sources of these changes into account, like the sun and the Earth. 

4ÈÅ ȬÍÏÄÅÒÎȭ ÄÅÆÉÎÉÔÉÏÎ ÏÆ ÁÎ ÉÎÅÒÔÉÁÌ ÆÒÁÍÅ ÉÓ Á ÆÒÁÍÅ ×ÉÔÈ ÉÔÓ ÏÒÉÇÉÎ ÉÎ ÆÒÅÅ ÆÁÌÌȟ ÔÈÁÔ ÉÓȟ ÔÈÅ ÏÒÉÇÉÎ 

moves exactly like a small test particle would if it were only affected by the field of gravity, and 

no other forces. Even though this frame is accelerating, an astronaut in a container fixed at the 

origin would perceive the frame as inertial. Again, this is because the container, the astronaut, 

and his ball ɀ indeed, every massive particle there is ɀ is affected by the very same field of gravi-

ty: if the container is so small that we can neglect changes in the field of gravity inside it, then all 

these objects will have the exact same acceleration because of gravity. 

You might get the feeling that the force of gravity is very different from the other forces of na-

ture. We will get back to this point, which, in fact, is the starting point of General Relativity. 
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1.2 bŜǿǘƻƴΩǎ [ŀǿǎ 

Classical meÃÈÁÎÉÃÓ ÉÓ ÔÈÅ ÆÏÕÎÄÁÔÉÏÎ ÏÆ ÐÈÙÓÉÃÓȟ ÁÎÄ .Å×ÔÏÎȭÓ ÌÁ×Ó ÁÒÅ ÔÈÅ ÐÏÓÔÕÌÁÔÅÓ ÏÆ ÃÌÁÓÓi-

cal mechanics. Hence, their significance is paramount. The laws are due to Sir Isaac Newton in 

his Philosophiæ Naturalis Principia Mathematica, first published in 1687, and applies to matter 

particles in space. "Ù ȬÍÁÔÔÅÒ ÐÁÒÔÉÃÌÅȭȟ ×Å ÍÅÁÎ Á ÂÏÄÙ ÏÆ ÍÁÔÔÅÒ ×ÉÔÈ ÓÕÃÈ Á ÓÍÁÌÌ ÅØÔÅÎÔ ÔÈÁÔ 

we can neglect deformation and rotation of the body. In order to formulate the three laws, we 

need first to define the quantities involved. It is understood that we work in some mathematical 

frame ꞈ ρ  ɴꞈ . In this frame, we associate with a particle a position vector ὀ ὼȟώȟᾀ which is 

allowed to change with time, if the particle is moving relative to ꞈ1. The time derivative Ἵḧὀ is 

called the velocity of the particle, and the second derivative Ἡḧὀ is called the acceleration. A 

particle moving with zero acceleration is moving with constant velocity, and, consequently, 

along a straight line with direction Ἵ and constant speed ό. Each matter particle has a well-

defined property called its mass that is constant in time. In classical mechanics, the mass is a 

measure of matter content; indeed, any material body can be thought of as being composed of ὔ 

ȬÓÔÁÎÄÁÒÄ ÍÁÔÔÅÒ ÐÁÒÔÉÃÌÅÓȭ ÏÆ ÅÑÕÁÌ ÍÁÓÓ ά, and thus has mass ὔά. More quantitatively, we will 

ÓÅÅ ÔÈÁÔ .Å×ÔÏÎȭÓ ÓÅÃÏÎÄ ÌÁ× ÏÆ ÍÏÔÉÏÎ ÐÏÓÔÕÌÁÔÅÓ ÔÈÁÔ ÔÈÅ ÍÁÓÓ ÏÆ ÁÎ ÏÂÊÅÃÔ ÉÓ Á ÍÅÁÓÕÒÅ ÏÆ ÔÈÅ 

ÏÂÊÅÃÔȭÓ ÒÅÓÉÓÔÁÎÃÅ ÔÏ ÃÈÁÎÇÅ ÉÔÓ ÖÅÌÏÃÉÔÙȢ &ÕÒÔÈÅÒÍÏÒÅȟ .Å×ÔÏÎȭÓ ÌÁ× ÏÆ ÕÎÉÖÅÒÓÁÌ ÇÒÁÖÉÔÁÔÉÏÎ 

postulates that the masses of two objects determine the magnitude of the force of gravity be-

tween them; we will get back to this law. 

After mass, the most important concept in Newtonian physics is force. A force is a vector quantity 

ÔÈÁÔȟ ÁÓ ÐÏÓÔÕÌÁÔÅÄ ÂÙ .Å×ÔÏÎȭÓ ÓÅÃÏÎÄ ÌÁ× ÏÆ ÍÏÔÉÏÎȟ ÔÒÉÅÓ ÔÏ ÁÌÔÅÒ ÔÈÅ ÖÅÌÏÃÉÔÙ ÏÆ Á ÐÁÒÔÉÃÌÅȢ 

3ÕÃÈ Á ÆÏÒÃÅ ÉÓ ÓÁÉÄ ÔÏ ȬÁÃÔȭ ÏÎ ÔÈÅ ÐÁÒÔÉÃÌÅȢ )Æ ὔ forces ἐȟἐȟȣȟἐ  act on a particle, the net effect 

will be indistinguishable from that caused by a single force ἐ В ἐ acting on the particle.  

.Ï×ȟ ÌÅÔ ÕÓ ÆÏÒÍÕÌÁÔÅ .Å×ÔÏÎȭs laws. In any inertial frame, 

1. ἐ ᵼἩ . If the net force of a particle is zero, then its velocity is constant. That is, if 

ȬÎÏÔÈÉÎÇ ÈÁÐÐÅÎÓȭ ÔÏ Á particle, it is not its position that is constant, but its derivative, the 

velocity. 

2. ἐ άἩ. The net force on a particle is equal to the product of its mass and its accelera-

tion. Notice that the first law is a consequence of the second law. 

3. If a particle ὃ affects ὄ with a force ἐ , then ὄ affects ὃ with a force ἐ ἐ  of equal 

magnitude but opposite direction. 

 

Figure 7. )ÌÌÕÓÔÒÁÔÉÏÎ ÏÆ .Å×ÔÏÎȭÓ ÔÈÉÒÄ ÌÁ×. 

There are two ways of thinking about force. Either, one might consider force as a geometric enti-

ty in space, that is, as a geometric vector, or one might consider the force to be defined in terms 

ÏÆ ÔÈÅ ÍÅÁÓÕÒÁÂÌÅ ÁÃÃÅÌÅÒÁÔÉÏÎ ÏÆ Á ÐÁÒÔÉÃÌÅȟ ÕÓÉÎÇ .Å×ÔÏÎȭÓ second law, as seen from some 

frame. 

   

ἐ  ἐ  

A B 
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APPROACH 1: The most naïve approach is to consider force as a geometric vector. In this ap-

proach, the force is a geometric entity that exists independent of frame of reference. Consider an 

apple hovering at rest inside the ISS. If someone begins to push the apple, then the force on the 

apple is a well-defined geometric vector ἐ, that ɀ at least in principle ɀ every observer (inertial or 

not) can determine. This approach also goes hand-in-hand with the concepts of the gravitational 

and electrostatic force fields, which are (literally) defined as geometric vector fields. The main 

issue with this approach is that there is no direct way of measuring the force. Still, this is the 

most common approach. 

APPROACH 2: The other approach is to define the force as the product of mass and acceleration 

of an object. Defined this way, the force is (in principle) very easy to measure in any frame of 

reference, for the acceleration is easily measurable (in principle) . 

4ÈÅ ÓÉÔÕÁÔÉÏÎ ÉÓ ÆÕÒÔÈÅÒ ÃÏÍÐÌÉÃÁÔÅÄ ÂÙ ÔÈÅ ÆÁÃÔ ÔÈÁÔ ÔÈÅ ÃÏÎÃÅÐÔ ÏÆ ȬÍÁÓÓȭ ÉÔÓÅÌÆ ÍÉÇÈÔ ÂÅ ÈÁÒÄ ÔÏ 

define in a satisfying manner. If one thinks that the concept of force is more natural than the 

concept of mass, then one can postulate the existence of forÃÅÓȟ ÁÎÄ ÔÈÅÎ ÕÓÅ .Å×ÔÏÎȭÓ ÓÅÃÏÎÄ 

law to define the mass of a particle. 

1.2.1 ¢ƘŜ LƴǾŀǊƛŀƴŎŜ ƻŦ bŜǿǘƻƴΩǎ [ŀǿǎ 

7Å ×ÉÌÌ ȬÓÈÏ×ȭ ÔÈÅ ÉÎÖÁÒÉÁÎÃÅ ÏÆ .Å×ÔÏÎȭÓ ÌÁ×Ó ÕÎÄÅÒ 'ÁÌÉÌÅÁÎ ÔÒÁÎÓÆÏÒÍÁÔÉÏÎÓȢ 4ÈÉÓ ÉÓ ÎÏÔ ÁÓ 

straightforward as one might suspect, mainly because the cÏÎÃÅÐÔ ÏÆ ȬÆÏÒÃÅȭ ÌÁÃËÓ a clear, intrin-

sic, definition, as discussed above. 

First, assume that ꞈ ρ  ɴᴕꞈ  and ςꞈ  ɴᴕꞈ  are two mathematical frames in the same physical 

frame ᴕꞈ . (1) Clearly, a translation of the time variable will not change any of the laws of phys-

ics, since the origin of time is arbitrary. (2) A pure rotation  corresponds to a mere change of vec-

tor basis. That is, observers will find the same geometric vectors, but their components will vary. 

The laws of physics will not change, because space itself is assumed isotropic in Newtonian me-

chanics. (3) A translation of the origin will not affect the physics, since the origin is arbitrary; in 

other words, space itself is assumed homogeneous. 

Now let ρꞈ  ɴᴕꞈ ρ and ςꞈ  ɴᴕꞈ ς be two reference frames in two distinct physical frames 

ᴕꞈ ρ and ᴕꞈ ς. AÓÓÕÍÅ ÔÈÁÔ .Å×ÔÏÎȭÓ ÌÁ×Ó ÁÒÅ ÖÁÌÉÄ ÉÎ ρꞈ. We want to show that they are valid 

in ςꞈ as well. Since the first law is a consequence of the second law, we will not treat this sepa-

rately. Therefore, let ὃ be an object that is found to obey the second law 

ἐ άἩ 

in ρꞈ. In Newtonian physics, the mass ά of an object is an intrinsic property of the object, and 

therefore, observer-independent. As shown above, the acceleration vector Ἡᴂ of ὃ as perceived 

by an observer in ꞈ ς is equal to the acceleration vector as perceived from ꞈρ, that is, Ἡ Ἡ [but 

the components of this vector depend on the vector basis of the frame]. As a geometric vector, 

ÔÈÅ ÒÉÇÈÔ ÈÁÎÄ ÓÉÄÅ ÏÆ ɉᴻɊ ÉÓ ÔÈÕÓ ÔÈÅ ÓÁÍÅ ÉÎ ÂÏÔÈ ÆÒÁÍÅÓȢ "ÕÔ what do our observers in the two 

frames have to say about the forces on ὃ? 

According to the first  approach given above, we consider the force as given by a force field, e.g. 

the gravitational field from a massive particle, and argue that this is a geometric object and in-

ÄÅÐÅÎÄÅÎÔ ÏÆ ÐÈÙÓÉÃÁÌ ÆÒÁÍÅȢ 4ÈÅÎ ÉÔ ÆÏÌÌÏ×Ó ÔÈÁÔ ÔÈÅ ,(3 ÏÆ ɉᴻɊ ÉÓ ÉÎÖÁÒÉÁÎÔ ÔÏÏȟ ÁÎÄ ×Å ÈÁÖÅ 

shown that .Å×ÔÏÎȭÓ ÓÅÃÏÎÄ ÌÁ× ÉÓ ÉÎÖÁÒÉÁÎÔ ÕÎÄÅÒ Á 'ÁÌÉÌÅÁÎ ÔÒÁÎÓÆÏÒÍÁÔÉÏÎȢ According to the 

second ÁÐÐÒÏÁÃÈ ÇÉÖÅÎ ÁÂÏÖÅȟ ȬÆÏÒÃÅȭ ÉÓ by definition ÐÒÅÃÉÓÅÌÙ ÔÈÅ 2(3 ÏÆ ɉᴻɊȟ ÁÎÄ ÓÏ .Å×ÔÏÎȭÓ 

second law is valid in ꞈ 2, and, in addition, we have now shown that the force is found to be the 
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same in any physical frame. That is, since the acceleration, as a geometric vector, is the same in 

any inertial frame, it follows that the force, as a geometric vector, is also the same in any inertial 

frame. Hence, in practice, the difference between the two approaches is not very important. 

1.2.2 Non-Inertial Frames 

.Å×ÔÏÎȭÓ ÌÁ×Ó ÁÒÅ ÏÎÌÙ ÖÁÌÉÄ ÉÎ inertial  frames. To aid the discussion about non-inertial frames, 

we will introduce a new concept, to be used only in this subsection. Recall that we defined a 

ȬÐÈÙÓÉÃÁÌ ÆÒÁÍÅȭ ÁÓ ÁÎ ÅÑÕÉÖÁÌÅÎÃÅ ÃÌÁÓÓ ÏÆ ɉÍÁÔÈÅÍÁÔÉÃÁÌɊ ÆÒÁÍÅÓ ÏÆ ÒÅÆÅÒÅÎÃÅȟ ÔÈÅ ÏÒÉÇÉÎÓ ÏÆ 

which are at rest (that is, have zero geometric velocity) relative to each other. We now define a 

ȬÓÕÐÅÒ-ÐÈÙÓÉÃÁÌ ÆÒÁÍÅȭ ÁÓ ÁÎ ÅÑÕÉÖÁÌÅÎÃÅ ÃÌÁÓÓ ÏÆ ɉÍÁÔÈÅÍÁÔÉÃÁÌɊ ÆÒÁÍÅÓ ÏÆ ÒÅÆÅÒÅÎÃÅȟ ÔÈÅ ÏÒÉÇÉÎÓ 

of which have zero geometric acceleration relative to each other at every time. Then, intuitively, 

all inertial frames constitute one super-physical frame. Indeed, two inertial frames are moving 

relative each other with constant velocity. If another frame ꞈς is accelerating with constant ac-

celeration Ἡ υὀ relative to an inertial frame ρꞈ, then this frame belongs to a different super-

physical frame, together with frames that are rotated or displaced in space or velocity relative to 

ςꞈ. 

)Ô ÉÓ ÅÁÓÙ ÔÏ ÓÈÏ× ÔÈÁÔȟ ÉÆ .Å×ÔÏÎȭÓ ÌÁ×Ó ÁÒÅ ÖÁÌÉÄ ÉÎ ÏÎÅ ÓÕÐÅÒ-physical frame (such as the super-

physical frame of inertial  frames), then they cannot be valid in any other such frame. The proof 

depends on which approach we choose to employ when talking about forces. 

In APPROACH 1, the force on an object is an intrinsic, geometric, property, and so it is the same 

in every frame. Let ἐ be the force on an object ὃ. Let ꞈ ρ  ɴהᴕꞈ ρ and ςꞈ  ɴהᴕꞈ ς be two 

frames in different super-physical frames. Assume that .Å×ÔÏÎȭÓ ÌÁ×Ó ÁÒÅ ÖÁÌÉÄ ÉÎ ρꞈ. Then the 

acceleration is 

Ἡ
ρ

ά
ἐ 

where ἐ is the force on ὃ. In הᴕꞈ ς, the acceleration is Ἡᴂ, and since this is a different super-

physical frame, Ἡ Ἡ. But since the force is an intrinsic, geometric, property, 

Ἡ
ρ

ά
ἐ 

which is a contradiction. 

Let us consider the same set-up but using APPROACH 2. Assume that the universe is empty ex-

cept for one, single, particle, which we call ὃ, and which is at rest relative to ꞈ 1. In this frame, 

Ἡ  and therefore, by definition, ἐ . Relative to ꞈ ς, the acceleration of ὃ is Ἡ , and so, 

by definition, ἐ . (ÅÎÃÅȟ ÅÖÅÎ ÔÈÏÕÇÈ ÔÈÅ ÐÁÒÔÉÃÌÅ ÉÓ ÁÌÏÎÅ ÉÎ ÔÈÅ ÕÎÉÖÅÒÓÅȟ ȬÓÏÍÅÔÈÉÎÇȭ ÉÓ ÐÒo-

ÄÕÃÉÎÇ Á ÆÏÒÃÅ ÏÎ ÉÔȢ !ÃÃÏÒÄÉÎÇ ÔÏ .Å×ÔÏÎȭÓ ÔÈÉÒÄ ÌÁ×ȟ ÔÈÅÎ ὃ ÍÕÓÔ ÁÆÆÅÃÔ ÔÈÉÓ ȬÓÏÍÅÔÈÉÎÇȭ ÂÙ ÔÈÅ 

force ἐ . But ÔÈÉÓ ȬÓÏÍÅÔÈÉÎÇȭ ÄÏÅÓÎȭÔ ÅØÉÓÔȦ Maybe you could rescue the theory by making 

some more or less reasonable explanations, but this is a bit too strange to seem natural, consid-

ering this chapter is devoted to classical mechanics. 
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1.3 The Fundamental Forces 

According to the standard models of modern physics, there are four fundamental forces in na-

ture, namely, gravitation, electromagnetism, the strong nuclear force, and the weak nuclear 

force. At the end of the seventeenth century, Newton formulated the law of universal gravitation 

that is one of the cornerstones of classical mechanics; it gives the gravitational force ἐ experi-

enced by a body ὄ of mass ά π due to another body ὄ of mass ά π a distance ὶ away. If Ἲ 

is a unit vector pointing from ὄ to ὄ, then1 

ἐ Ὃ
άά

ὶ
Ἲ 

where Ὃ is a constant2. (Notice that gravity is an unquestionably attractive force.) Therefore, by 

.Å×ÔÏÎȭÓ ÓÅÃÏÎÄ ÌÁ× ÏÆ ÍÏÔÉÏÎȟ ÔÈÅ ÁÃÃÅÌÅÒÁÔÉÏÎ ÏÆ ὄ is3 

Ἡ
ρ

ά
ἐ Ὃ

ά

ὶ
Ἲ 

and is independent of the mass άȢ 4ÈÉÓ ÉÓ ËÎÏ×Î ÁÓ 'ÁÌÉÌÅÏȭÓ ÌÁ×ȡ ÉÆ ÙÏÕ ÄÒÏÐ Á ÆÅÁÔÈÅÒ ÁÎÄ ÁÎ 

iron weight from the same height above the surface of the Earth, then ɀ neglecting all forces be-

sides gravity (predominantly air resistance) ɀ they will stay next to each other during the fall, 

and they will hit the ground simultaneously.4 

Now, consider two electrically charged bodies ὄ [the source of the field] and ὄ [the test parti-

cle] with charges ήᶰᴙ and ήᶰᴙȟ ÒÅÓÐÅÃÔÉÖÅÌÙȢ 4ÈÅÎ #ÏÕÌÏÍÂȭÓ ÌÁ× ÇÉves the electrostatic 

force5 

ἐ Ὧ
ήή

ὶ
Ἲ 

on the test charge ὄ due to the source charge ὄ. This force clearly has the exact same form as 

in the case of gravity; instead of the masses of the particles, the force is now proportional to their 

charges. However, notice now that the force is repulsive if ÓÇÎή ÓÇÎή [and, of course, neither 

charge is zero]. More importantly, the acceleration of ὄ is now 

Ἡ
ρ

ά
ἐ Ὧ

ήή

ά ὶ
Ἲ 

and thus it depends crucially on both the mass ά  and the charge ή of the test body. The strong 

and weak nuclear forces behave more like the electrostatic force than the force of gravity in this 

respect {{kb}}, and we therefore conclude that gravity is a rather special force, since it is propor-
                                                             
1 We often consider ὄ to be a fixed source of the gravitational field, such as a star or a planet, and ὄ to be 
Á ÓÍÁÌÌ ȬÔÅÓÔ ÐÁÒÔÉÃÌÅȭ ÅØÐÅÒÉÅÎÃÉÎÇ ÔÈÉÓ ÆÉÅÌÄȢ )Î ÔÈÉÓ ÃÁÓÅȟ ά  ÉÓ ÃÁÌÌÅÄ ÔÈÅ ȬÁÃÔÉÖÅ ÇÒÁÖÉÔÁÔÉÏÎÁÌ ÍÁÓÓȭȟ ÁÎÄ 
ά  ÔÈÅ ȬÐÁÓÓÉÖÅ ÇÒÁÖÉÔÁÔÉÏÎÁÌ ÍÁÓÓȭȢ /Æ ÃÏÕÒÓÅȟ ×Å ËÎÏ× ÔÈÁÔ ÔÏ ÅØÐÅÒÉÍÅÎÔÁÌ ÁÃÃÕÒÁÃÙȟ ÔÈÅÓÅ Ô×Ï ÑÕÁÎÔi-
ties are the same for any object, which is also implied in the law of universal gravitation, since we only 
ÓÐÅÁË ÏÆ ÔÈÅ ȬÍÁÓÓȭȢ 
2 In SI units, Ὃ φȢφχτẗρπ  .ÍËÇ. 
3 4ÈÅ ÍÁÓÓ ÅÎÔÅÒÉÎÇ ÉÎ .Å×ÔÏÎȭÓ ÓÅÃÏÎÄ ÌÁ× ÉÓ ÃÁÌÌÅÄ ÔÈÅ ȬÉÎÅÒÔÉÁÌ ÍÁÓÓȭȢ !ÇÁÉÎȟ ÔÏ ÅØÐÅÒÉÍÅÎÔÁÌ ÁÃÃÕÒÁÃÙȟ 
ÔÈÅ ȬÉÎÅÒÔÉÁÌ ÍÁÓÓȭ ÏÆ ÂÏÄÙ ÉÓ ÅÑÕÁÌ ÔÏ ÂÏÔÈ ÉÔÓ ȬÇÒÁÖÉÔÁÔÉÏÎÁÌ ÍÁÓÓÅÓȭȢ (ÅÎÃÅȟ ×Å ÍÁÙ ÓÉÍÐÌÙ ÓÐÅÁË ÏÆ ȬÔÈÅ 
ÍÁÓÓȭ ÏÆ ÁÎ ÏÂÊÅÃÔȢ 
4 Even today, you might hear that this is counterintuitive. Personally, I have never quite understood why. 
Indeed, if you take a thousand feathers, arrange them in a simple cubic array of spacing ‭ π, and then 
ÒÅÌÅÁÓÅ ÔÈÅÍ ÁÔ ÔÈÅ ÓÁÍÅ ÔÉÍÅȟ ÔÈÅÙ ×ÉÌÌ ÁÌÌ ÆÁÌÌ ×ÉÔÈ ÔÈÅ ÆÅÁÔÈÅÒȭÓ ÁÃÃÅÌÅÒÁÔÉÏÎȟ ÉÒÒÅÓÐÅÃÔÉÖÅ ÏÆ ÔÈÅ ÐÒÅÃÉÓÅ 
value of ‭. But as ‭ is decreased, you will eventually obtain the density of an iron weight. Therefore, an 
iron weight has to fall with the same acceleration as a feather. Quod erat demonstrandum. 
5 In SI units, Ὧ ρτ“‭ϳ ψȢωψψẗρπ .ÍȾ# where ρ # is the Coulomb unit of electric charge. 
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tional in strength to the iÎÅÒÔÉÁÌ ÍÁÓÓ ÏÆ .Å×ÔÏÎȭÓ ÓÅÃÏÎÄ ÌÁ×Ȣ 4ÈÉÓ ÓÕÇÇÅÓÔÓ ÔÈÁÔ ÔÈÅÒÅ ÉÓ ÓÏÍe-

thing very special about gravity. 
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1.4 Simple Examples of Kinematics 

7Å ×ÉÌÌ ÕÓÅ .Å×ÔÏÎȭÓ ÌÁ×Ó ÔÏ ÉÎÖÅÓÔÉÇÁÔÅ ÔÈÅ ËÉÎÅÍÁÔÉÃÓ ÏÆ Á ÎÕÍÂÅÒ ÏÆ ÓÉÍÐÌÅ ÅØÁÍÐÌÅÓ ÏÆ ÐÈÙs-

ical systems. 

1.4.1 Two Massive Bodies 

Let ὃ and ὄ be two bodies with masses ά  and ά , initially  (at time ὸ π) at rest at πȟπȟπ and 

ὶȟπȟπ relative to an inertial frame ꞈ ρɴ ,ꞈ where the initial distance ὶ π. Due to the force of 

gravity, these will accelerate towards each other, with an ever-increasing acceleration. 

 

Figure 8. Two bodies approaching each other due to the force of gravity . 

Let Ὠ ὸ and Ὠ ὸ be the distances travelled by ὃ and ὄ at time ὸ, respectively, and let ὶὸ be 

the distance between ὃ and ὄ at this time. It follows that, for all times prior to collision, 

Ὠ ὸ ὶὸ Ὠ ὸ ὶȢ 

Differentiation with respect to time (twice) yields 

Ὠ ὸ ὶὸ Ὠ ὸ πȢ 

"ÕÔ .Å×ÔÏÎȭÓ ÓÅÃÏÎÄ ÌÁ× and the law of gravitation combines to yield 

άὨ ὸ
Ὃάά

ὶὸ
ȟ ά Ὠ ὸ

Ὃάά

ὶὸ
Ȣ 

Therefore, 

Ὃά

ὶὸ
ὶὸ

Ὃά

ὶὸ
πȢ 

Rearrange the terms to obtain 

ὶὸ
Ὧ

ὶὸ
π 

where 

ὯḧὋά ά Ȣ 

Thus, the problem has the precise mathematical formulation 

ὶ Ὧὶ πȟ
ὶπ ὶ

ὶπ π
     Ὧȟὸ π 

and it is perfectly sensible to solve it numerically, especially since the solution ὸm ὶὸ probably 

cannot be expressed in terms of elementary functions. However, one can show that the bodies 

will collide at time ὸ ὸÃÏÌÌÉÓÉÏÎ where 

  
 

ὶὸ 

 

ὶ 

 

Ὠ ὸ 

 

Ὠ ὸ 

ά  ά  ὃ ὄ 
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ὸÃÏÌÌÉÓÉÏÎḧ
“

ςЍςὯ
ὶ
ϳ
Ȣ 

As a concrete example, let ά ά ς ËÇ and ὶ ρ Í. Then ὸÃÏÌÌÉÓÉÏÎρψȢω hours. A graph of 

ὸm ὶὸ for ὸɴ πȟὸÃÏÌÌÉÓÉÏÎ is shown below. 

 

Figure 9. Distance between  two gravitationally interacting bodies  versus time . 

A full exact treatment of thÅ /$% ɉᴻɊ ÉÓ ÇÉÖÅÎ ÉÎ !ÐÐÅÎÄÉØ !Ȣς. 

1.4.2 Projectile Motion 

Assume that a ball of mass ά is thrown with an initial velocity Ἶ ὺ ȟὺ  by an experi-

mental physicist or a British actor. We neglect air resistance, so the only force acting on the ball 

is the force ἐ άὫὁ of gravity, where Ὣ is the constant acceleration due to gravity, as we will 

discuss in a later section. 

 

Figure 10. The initial velocity of a thrown ball . 
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Put the origin at the physicist/actor, more precisely at the point of the ball as it leaves the hand, 

and denote by Ἲὸ ὼὸȟώὸ  the position of the ball at time ὸ. 4ÈÅÎ .Å×ÔÏÎȭÓ ÓÅÃÏÎÄ ÌÁ× 

reads 

άἺ ἐȟ 

or ɀ explicitly ɀ, 

άὼ π 

άώ άὫȢ 

Thus, the horizontal component ὼ of the velocity is constant, namely, ὼὸ ὺ . Therefore 

ὼὸ ὺ ὸ 

since ὼπ π. Now 

άώ άὫᵼώ Ὣᵼώ ὺ Ὣὸᵼώὸ ὺ ὸ
ρ

ς
Ὣὸ ὸὺ

ρ

ς
Ὣὸ 

since ώπ ὺ  and ώπ π.  The ball hits the ground6 when ὸ π and ώὸ π, that is, when 

ὸ ὸÉÍÐÁÃÔḧ
ςὺ

Ὣ
Ȣ 

At this time, the ball has travelled a horizontal distance 

ὼÉÍÐÁÃÔḧὼὸÉÍÐÁÃÔ
ςὺ ὺ

Ὣ
Ȣ 

Assume that the angle between the ground (ὀ) and Ἶ is •ᶰπȟ“ςϳ  so that 

ὺ ὺÃÏÓ• 

ὺ ὺÓÉÎ•Ȣ 

Then 

ὼÉÍÐÁÃÔ•
ςὺ

Ὣ
ÃÏÓ•ÓÉÎ•

ὺ

Ὣ
ÓÉÎς•Ȣ 

Clearly, for any given initial speed ὺ, the longest throw (measured horizontally) is obtained by 

directing it 45° above the ground. What is the maximum height of the ball? The maximum of ώὸ 

is clearly obtained when ώὸ πȢ &ÒÏÍ ɉᴻɊ ÁÎÄ ɉᴻɊȟ this occurs precisely when 

ὸ ὸÔÏÐḧ
ὺ

Ὣ

ρ

ς
ὸÉÍÐÁÃÔȟ 

and the maximum height is 

ώὸÔÏÐ
ὺ

ςὫ

ὺÓÉÎ•

ςὫ
Ȣ 

Not surprisingly, the maximum height is achieved when the throw (initial velocity) is purely 

vertical, i.e., when • “ςϳ . Finally, notice thaÔ ɉᴻɊ ÃÏÍÂÉÎÅÄ ×ÉÔÈ ɉᴻɊ ÙÉÅÌÄÓ ÔÈÅ ÐÁÔÈ 

ώὼ ÔÁÎ•ẗὼ
Ὣ

ςὺ
ὼȢ 

                                                             
6 Strictly speaking, it hits the surface ώ π which is slightly above the ground unless the ball is thrown 
exactly from the ground by the physicist/actor. 
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That is, the path is a parabolaȠ ÔÈÉÓ ÍÏÔÉÖÁÔÅÓ ÔÈÅ 3×ÅÄÉÓÈ ×ÏÒÄ ȬËÁÓÔÐÁÒÁÂÅÌȭȢ 

1.4.3 Circular Motion 

Assume that a particle of mass ά is circling the origin of some ὼώ plane. What does the force ἐ on 

the particle have to look like? Well, if the radius of the orbit is ὶ π, then 

Ἲὸ ὶÃÏÓ‫ὸȟὶÓÉÎ‫ὸ 

for some constant the angular frequency of the particle. This implies ,‫ 

Ἲὸ ὶ‫ ÃÏÓ‫ὸȟὶ‫ ÓÉÎ‫ὸ ‫ἺὸȢ 

That is, the acceleration is always directed towards the origin (that is, the centre of the circle) 

and has constant magnitude 

ὶ ‫ὶȢ 

Since the angular speed (=angular frequency) of the particle is the speed of the particle is ,‫ 

ὺḧὶThus .‫ 

ὶ
ὺ

ὶ
Ȣ 

The acceleration of a particle travelling in a circular orbit is called the centripetal acceleration. 

The (net) force on such an object [with mass ά], the centripetal force, therefore has magnitude 

Ὂ
άὺ

ὶ
 

and is always directed towards the centre of the circle. Of course, the physical nature of this 

force can be of any kind, such as gravitational and electromagnetic (e.g., a contact force). 

1.4.4 The Ideal Spring ς Simple Harmonic Motion 

Assume that you put an ideal spring of length ὒ (when not stretched) along the ὼ axis with one 

end fixed to the origin ὼ π while the other (at ὼ π) is free to move. According to HookeȭÓ ÌÁ×ȟ 

which defines ÔÈÅ ȬÉÄÅÁÌ ÓÐÒÉÎÇȭȟ the restoring force of the spring is proportional to the displace-

ment, that is, 

ἐ Ὧὼ ὒὀ 

where ὼ is the position of the free end and Ὧ π is the spring constant. Glue an object of mass ά 

to the free end, and, for simplicity, shift the labelling of the ὼ axis so that the fixed end of the 

spring is at ὼ ὒ. Then the object at the free end is at the origin when the spring is relaxed. 

The force on the object is 

ἐ Ὧὀȟ 

ÁÎÄ .Å×ÔÏÎȭÓ ÓÅÃÏÎÄ ÌÁ× άἩ ἐ reads 

άὼ ὯὼȢ 

Define 

‫ḧ
Ὧ

ά
 

to obtain 
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ὼ ‫ὼ π 

with general solution 

ὼὸ ὃÓÉÎ‫ὸ ὄÃÏÓ‫ὸȢ 

If we choose the origin of time in such a way that ὼπ π, then this reduces to 

ὼὸ ὃÓÉÎ‫ὸȢ 

The speed of the object is 

ὼὸ ‫ὃÃÏÓ‫ὸ 

and the maximum speed, obtained at the origin, is .‫ὃ 

1.4.5 The Simple Pendulum 

Consider a pendulum consisting of a ball of mass ά attached 

to a string of length ὒ inside a constant gravitational field. Let 

the angle between the vertical and the string be •ὸ at time 

ὸ. The force on the ball due to gravity is ἐ άὫὁ. This 

force can be decomposed into a component ἐ άὫÃÏÓ•ἶ 

in the direction of the string (that is, orthogonal to the path of 

the ball), and a component ἐ άὫÓÉÎ•  parallel to the 

path of the ball; see Figure 11. If we consider only small oscil-

lations of the pendulum, say ȿ•ȿ “τϳ , then ÓÉÎὼͯ ὼ is a 

decent approximation, and therefore we set 

ἐ άὫ•Ȣ 

This is the net force acting on the ball, because the force from 

the string is exactly the opposite of ἐȢ (ÅÎÃÅȟ .Å×ÔÏÎȭÓ Óe-

cond law states 

άὒ• άὫ• 

where ὥḧὒ• is the acceleration of the ball. Rearranging, we 

end up with 

• •‫ π 

where 

‫ḧ
Ὣ

ὒ
 

and the solution is 

•ὸ ὃÓÉÎ‫ὸ 

if we choose the origin of time such that •π π. Recall that 

this is merely an approximation valid for small oscillations 

(small ὃ). 

1.4.6 The Catenary 

We end this section with a proof of the fact that the ideal hanging cable or chain forms the graph 

of the hyperbolic cosine. This curve is called the catenary. Consider so a chain of ȬÌÉÎÅÁÒ densityȭ 

• 

ά 

ὒ 

ὀ 

ὁ 

ἶ 

 

Figure 11. A simple pendulum  
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” [unit : kg/m]  hanging between [the tops of] two vertical poles of equal height, forming the im-

age of a parameterisation function Ἲί ὼίȟώί , which we also assume to be a graph of a 

function ὼm ώὼ. Our aim is to find ὼί and ώί, and then use these formulae to deduce the 

expression for ώὼ by finding ίὼ. As one might guess, the tricky part is to find the parameteri-

sation. Let us first agree on a coordinate system: Let the ὀ basis vector be parallel with the dis-

placement between the tops of the poles and let ὁ be parallel with each pole, and with the force 

of gravity. Then put the origin at the point of symmetry of the hanging chain, that is, at its lowest 

point, situated midway between the poles. In addition, we agree to let ί π here. 

With no loss of generality, we demand that ίm Ἲί be a unit-speed parameterisation (as indi-

ÃÁÔÅÄ ÂÙ ÔÈÅ ÕÓÁÇÅ ÏÆ ÔÈÅ ÌÅÔÔÅÒ ȬÓȭ  ÆÏÒ ÔÈÅ ÐÁÒÁÍÅÔÅÒɊȢ This means simply that the parameter is 

ÔÈÅ ȬÁÒÃ-ÌÅÎÇÔÈ ÐÁÒÁÍÅÔÅÒȭȟ ÔÈÁÔ ÉÓȟ ÔÈÅ ÁÒÃ ÌÅÎÇÔÈ ÏÆ ÔÈÅ ÃÕÒÖÅ ÂÅÔ×ÅÅÎ ÐÁÒÁÍÅÔÅÒ ÖÁÌues ί and 

ί ί is exactly ί ί.7 Then ἼǶίḧὨἺί Ὠίϳ  is the unit tangent vector to the chain at ί. 

Consider in particular a small segment of the chain, as shown in Figure 12. The small segment is 

of length ɝί and situated between ὼȟώ and ὼ ɝὼȟώ ɝώ, corresponding to parameter val-

ues ί and ί ɝί, respectively. Let the mass of this segment be ɝάḧ”ɝί. This segment is at 

rest, and so the net force on it must vanish. The net force is the vector sum of three forces, name-

ly, 

Á the force ἐ ɝά Ἧ ɝά Ὣὁ of gravity, pointing downwards, 

Á the force ἐ †ίἼǶί from the preceding (smaller ί) part of the chain, pointing 

ȬÂÁÃË×ÁÒÄÓȭ ÁÌÏÎÇ ÔÈÅ ÃÈÁÉÎȟ ÁÎÄ 

Á the force ἐ †ί ɝίἼǶί ɝί from the following (greater ί) part of the chain, point-

ÉÎÇ ȬÆÏÒ×ÁÒÄÓȭ ÁÌÏÎÇ ÔÈÅ ÃÈÁÉÎȟ 

where †ί π is the tension of the chain at ί. The assumptions made implicitly above are well 

motivated. Indeed, ἐ ἐ , for otherwise the net force ἐ ἐ , causing this segment 

of the chain to accelerate. Also, the existence of the map † ÆÏÌÌÏ×Ó ÆÒÏÍ .Å×ÔÏÎȭÓ ÔÈÉÒÄ ÌÁ×Ȣ 

 

Figure 12. A small segment of a hanging cable or chain . 

                                                             
7 We will discuss curves in much more detail in the chapter on classical differential geometry. 

Ὣẗɝά 

 

ɝὼ 

 
ɝώ 

ὼȟώ 

ὼ ɝὼȟ ώ ɝώ 
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Now, the observation 

ἐ ἐ ἐ  

reads 

”Ὣὁɝί †ίἼǶί †ί ɝίἼǶί ɝί ȟ 

or, equivalently, 

†ί ɝίἼǶί ɝί †ίἼǶί

ɝί
”ὫὁȢ 

Let ɝίO π . Then, by the definition of the derivative of a vector-valued function, 

Ὠ

Ὠί
†ίἼǶί  ”Ὣὁ 

yielding 

†ίἼǶί ὥȟ”Ὣίὦ 

for a pair ὥȟὦᶰᴙ  of constants. But since the curve is at its lowest point ɀ and, therefore, is 

horizontal ɀ at ί π, we have to set ὦ π [†π π is obvious from the physics of the situation]. 

Using the definÉÔÉÏÎ ɉᴻɊ ÏÆ ÔÈÅ ÕÎÉÔ ÔÁÎÇÅÎÔ ÖÅÃÔÏÒ, ɉᴻɊ reads 

Ὠὼ

Ὠί
ȟ
Ὠώ

Ὠί

ὥ

†ί
ȟ
”Ὣί

†ί
Ȣ 

Therefore, 

Ὠώ

Ὠὼ

Ὠώ

Ὠί
ẗ
Ὠί

Ὠὼ

Ὠώ

Ὠί
ẗ
Ὠὼ

Ὠί

”Ὣί

†ί
ẗ
†ί

ὥ

”Ὣί

ὥ
‗ί 

where 

‗ḧ
”Ὣ

ὥ
 

is constant. This tells us that the slope of the curve is proportional to the arc length! Unfortu-

nately, we cannot easily integrate ɉᴻɊ w.r.t. ὼ to obtain the sought expression ώὼ, so we have to 

work a bit more. The arc length from the start of the chain to the point ὼȟώ is 

ίὼ Ὠί ρ ώ ὼ Ὠὼȟ 

whence 

Ὠί

Ὠὼ
ρ ώ ὼ Ȣ 

Of course, this applies to any curve ώ ώὼ with arc length ίὼ. But in this caseȟ ɉᴻɊ can be 

used to yield 

Ὠί

Ὠὼ
ρ ‗ίȢ 

Therefore, 

Ὠὼ

Ὠί

ρ

Ѝρ ‗ί
Ȣ 
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This can be integrated with respect to ί: 

ὼί
ρ

‗
ÁÒÃÓÉÎÈ‗ί 

respecting the condition ὼπ π. Having found an expression for the first  parameterisation 

function ίm ὼί, we turn to the second function parameterising the curve, i.e., ίm ώί. This is 

actually rather simple, for 

Ὠώ

Ὠί

Ὠώ

Ὠὼ
ẗ
Ὠὼ

Ὠί

‗ί

Ѝρ ‗ί
 

ÕÓÉÎÇ ɉᴻɊ ÁÎÄ ɉᴻɊ and so 

ώί
ρ

‗
ρ ‗ί

ρ

‗
 

respecting ώπ π. We have thus found our parameterisation ίm Ἲί ɀ ÉÓÎȭÔ ÔÈÁÔ ÅØÃÉÔÉÎÇȦ 

Following our recipe, ɉᴻɊ ÉÓ ÓÏÌÖÅÄ ×ÉÔÈ ÒÅÓÐÅÃÔ ÔÏ ί, yielding 

ίὼ
ρ

‗
ÓÉÎÈ‗ὼ 

×ÈÉÃÈ ÉÓ ÉÎÓÅÒÔÅÄ ÉÎÔÏ ɉᴻɊ ÔÏ ÙÉÅÌÄ 

ώὼ
ρ

‗
ρ ÓÉÎÈ‗ὼ

ρ

‗
ρ

‗
ÃÏÓÈ‗ὼρ 

using the hyperbolic identity ÃÏÓÈὼ ÓÉÎÈὼ ρ and recalling that the hyperbolic cosine is a 

positive function8. What is the meaning of ‗? Well, if the [tops of the] poles are positioned at 

ὨȟὬ, then it is required that 

Ὤ
ρ

‗
ÃÏÓÈ‗Ὠ ρȢ 

which is an implicit equation for ‗ as a function of Ὠ and Ὤ. The result that a hanging chain forms 

ÔÈÅ ÇÒÁÐÈ ÏÆ ÔÈÅ ÈÙÐÅÒÂÏÌÉÃ ÃÏÓÉÎÅ ÆÕÎÃÔÉÏÎ ÃÁÎ ÂÅ ÖÅÒÉÆÉÅÄ ȬÎÕÍÅÒÉÃÁÌÌÙȭȟ ÂÙ ÔÒÙÉÎÇ ÔÏ ÆÉÔ ÄÉÆÆÅÒÅÎÔ 

curves to photographs of actual real-world chains. See Figure 13. 

                                                             
8 Naturally, with foresight, we could have put the origin a distance ρ‗ϳ  ÂÅÌÏ× ÔÈÅ ÃÈÁÉÎȭÓ ÐÏÉÎÔ ÏÆ ÓÙm-

metry, and then we would have ended up with the slightly cuter formula ώὼ ÃÏÓÈ‗ὼ. 
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Figure 13. A hanging chain and a superimposed parabola (blue) and catenary (red).  
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1.5 Momentum and Collisions 

1.5.1 Momentum 

4ÈÅ ÕÓÅÆÕÌÎÅÓÓ ÏÆ ÔÈÅ .Å×ÔÏÎÉÁÎ ÃÏÎÃÅÐÔ ÏÆ ȬÍÏÍÅÎÔÕÍȭ ɀ defined as ВάἽ for an isolated sys-

tem of particles with masses ά  and velocities Ἵ ɀ lies in the fact that the momentum so defined 

is a conserved quantity when computed in any inertial frame. This follows immediately from 

.Å×ÔÏÎȭÓ ÌÁ×ÓȢ For example, let ὃ and ὄ be two billiard balls (or, more generally, particles) in 

empty space, with masses ά  and ά  and velocities Ἵ  and Ἵ , respectively. If they do not col-

lide or interact via long-range forces, then the total momentum ВάἽ is conserved in time, as 

ÄÉÃÔÁÔÅÄ ÂÙ .Å×ÔÏÎȭÓ ÆÉÒÓÔ ÌÁ×. Therefore, let us assume that they do collide or interact via long-

range forces. Then, let ἐ ὸ be the force on ὃ due to ὄ, and let ἐ ὸ be the force on ὄ due to ὃ, 

at time ὸ. .Å×ÔÏÎȭÓ ÔÈÉÒÄ ÌÁ× requires ἐ ὸḳ ἐ ὸ. Thus, using the second law, we have 

Ὠ

Ὠὸ
ά Ἵ

Ὠ

Ὠὸ
ά Ἵ ȟ 

or, equivalently, 

Ὠ

Ὠὸ
ά Ἵ ά Ἵ πȢ 

That is, total momentum is a constant in time. This argument is readily generalized to ὲ ς par-

ticles, and to a continuum (ὲᴼЊ) of matter; we will do so in the next section. Notice in particu-

lar that, although the momentum of an isolated system is different as seen from different physi-

cal frames, the conservation, or constancy in time, of momentum holds equally well in any iner-

tial  frame. For example, let two balls (ὃ and ὄ) of equal masses ά approach each other along the 

ὼ axis of ꞈ ρ , about to collide completely elastically at the origin. Let them have velocities υὀ and 

υὀ prior to the collision, and velocities υὀ and υὀ after the collision. Now, let ꞈ ς  be a differ-

ent frame in standard configuration relative to ꞈ ρ, where the origin of ꞈ ς has velocity σὀ rela-

tive to ρꞈ. As seen from ꞈς, the pre-collision velocities are ςὀ and ψὀ. The post-collision veloci-

ties are ψὀ and ςὀ. Hence, as seen from the point of view of ꞈρ, the total momentum is 

ȬÃÈÁÎÇÅÄȭ ÆÏÒÍ πὀ to πὀ, and from the point of view of ꞈ ςȟ ÔÈÅ ÔÏÔÁÌ ÍÏÍÅÎÔÕÍ ÉÓ ȬÃÈÁÎÇÅÄȭ ÆÒÏÍ 

φάὀ to φάὀ. A third example: Let ꞈ σ be the pre-collision rest frame of ὄ. In this frame, the 

initial velocities are ρπὀ and πὀ, the final velocities are πὀ and ρπὀ and so the momentum 

ȬÃÈÁÎÇÅÓȭ ÆÒÏÍ ρπάὀ to ρπάὀ. [Notice that ꞈ 3 also serves as the post-collision rest frame of ὃ.] 

We will investigate collisions that are (seemingly!) more general after the next section. 

1.5.2 Many-Particle Systems 

Now consider an isolated system of ὔ particles in space and let 

ὢḧ ρȟςȟȣȟὔ  

be the set of all particle indicesȠ ÆÒÏÍ ÎÏ× ÏÎȟ ×Å ×ÉÌÌ ÁÌ×ÁÙÓ ÒÅÆÅÒ ÔÏ ÔÈÉÓ ÓÅÔ ÁÓ ÔÈÅ ȬÉÎÄÅØ ÓÅÔȭ of 

the system. Assume that the mass of particle Ὥ is ά  and that it is located at Ἲ. The total momen-

tum is 

Ἰ Ἰ

ᶰ

άἽ

ᶰ

 

where ἸḧάἽ is the momentum of the Ὥth particle. Now consider the most general case, in 

which the force on the Ὥth particle due to the Ὦth particle at time ὸ is ἐ ὸ. Of course, a particle 
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does not affect itself by any non-zero force, so a priori there are no symbols of the form ἐ; for 

notational simplicity , however, we define 

ἐ ὸḧ ȟ Ὥᶅɴ ὢȢ 

 4ÈÅÎ .Å×ÔÏÎȭÓ ÓÅÃÏÎÄ ÌÁ×ȟ ÁÓ ÁÐÐÌÉÅÄ ÔÏ ÐÁÒÔÉÃÌÅ Ὥ, can be written very succinctly 

άἩὸ ἐ ὸ

ᶰ

 

while .Å×ÔÏÎȭÓ ÔÈÉÒÄ ÌÁ× ensures that 

ἐ ὸḳ ἐ ὸȟ ᶪὭȟὮᶰὢȢ 

IÔ ÆÏÌÌÏ×Ó ÉÍÍÅÄÉÁÔÅÌÙ ÆÒÏÍ .Å×ÔÏÎȭÓ ÌÁ×Ó ÔÈÁÔ ÔÈÅ ÔÏÔÁÌ ÍÏÍÅÎÔÕÍ Ἰ is a constant of motion.9 

Indeed, for every force ἐ  that changes the momentum of the Ὥth particle by an amount 

άἽ ἐ , the momentum of the Ὦth particle is changed by an opposite amount 

άἽ ἐ ἐ . More formally, 

Ὠ

Ὠὸ
Ἰ

Ὠ

Ὠὸ
άἽ

ᶰ

Ὠ

Ὠὸ
άἽ

ᶰ

ἐ

ᶰᶰ

ἐ

ȟᶰ

 

since the vector-valued matrix ἐ  is skew. We have thus shown 

Theorem 

The total momentum of an isolated system of discrete material particles is constant in time. 

We now define the centre of mass ἺÃÍ ÁÓ ÔÈÅ Ȭ×ÅÉÇÈÔÅÄȭ ÁÖÅÒÁÇÅ ÐÏÓÉÔÉÏÎ ×ÉÔÈ ÒÅÓÐÅÃÔ ÔÏ ÔÈÅ ÐÁr-

ticle masses, that is, 

ἺÃÍḧ
ρ

ὓ
άἺ

ᶰ

 

where ά  is the mass of the Ὥth particle and 

ὓḧ ά

ᶰ

 

is the total mass of the system. The acceleration of the centre of mass is 

ἩÃÍḧ
Ὠ

Ὠὸ

ρ

ὓ
άἺ

ᶰ

ρ

ὓ

Ὠ

Ὠὸ

Ὠ

Ὠὸ
άἺ

ᶰ

ρ

ὓ

Ὠ

Ὠὸ
άἽ

ᶰ

ρ

ὓ

Ὠ

Ὠὸ
Ἰ  

and therefore we can use the centre of mass as the origin of an inertial frame. This frame (or, 

rather, such a frame) is called the centre of mass frameȟ ÏÒ ÔÈÅ Ȭ#- ÆÒÁÍÅȭȢ 

Proposition 

As seen from the CM frame, the total momentum of a system of matter particles is zero. 

                                                             
9 )Î ÐÈÙÓÉÃÁÌ ÊÁÒÇÏÎȟ Á ȬÃÏÎÓÔÁÎÔ ÏÆ ÍÏÔÉÏÎȭ ÉÓ Á ÑÕÁÎÔÉÔÙ ÔÈÁÔ ÄÏÅÓÎȭÔ ÃÈÁÎÇÅ ÉÎ ÔÉÍÅȢ 
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Proof  

Let Ἶ be the velocity of the Ὥth particle relative to the ambient reference frame, and let Ἵ be the 

velocity of the same particle relative to the CM frame, so that Ἶ ἾÃÍ Ἵ. Then we want to 

show that В άἽᶰ . And, indeed, 

άἽ

ᶰ

ά Ἶ ἾÃÍ
ᶰ

άἾ

ᶰ

άἾÃÍ
ᶰ

Ὠ

Ὠὸ
άἺ

ᶰ

ἾÃÍ ά

ᶰ

Ὠ

Ὠὸ
ὓἺÃÍ ὓἾÃÍ ὓἾÃÍ ὓἾÃÍ Ȣ 

  ʉ

Proposition 

Let ρꞈ be an inertial frame relative to which the centre of mass of a system of matter particles 

moves with velocity ἾÃÍ. If the system has total mass ὓ, then, as seen from ꞈρ, the total momen-

tum of the system is Ἰ ὓἾÃÍ. 

Proof  

Let Ἶ be the velocity of the Ὥth particle relative to ρꞈ and Ἵ░ be the velocity of the same particle 

relative to the CM frame, so that Ἶ ἾÃÍ Ἵ. Then, the total momentum of the system as seen 

from ρꞈ is 

Ἰ Ἰ

ᶰ

άἾ

ᶰ

ά ἾÃÍ Ἵ

ᶰ

άἾÃÍ
ᶰ

άἽ

ᶰ

ἾÃÍ ά

ᶰ

ὓἾÃÍ 

because ὓḰВ άᶰ  and В άἽᶰ  according to Proposition NN.  ʉ

Proposition 

Consider a system of particles with total mass ὓ. Assume that the Ὥth particle is affected by an 

external force ἐ in addition to the internal forces ἐ  from the other particles inside the system. 

Then 

ἐ

ᶰ

ὓἩÃÍ 

where ἩÃÍ is the acceleration of the centre of mass of the system. 

Proof  

.Ï× .Å×ÔÏÎȭÓ ÓÅÃÏÎÄ ÌÁ× ÏÎ ÔÈÅ Ὥth particle reads 

άἩ ἐ

ᶰ

ἐ 

and so, using the definition of the centre of mass ἺÃÍ and the fact that ἐ  is skew, 

ὓἩÃÍ άἩ

ᶰ

ἐ

ᶰ

ἐ

ᶰ

ἐ

ȟᶰ

ἐ

ᶰ

ἐ

ᶰ

Ȣ 

  ʉ
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The main point of the last three propositions is that, a system of material particles can be 

thought of as a single particle of mass ὓ located at ἺÃÍ as long as the internal structure of the 

system is not of any interest.  

1.5.3 Momentum Conservation and the Galilean Transformation 

Assume that we have found (either theoretically or empirically) that the total momentum of an 

isolated system is conserved in one inertial frame ρꞈɴ .ꞈ It is then natural to ask whether mo-

mentum is seen to be conserved in another inertial frame ꞈςɴ ,ꞈ as well. The answer is yes, 

because we have seen that the law of momentum conservation follows immediately from New-

ÔÏÎȭÓ ÌÁ×Ó ÏÆ ÍÏÔÉÏÎȟ ÁÎÄ ×Å ÈÁÖÅ ÐÏÓÔÕÌÁÔÅÄȾÓÈÏ×Î ɉÄÅÐÅÎÄÉÎÇ ÏÎ ÈÏ× ÙÏÕ ÔÒÅÁÔ the concept 

ÏÆ ȬÆÏÒÃÅȭɊ ÔÈÁÔ ÔÈÅÓÅ ÌÁ×Ó ÁÒÅ ÅÑÕÁÌÌÙ ÖÁÌÉÄ ÉÎ ÁÎÙ ÉÎÅÒÔÉÁÌ ÆÒÁÍÅȢ (Ï×ÅÖÅÒȟ ÉÔ ÉÓ ÉÎÓÔÒÕÃÔÉÖÅ ÔÏ ÇÉv-

en an alternative ɀ and far more convincing ɀ proof of this fact without resorting to the compli-

ÃÁÔÅÄ ÍÁÔÔÅÒ ÏÆ ÔÈÅ ÃÏÎÃÅÐÔ ÏÆ ȬÆÏÒÃÅȭȢ 7Å ×Éll do so now. 

Proposition 

Consider a system of ὔ particles with index set ὢ. Let the total momentum be ἸḧВ άἽᶰ  as 

seen from an inertial frame ꞈ ρɴ  ꞈand let ἸḧВ άἽᶰ  be the total momentum as seen from 

a different inertial frame ꞈ ςɴ .ꞈ Then 

Ὠ

Ὠὸ
Ἰ ᵼ

Ὠ

Ὠὸ
Ἰ Ȣ 

Proof  

If ὀ and ὀ are the locations of some particle relative to ꞈ ρ and ꞈ ς, respectively, we have 

ὀ ὀ Ἶὸ  

where Ἶ is the (constant) velocity of the origin of ꞈ ς relative to ρꞈ and  is the displacement 

from the origin of ꞈ ρ to the origin of ꞈ ς at the origin of time. Differentiation yields (ὀ Ἵ) 

Ἵ Ἵ ἾȢ 

Thus 

Ὠ

Ὠὸ
Ἰ

Ὠ

Ὠὸ
άἽ

ᶰ

Ὠ

Ὠὸ
ά Ἵ Ἶ

ᶰ

Ὠ

Ὠὸ
άἽ

ᶰ

ά
ὨἾ

Ὠὸ
ᶰ

Ὠ

Ὠὸ
Ἰ 

since ὨἾὨὸϳ π and the proposition follows.  ʉ

1.5.4 General Collisions 

We now return to our discussion of collisions. Let ὃ travel along the ὼ axis of ꞈ ρɴ  ꞈwith veloci-

ty υὀ and let ὄ travel along the ώ axis with velocity υὁ. Let them approach the origin from minus 

infinity [along the respective axes], and let them collide at the origin. After the collision, ὃ will 

have velocity υὁ and ὄ will have velocity υὀȢ 4ÈÕÓȟ ÔÈÅ ÍÏÍÅÎÔÕÍ ÉÓ ȬÃÈÁÎÇÅÄȭ ÆÒÏÍ υάὀ υάὁ 

to υάὀ υάὁ. At a first glance, one might think that this collision is fundamentally different 

from the three previous examples. Indeed, the earlier examples were ȬÈÅÁÄ-ÏÎȭ ÃÏÌÌÉÓÉÏÎÓȟ ÉÎ 

which the velocity vectors were parallel both before and after the collision, whereas the velocity 

vectors are perpendicular in this last example. This, however, is not a (geometric) property of the 

collision, but depends on the frame of reference! To see this, let ςꞈɴ  ꞈbe the rest frame of ὄ; 

notice that ꞈ ρḕꞈς. The transformation between ꞈ ρ and ꞈ ς is a Galilean transformation, which 
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is linear, and so even in this frame, ὃ travels along a straight line, still with constant speed. Thus, 

in ςꞈ, ὃ is seen to approach the stationary second ball ὄ along a straight line with constant 

ÓÐÅÅÄȟ ÁÎÄ ÔÈÉÓ ÉÓ Á ÔÙÐÉÃÁÌ ÅØÁÍÐÌÅ ÏÆ Á ȬÈÅÁÄ-ÏÎȭ ÃÏÌlision as discussed previously. 

We will now describe an alternative ɀ and perhaps more intuitive ɀ way of seeing this. At any 

pre-collision time ὸ, let Љὸ be the straight line that passes through ὃ and ὄ. Obviously, every 

Љὸ has the normal direction ὀ ὁ and Љὸ is being parallel propagated in this direction as time 

passes. Further, let ὖὸᶰЉὸ be the centre of mass of the system ὃȟὄ  at time ὸ, that is, the 

midpoint of the segment of Љὸ between ὃ and ὄ at this time. It follows that the velocity ὖὸ of 

this point is parallel to ὀ ὁ and constant in time; also, the speed ȿὖὸȿ ÉÓ ÅÑÕÁÌ ÔÏ ÔÈÅ ȬÓÐÅÅÄ ÏÆ 

ÐÒÏÐÁÇÁÔÉÏÎȭ ÏÆ Љὸ. Denote this speed by ὺЉḧȿὖὸȿ. The idea is to introduce a new frame 

ςꞈɴ  ꞈthe origin of which is ὖὸ, and the first basis vector ὀ of which is parallel to Љὸ [this 

direction being independent of time], pointing from ὃ to ὄ. In this frame, the two balls are ap-

proaching each other along the ὼ axis, i.e., the velocities are όὀ and όὀ, respectively, for some 

constant ό π that the reader can easily determine for herself should she feel the need to do so. 

More importantly, this is the ÔÙÐÉÃÁÌ ȬÈÅÁÄ-ÏÎȭ ÓÉÔÕÁÔÉÏÎȢ 

Since the components of a vector, such a velocity vector, do not depend on the actual position of 

the origin, we can simplify the recipe used above to obtain a frame ꞈς in which the collision is 

ȬÈÅÁÄ-ÏÎȭ ×ÉÔÈ ÖÅÌÏÃÉÔÉÅÓ όὀ and όὀ. Start with the frame ꞈ ρɴ ,ꞈ and introduce a new math-

ematical frame ꞈ ρᴂɴ ,ꞈ ρꞈͯꞈ ρ that is rotated 45° clockwise. Then introduce a new frame 

ςꞈɴ  ꞈin standard configuration along the ώ axis relative to ꞈ ρᴂ with relative speed ὺ ὺЉ. As 

seen from ꞈ ς, the pre-collision velocities are όὀ and όὀ. 

We have thus seen that, if two balls of equal mass and speed are found to collide with their ve-

locities perpendicular to each other, there is always another frame in which they collide with 

their velocities parallel. Conversely, if two such balls are found to collide with their velocities 

parallel, we can find a frame in which they collide with their velocities perpendicular to each 

ÏÔÈÅÒȢ !ÌÌ ×Å ÈÁÖÅ ÔÏ ÄÏ ÉÓ ÔÏ ȬÒÅÖÅÒÓÅȭ ÔÈÅ ÁÒÇÕÍÅÎÔ ÇÉÖÅÎ ÁÂÏÖÅȢ Indeed, in ςꞈ the collision is 

ȬÈÅÁÄ ÏÎȭȟ ÂÕÔ ÉÆ ×Å ÍÏÖÅ ÔÈÅ ÏÂÓÅÒÖÅÒ ÔÏ ρꞈ, the pre-collision velocities are perpendicular to 

each other. 

We will now treat the most general case of a two-particle collision. Let ꞈ ρɴ  ꞈbe a frame in 

which ὃ and ὄ are two balls with masses ά  and ά  and velocities Ἵ  and Ἵ . The speeds ό 

and ό  need not be equal, and the angle between the velocities can be any number, with one 

single restriction: they have to collide with each other at some time in the future (obviously!). 

We will show that there exists an inertial  frame ꞈ ςɴ  ꞈin which the pre-collision velocities are  

όὀ and όὀ for some ό π. In fact, we have already found a hint about how to do this: intr o-

duce the centre of mass  frame. This is an inertial frame, as shown above, and in this frame, the 

total momentum Ἰ of the two balls is zero, that is, 

Ἰ ά Ἵ ά Ἵ  

where Ἵ  and ◊  are the velocities of the balls as seen from this frame. It follows that 

Ἵ
ά

ά
Ἵȟ        ÉȢÅȢ      Ἵ Ἵ᷆ȟ 

and so this is the sought frame (just pick a basis parallel with Ἵ). Perhaps the most important 

morale of the story is  
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Observation N 

The angle between two velocity vectors depends upon the inertial frame of reference. In other 

×ÏÒÄÓȟ ÔÈÅ ÃÏÎÃÅÐÔ Ȭangle between twÏ ÖÅÌÏÃÉÔÙ ÖÅÃÔÏÒÓȭ lacks intrinsic meaning. 

When applied to collisions, we first make 

Definition N + 1 

A collision between two free particles is said to be head on if f there exists an inertial frame rela-

tive to which the pre-collision velocity vectors are parallel. 

in order to formulate 

Observation N + 2 

Every collision between two free particles is head on. 

The requirement that the particles be free does not involve any deep insight. It is only there be-

cause, if it were not, we could not as easily ÔÁÌË ÁÂÏÕÔ ÔÈÅ ȬÐÒÅ-collisÉÏÎ ÖÅÌÏÃÉÔÉÅÓȭȢ )ÎÄÅÅÄȟ ÉÆ ÏÎÅ 

of the particles is not free, then it is affected by forces, and so its velocity changes in time. Hence, 

ÔÈÅÒÅ ÉÓ ÎÏ ÓÉÎÇÌÅ ȬÐÒÅ-ÃÏÌÌÉÓÉÏÎ ÖÅÌÏÃÉÔÙȭȢ 

Combining the above results with Proposition NN, we have 

Observation N + 3 

Consider a collision between two free particles. In the CM frame, the pre-collision velocities are 

parallel and opposite, and the velocities change direction at the collision. 
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1.6 Energy 

4ÈÅ ÃÏÎÃÅÐÔ ÏÆ ȬÅÎÅÒÇÙȭ ÉÓ ÏÎÅ ÏÆ ÔÈÅ cornerstones of modern physics, and during the last century 

or so, it  has also become of widespread interest in every-day life, although in a less technical 

language. Indeed, the modern society exploits energy sources to such an extent that the entire 

environment of the Earth is endangered. In this section, we will investigate the physical basis of 

the energy concept. 

1.6.1 Work and Kinetic Energy 

4ÈÅ ÂÁÓÉÓ ÏÆ ÔÈÅ ÅÎÔÉÒÅ ÃÏÎÃÅÐÔ ÏÆ ȬÅÎÅÒÇÙȭ ÉÓ 

Definition 

Let a particle have mass ά and speed ό. The kinetic energy of the particle is defined as 

Ὁ
ρ

ς
άόȢ 

At first sight, this looks just like a different measure of the speed of an object, and ɀ indeed ɀ we 

have no a priori reason to believe that this quantity is of any particular interest. The concept 

used to motivate this definition is the concept of work: 

Definition 

Assume that the net force field10 in some region ὈṖᴙ  in space is ἐὀ where ὀ ὼȟώȟᾀᶰὈ. 

Assume that the particle, which lives inside the region Ὀ and is only affected by the force field ἐ, 

follows the curve ɜṒὈ. In general, ɜ will not be a straight line. The work done on the particle by 

the force field is defined as the line integral 

ὡ ἐὀẗὨἴȢ 

Kinetic energy and work are very closely related concepts; indeed, the latter is the change in the 

former. More precisely, assume that the particle travels between points ὖ and ὗ in space along a 

curve ɜ, under the influence only of the force field ἐ. Let Ὁ άό  and Ὁ άό  be the ki-

netic energy at ὖ and ὗ, respectively, where the instantaneous speed of the particle is ό  and ό  

(also respectively). Let ɝὉ ḧὉ Ὁ  be the gain in kinetic energy during the journey (possibly 

zero or negative), and let ὡ be the work done on the particle by the force field. Then we have 

Theorem (The WorkτEnergy Theorem) 

ɝὉ ὡȢ 

                                                             
10 In this sectionȟ Á ȭÆÏÒÃÅ ÆÉÅÌÄȭ ἐ is a vector field in space such that a particular body located at ὀ experi-
ences the force ἐὀ. In other words, the field depends on the particular body of consideration. For in-
stance, consider the gravitational field from a star. A heavy planet located at some point ὖ would experi-
ence a greater force than a smaller planet located at the very same point ὖ. This means that, in this section, 
×ÈÅÎ ×Å ÔÁÌË ÁÂÏÕÔ ÔÈÅ ȬÆÏÒÃÅ ÆÉÅÌÄȭ ÆÒÏÍ ÔÈÅ ÓÔÁÒȟ ×Å ÍÅÁÎ ÔÈÅ ÆÉÅÌÄ ÅØÐÅÒÉÅÎÃÅÄ ÂÙ ÓÏÍÅ ÐÒÅ-chosen test 
body. In later sections, we will employ the more natural definitions of force fields as the fields experienced 
by a particle of unit mass (in  the case of a gravitational field) or unit charge (in the case of an electrostatic 
field). In this section, however, it is more illustrative to talk about the force field that is the actual force on 
an actual body. 
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Proof  

Let ɜ be parameterised by ὀȡ ὍO Ὀ where Ὅ πȟρ is the unit interval; consequently, ὀπ ὖ 

and ὀρ ὗ. Then 

ὡḰ ἐὀẗὨἴ ἐὀὸ ẗὀὸὨὸ άὀὸẗὀὸὨὸ ά 
Ὠ

Ὠὸ

ρ

ς
ὀὸ Ὠὸ

ρ

ς
ά ό ό ḰɝὉ 

where we took the libertÙ ÏÆ ÕÓÉÎÇ .Å×ÔÏÎȭÓ ÓÅÃÏÎÄ ÌÁ×Ȣ  ʉ

Corollary 

Let a particle travel along a curve ɜ in a (net) force field ἐ such that ἐὀ is orthogonal to ɜ at 

every point ὀɴ ɜ. Then the work ὡ π and so the kinetic energy of the particle remains con-

stant during the journey along ɜ. 

1.6.2 Conservative Forces 

Many force fields of physical interest, such that the force fields of gravity and electrostatics, are 

conservative; a vector field ἐ is ÓÁÉÄ ÔÏ ÂÅ Ȭconservativeȭ in a domain Ὀ iff there exists a scalar 

field ‰ such that 

ἐὀ ‰ɳὀȟ ὀᶅɴ ὈȢ 

The scalar field ‰ is called the ȬÐÏÔÅÎÔÉÁÌȭ ÏÆ ÔÈÅ ÖÅÃÔÏÒ ÆÉÅÌÄȟ ÁÎÄ ÉÓ determined by ἐ up to an ad-

ditive constant.11 A conservative force field has the interesting property that the line integral 

between two points ὖ and ὗ is independent of the actual path ɜ we integrate along, as long as ɀ 

of course ɀ the path starts at ὖ and ends at ὗ. In fact, the line integral of ἐ along any path ɜ start-

ing at ὖ and ending at ὗ is equal to the negative12 of the potential difference ‰ὗ ‰ὖ, that 

is, 

ὡ ‰ὗ ‰ὖ Ȣ 

Path independence clearly implies that the curve integral along any closed curve ɜ vanishes, 

since ὖ ὗᵼ‰ὗ ‰ὖ π. The converse is also true, as is easily deduced. Moreover, path 

independence between every pair of points implies that the field is conservative. We also notice 

that the vector identity ᶯ ‰ɳ ḳ  implies that every conservative vector field is irrotational; 

the converse is only true if the domain is simply connected, however. 

The gravitational field and the electrostatic field are both conservative. This means, for instance, 

that the speed (or, equivalently, kinetic energy) of a planet orbiting a star in a closed elliptic or-

bit is the same each time the planet occupies the same point in the orbit. More generally, consid-

er any body in the vicinity of a star, and assume that it is only affected by the gravitational field 

from the star. If we know the speed of the body at some point, we can deduce its speed at any 

                                                             
11 In pure mathematical texts the potential is often defined by ἐὀ ‰ɳὀ instead, without the minus 
sign, and a vector field is said to be conservative if it has a potential ‰ such that ἐὀ ‰ɳὀ. Although 
ÔÈÉÓ ÄÅÆÉÎÉÔÉÏÎ ÙÉÅÌÄÓ ÁÎÏÔÈÅÒ ÓÅÔ ÏÆ ÁÄÍÉÓÓÉÂÌÅ ÐÏÔÅÎÔÉÁÌÓȟ ÔÈÅ ÄÅÆÉÎÉÔÉÏÎÓ ÏÆ ȬÃÏÎÓÅÒÖÁÔÉÖÅȭ ÁÇÒÅÅȢ )ÎÄÅÅÄȟ 
‰ɱȡ ἐὀ ‰ɳ ὀᵾ ‰ɱȡἐὀ ‰ɳ ὀ; for example, you can always choose ‰ ὀḳ ‰ ὀ. 

12 7ÉÔÈ ÔÈÅ ÍÁÔÈÅÍÁÔÉÃÉÁÎȭÓ ÃÏÎÖÅÎÔÉÏÎ ἐὀ ‰ɳὀ we would have been relieved from the minus sign. 
That is, we would have ᷿ ἐὀẗὨἴ  ‰ὗ ‰ὖ where ἐὀ ‰ɳὀ. In the one-dimensional case (by 

which I mean on ᴙ), this reduces to ᷿ ὊὼὨὼ ‰ὦ ‰ὥ where Ὂὼ ‰ὼ [after trivial identif i-

cation of real numbers and vectors in ᴙ ]. Looks familiar? 
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other point. In fact, since the potential only depends on the radial distance from the star to the 

body, it suffices to know the radial distances at both instances. 

Now, let us return to the planet orbiting the star in an elliptic orbit. We found that the speed (or, 

equivalently, kinetic energy) is the same every time the planet visits the same point in the orbit. 

Let ὖ be a point in the orbit with kinetic energy Ὁ , and let ὗ be a point with kinetic energy Ὁ . 

Let ɜ be the part of the elliptic orbit between ὖ (start) and ὗ (end), and let ὡ be the work done 

on the body as it travels from ὖ to ὗ along ɜ. Then ɝὉ ḰὉ Ὁ ὡ ‰ὗ ‰ὖ . If 

ὡ π, kinetic energy is lost (Ὁ Ὁ) during the journey from ὖ to ὗ. This is clearly equivalent 

to ‰ὗ ‰ὖ, that is, the potential is higher at ὗ. On the other hand, if ὡ π, the particle has 

gained kinetic energy (Ὁ Ὁ), which is equivalent to ‰ὗ ‰ὖ, that is, the potential is 

lower at ὗȢ ! ÈÉÇÈ ÐÏÔÅÎÔÉÁÌ ÃÁÎ ÔÈÕÓ ÂÅ ÓÅÅÎȟ ÌÏÏÓÅÌÙ ÓÐÅÁËÉÎÇȟ ÁÓ Á ȬÐÒÏÍÉÓÅȭ ÔÈÁÔ ÔÈÅ ÆÏÒÃÅ ÆÉÅÌÄ 

can give the planet some additional kinetic energy; in slightly other words, a high potential 

means that there is a high ȬÐÏÔÅÎÔÉÁÌȭ ÆÏÒ ÔÈÅ kinetic energy to grow13. Notice in particular that 

the quantity 

Ὁ ‰
ρ

ς
άό ‰ὀ 

is a constant during the motion, where ὀ is the current position of the planet. Indeed, fix some 

point ὖ in the orbit. At this point, the kinetic energy is Ὁ  and the potential is ‰ὖ. Let ὗ be any 

later point in the orbit. Here the kinetic energy is Ὁ  and the potential is ‰ὗ . But 

ɝὉḰὉ Ὁ ὡ ‰ὗ ‰ὖ ᵼὉ ‰ὗ Ὁ ‰ὖ 

which proves the statement. If a particle is located at a point ὖ, then 

Ὗḧ‰ὖ 

is called the potential energy of the particle. The sum 

Ὁ ḧὉ Ὗ 

of the kinetic and potential energy of a particle (at some point ὖ) is called the total mechanical 

energy of the particle. We have thus shown that the total mechanical energy is constant in any 

conservative force field. 

1.6.3 Examples of Force Fields 

1.6.3.1 The Gravitational Field 

!Ó ÉÎÔÒÏÄÕÃÅÄ ÁÂÏÖÅȟ .Å×ÔÏÎȭÓ ÌÁ× ÏÆ ÕÎÉÖÅÒÓÁÌ ÇÒÁÖÉÔÁÔÉÏÎ gives the force of gravity on a mas-

sive body ὄ, the test particle (mass ά ) due to another massive body ὃ, the source of the field 

(mass ά ) as 

ἐ Ὃ
ά ά

ὶ
ἺȢ 

Choose a spherical coordinate system such that the source ὃ of the field is located at the origin. 

Then ὶ, the distance from ὃ to ὄ, is equal to the radial coordinate of ὄ, and Ἲ is the radial unit 

vector at ὄ. Since the force is proportional to the mass of the second body, it is convenient to 

define the gravitational (force) field due to the source ὃ as the force experienced by a unit-mass 

test particle. That is, we define the gravitational field to be 

                                                             
13 This is the reason why, in physics, we define the potential of a vector field with  the minus sign. 
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ἑὀḧ Ὃ
ά

ὶ
Ἲȟ 

which now is a property only of the source. Now, any massive body ὄ with mass ά  at ὀ is af-

fected by the force 

ἐ ά ἑὀȢ 

The gravitational potential scalar field ‰ is defined by ἑὀ ‰ɳὀ. In polar coordinates, 

‰ὶȟ—ȟ• Ὃ
ά

ὶ
Ȣ 

Therefore, the potential energy of a test body ὄ with mass ά  located at ὀ is 

Ὗ ά ‰ὀȢ 

1.6.3.2 The Gravitational Field at the Surface of the Earth 

Locally14 at the surface of the Earth, the distance ὶ ÂÅÔ×ÅÅÎ ÔÈÅ %ÁÒÔÈȭÓ ÃÅÎÔÒÅ ÏÆ ÍÁÓÓ ÁÎÄ Á ÔÅÓÔ 

body is virtually constant, as is the direction Ἲ. Thus, we define 

Ὣḧ
Ὃὓ

ὶ
ȟ 

where ὓ is the mass of the Earth, to obtain the excellent approximation 

ἑὀ Ὣὁ 

(independent of ὀ) where ὁ is a unit vector pointing along the ώ axis, which we choose to be di-

rected upwards from the ground. Let ὄ be a body with mass ά. The force of gravity on ὄ is thus 

ἐ άἑ άὫὁȢ 

The magnitude Ὂ άὫ is a familiar expression to everyone. The minus sign simply tells us that 

the force is directed towards the ground. The potential is 

‰ώ Ὣώ 

because ‰ɳώ Ὣὁ ἑ. Thus, the potential energy of ὄ is 

Ὗ άὫώȢ 

Since the potential is determined by the force field only up to an additive constant, clearly we 

can choose the origin of ώ arbitrarily. Indeed, only differences in potential energy ever determine 

a change in kinetic energy. 

Example N 

At the ground of the Earth, 

Ὣ ωȢψ.ËÇϳ ωȢψÍ Óϳ Ȣ 

Choose the zero of the ώ axis to be at the ground; thus, the potential energy is zero here. Then, at 

a height ώ ὬḧσȢπ Í, a body of mass ά ςȢπ ËÇ has potential energy Ὗ άὫὬ υω *. Let the 

body be at rest, so its kinetic energy is Ὁ π *. Hence, the total mechanical energy Ὁ Ὁ

Ὗ υω *Ȣ 4ÈÅÎ ÌÅÔ ÇÏ ÏÆ ÉÔȢ $ÕÒÉÎÇ ÔÈÅ ÆÁÌÌȟ ÐÏÔÅÎÔÉÁÌ ÅÎÅÒÇÙ ×ÉÌÌ ÂÅ ȬÃÏÎÖÅÒÔÅÄȭ ÉÎÔÏ ËÉÎÅÔÉÃ ÅÎÅÒÇÙȢ 

At the time the body hits the ground, the potential energy is Ὗ π * so the kinetic energy is  

                                                             
14 In a room in a building, say. 
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Ὁ Ὁ Ὗ άὫὬ υω *Ȣ 

But since Ὁ Ḱ άό we can easily solve for the speed of impact: 

ό ςὉ άϳ ςὫὬ χȢχÍ ÓϳȢ 

[Compare this equation with Eq NN obtained from pure kinematic results in Section 1.4.2.] Using 

other words, during the fall gravity does work on the ball. The work is 

ɝὉ ὡ ά‰π ‰Ὤ άὬὫȢ 

That is, the kinetic energy increases from π * by an amount άὬὫ. 

Notice once again that the mass of an object does not influence its motion in a gravitational field. 

In fact, a body of mass ά is affected by the force Ὂ άὫȟ ÓÏ ÔÈÁÔ .Å×ÔÏÎȭÓ ÓÅÃÏÎÄ ÌÁ× ÒÅÁÄÓ 

άὥ άὫȢ 

Since the passive gravitational mass ά in the RHS is equal to the inertial mass ά in the LHS, 

these cancel, producing 

ὥ ὫȢ 

That is, Ὣ is the acceleration of any ÍÁÓÓÉÖÅ ÂÏÄÙ ÉÎ ÆÒÅÅ ÆÁÌÌ ÎÅÁÒ ÔÈÅ %ÁÒÔÈȭÓ ÓÕÒÆÁÃÅȢ 

For future reference, we give 

Proposition 

Consider a system of ὔ massive particles in a constant gravitational field. Then the gravitational 

potential energy of the system is equal to the potential energy of a single particle of the same 

mass as the entire system located at the centre of mass of the system. 

Proof  

Let there be ὔ ÐÁÒÔÉÃÌÅÓ ×ÉÔÈ ȬÉÎÄÅØ ÓÅÔȭ ὢ. Let the mass and position of the Ὥth particle be ά  and 

Ἲ, respectively. Assume the force field is ἑὀ Ὣὂ for some Ὣᶰᴙ. Then the total potential 

energy is 

Ὗ Ὗ

ᶰ

άὫᾀ

ᶰ

Ὣ άᾀ

ᶰ

Ȣ 

On the other hand, a particle of mass 

ὓḧ ά

ᶰ

 

located at 

ὖ
ρ

ὓ
άἺ

ᶰ

 

has potential energy 



 Physics Done Right, an Attempt 

 44/314 

ὟḧὓὫ
ρ

ὓ
άἺ

ᶰ

ẗὂ Ὣ ά Ἲẗὂ

ᶰ

Ὣ άᾀ

ᶰ

Ƞ 

thus Ὗ Ὗ.  ʉ

1.6.3.3 The Electrostatic Field 

Similarly, let there be a charged body ὃ with charge ή at the origin. The electrostatic field due to 

ὃ is the force per unit charge of a test particle, that is, 

Ἇὀḧ
ρ

τ“‭

ή

ὶ
Ἲ 

so that a force on a body ὄ with charge ή located at ὀ is 

ἐ ήἏὀȢ 

The electrostatic potential is 

‰ÅÓὀ
ρ

τ“‭

ή

ὶ
 

and the potential energy of ὄ at ὀ is 

Ὗ ή‰ὀȢ 

Example N + 1 

Let the two planes ὼ π and ὼ ρ have uniform charge density ” [unit : #Íϳ ], ὼ π being 

positively charged and ὼ ρ being negatively charged. It is then straightforward to show that 

the electric field is 

Ἇὼ
”

‭
ὀ 

for all ὼɴ πȟρ. Thus, the field is constant, just as the local gravitational field at the surface of 

the Earth. The potential is therefore linear here as well: 

‰ὼ
”

‭
ὼȢ 

Let there be a proton of charge ή π that is momentarily at rest at ὼ π. It has potential energy 

Ὗ ή‰π π * and experiences the force ἐ ήἏπ ὀ. When it reaches the plane ὼ ρ, 

its potential energy has dropped to Ὗ ή‰ρ , and so its kinetic energy has increased to 

Ὁ Ḱ άό . Solving for ό yields 

ό ςή”ά‭ϳ Ȣ 

The final speed thus depends on both the charge and inertial mass of the proton. 
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1.6.3.4 The Graph of a One-Dimensional Potential 

Consider a one-dimensional potential energy function ὼm ‰ὼ, like the one drawn below. 

 

Figure 14. A one-dimensional potential  energy function . 

The force on a particle with this potential energy function is 

ἐὼ ‰ɳὼ
‬•

‬ὼ
ὀȢ 

Since this is merely a one-dimensional problem, it is rather silly to employ vectorial notation. 

Indeed, each vector has only one component, and so it is better to work with this scalar compo-

nent alone. Thus, we write 

Ὂὼ • ὼ 

where a prime denotes a derivative with respect to ὼ. Notice that, at a stationary point like ὃ, ὄ, 

ὅ, and Ὀ, • ὼ π and so Ὂὼ π. At a point with positive slope • ὼ π, the force Ὂὼ π 

acts to the left, and at a point with a negative slope • ὼ π, the force Ὂὼ π acts to the 

right. That is, qualitatively, the particle behaves as a ball on a hill (on the Earth) shaped like the 

potential, always trying to roll downwards! Local minima of the potential, such as ὄ and Ὀ are 

stable equilibria, whereas local maxima, such as ὃ and ὅ, are unstable equilibria. Indeed, a ball at 

rest at ὄ or Ὀ will remain there even if you hit it with small forces every now and then, which 
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does not apply to a ball at rest at ὃ or ὅ, in which case even a minor disturbance will make the 

ball move away from the instable equilibrium. 

1.6.3.5 The Rollercoaster 

,ÅÔȭÓ ÔÁËÅ ÔÈÉÓ ÁÎÁÌÏÇÙ ÏÎÅ ÓÔÅÐ ÆÕÒÔÈÅÒ. As a model rollercoaster, let the track be two-

dimensional, restricted to ᾀ π, say; that is, let the track be the image of some interval ὥȟὦ 

under the map ὼm ὼȟὬὼȟπ for some continuous ȬÈÅÉÇÈÔ functionȭ ὼm Ὤὼ. The track might 

look like this: 

 

Figure 15. A rollercoaster . 

Let the rollercoaster car have mass ά, and assume that it performs no propulsion of its own (no 

motor); the only force making it move is the force of gravity. We want only to take into account 

the force of gravity, that is, essentially, we want to neglect the forces on the car, due to the track. 

Of course, we cannot just set these forces to zero, because then the car would fall right through 

the track, and we would not be investigating a rollercoaster at all; instead, we would be investi-

gating a (deadly) Ȭdrop towerȭ ÁÔÔÒÁÃÔÉÏÎȢ But we will still be able to neglect the forces. To see 

this, notice that, at any time, we can decompose the force ἐÔÒÁÃË from the track into a part ἐ᷆ par-

allel to the track and a part ἐṶ orthogonal to the track, so that ἐÔÒÁÃËἐ᷆ ἐṶ. The parallel force 

ἐ᷆ is the force of friction, which always acts in the direction opposite of the velocity, trying to 

slow down the car. This can be made very small, and we will simply assume it is zero. On the 

other hand, the force ἐṶ is what is keeping the car to the track. This we cannot assume to be zero, 

but since it is always perpendicular to the velocity, it does no work, and so we can neglect it too 

when discussing the kinetic energy of the car. Consequently, the only force affecting the speed of 

the car is the force of gravity. The gravitational potential energy is 

Ὗὼ άὫὬὼȟ 

since the car necessarily is at height Ὤὼ at ὼ. Now, since the only force that is doing work on 

the car is the force of gravity, which is a conservative force, the total mechanical energy Ὁ is 

constant. Thus the kinetic energy of the car is Ὁ ὼ άό Ὁ Ὗὼ Ὁ άὫὬὼ when 

the car is at ὼ. That is, the speed ό is only a function of Ὤὼ. The tangential force on the car is 

ἐÔÁÎÇÅÎÔɳὟẗἼǶ 

where ἼǶ is the unit tangent vector. In particular, a point on the track where the tangent is hori-

zontal, such as at ὗ or Ὓ, the tangential force 

ὗ 

ὖ 
Ὑ 

Ὓ 

ὀ 

ὁ 
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Figure 1. The spring potential.  

ἐÔÁÎÇÅÎÔɳὟẗἼǶ Ὗɳẗὀ
‬Ὗ

‬ὼ
άὫὬὼ πȢ 

That is, if the car is placed at rest at ὗ or Ὓ, it will remain at rest there. 

1.6.3.6 The Ideal Spring 

Let us return to the ideal spring. The force on the object attached to the free end of the spring is 

ἐ ὯὼὀȢ 

Apparently, we can forget about the spring and just think of the situation as a force field 

ἐὀ Ὧὼὀ that affects the object. The potential energy is 

Ὗὼ
ρ

ς
ὯὼȢ 

Suppose that the spring is stretched so that the object is at rest at ὼ ὼ π. Then the total me-

chanical energy of the object is Ὁ Ὁ Ὗὼ π Ὧὼ. Then we let go of the spring. When 

the object flies past the origin, where the potential energy is zero, it has the maximum kinetic 

energy Ὁ άό Ὁ Ὗπ Ὧὼ and maximum speed ὺ Ὧὼ άϳ Ὧάϳ ὼ. Compare 

with the result obtained from pure kinematics in Section 1.4.4. 

4ÈÅ ÐÏÔÅÎÔÉÁÌ ɉᴻɊ ÉÓ ÄÒÁ×Î to the right (Ὧ ρ). The 

main importance of the ideal spring potential is 

perhaps not that engineers and scientists use ideal 

springs in a literal sense every day (although that is 

an important  application of the potential). Rather, 

the ideal spring potential appears very often in 

ÐÈÙÓÉÃÓ ÁÎÄ ÅÎÇÉÎÅÅÒÉÎÇȟ ÂÅÃÁÕÓÅ ÉÔ ÉÓ Á ÖÅÒÙ ȬÇÅÎÅr-

ÉÃȭ ÐÏÔÅÎÔÉÁÌȢ )ÎÄÅÅÄȟ ÃÏnsider any analytic potential 

function • in one dimension. Assume that it has 

local minimum at some point; this point is naturally 

a very interesting point, since it represents a stable 

equilibr ium. Choose the ὼ axis in such a way that 

this local minimum occurs at the origin. Then 

•ὼ •π • πὼ
ρ

ς
• πὼ ỄȢ 

Since the potential is only defined up to an additive constant, we may set •π π. In addition, 

since the origin is a stationary point, • ὼ π. Neglecting third-order and higher terms, we 

thus end up with 

•ὼͯ
ρ

ς
Ὧὼ 

near the origin, where the constant Ὧḧ• π. That is, the ideal spring potential approximates 

essentially any local minimum of a generic potential! In addition, since the ideal spring potential 

has sines and cosines as the kinematic solutions, this also explains why sines and cosines are so 

abundant in physics. 
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1.6.3.7 The Centripetal Force 

In Section 1.4.3 we found that if a particle is moving with constant speed in a circle (in some 

plane), then the net force on the particle has to point towards the centre of the circle, and it has 

to be of magnitude άὺ ὶϳ where ά is the mass of the particle, ὺ is its speed, and ὶ is the radius 

of the circle. 7Å ÎÏ× ȬÕÎÄÅÒÓÔÁÎÄȭ ÔÈÁÔ ÔÈÅ ÓÐÅÅÄ ÏÆ ÔÈÅ ÐÁÒÔÉÃÌÅ ÉÓ Á ÃÏÎÓÔÁÎÔ ÏÆ ÍÏÔÉÏÎ ÂÅÃÁÕÓÅ 

the force does no work on it, since it is always orthogonal to the velocity of the particle. 

1.6.4 Other Types of Energy 

3Ï ÆÁÒ ×Å ÈÁÖÅ ÅÎÃÏÕÎÔÅÒÅÄ Ô×Ï ȬÔÙÐÅÓȭ ÏÆ ÅÎÅÒÇÙȡ ËÉÎÅÔÉÃ ÅÎÅÒÇÙ ÁÎÄ ÐÏÔÅÎÔÉÁÌ ÅÎÅÒÇÙȢ 4ÈÅ ÌÁÔÔÅÒ 

category is made up of a large number of subcategories. Indeed, to every kind of conservative 

force, there is a kind of potential energy, because any such force can do work and by means of 

ÔÈÉÓ ÉÎÃÒÅÁÓÅ ÔÈÅ ËÉÎÅÔÉÃ ÅÎÅÒÇÙ ÏÆ Á ÐÁÒÔÉÃÌÅ ÁÆÆÅÃÔÅÄ ÂÙ ÔÈÅ ÆÏÒÃÅȟ ÁÎÄ ÓÏ ÔÈÅÒÅ ÉÓ ȬÐÏÔÅÎÔÉÁÌȭ Ån-

ergy, and since the field is conservative, the potential energy is a well-defined function of the 

spatial variable. We have already encountered gravitational potential energy, electrostatic po-

tential energy, and the potential energy associated with an ideal spring. We also found that the 

ȬÔÏÔÁÌȭ ÅÎÅÒÇÙ ɀ defined as the sum of kinetic and potential energy ɀ was always conserved. In 

this section, we will discuss other forms of energy, and conclude that the total energy is always 

conserved. 

Á Thermal Energy  is the kinetic energy associated with the internal microscopic 

random ɉÔÈÁÔ ÉÓȟ ȬÔÈÅÒÍÁÌȭɊ motion in a solid, liquid, or gaseous object. The simplest 

case is that of an ideal gas, that is, a gas where the gas particles do not affect each 

other by forces other than at perfectly elastic collisions and have no internal de-

grees of freedom (for instance, they do not rotate). In this case, the average kinetic 

energy άὺ of a gas particle is related to the temperature Ὕ of the gas according 

to άὺ ὯὝ where Ὧ  ÉÓ "ÏÌÔÚÍÁÎÎȭÓ ÃÏÎÓÔÁÎÔȢ15 

Á Electromagnetic Energy  is the energy associated with an electromagnetic field. 

Really, there is nothing fundamentally new going on here, since the electromagnet-

ic field is a couple of force fields, and as such, contains potential energy. The new 

thing is that, contrary to the simple electrostatic field and the (classical) gravita-

tional field, this field can propagate as a wave in space, and hence energy is al-

lowed to move from one point to another as electromagnetic radiation. 

We have considered conservative forces in quite some detail. Non-conservative forces are forces 

that make an object lose total mechanical energy. Energy, however, is not lost. Instead, it appears 

in other forms, such as thermal or electromagnetic energy. Consider a ball released from a height 

Ὤ π above the ground. In a highly idealised situation, it will bounce and come back to the initial 

height Ὤ ad infinitum; that is, kinetic energy and potential energy will be converted to and from 

each other ɀ the kinetic energy being zero at the top and the potential energy being zero at the 

ground ɀ while the total mechanical energy remains constant. 

In a real situation, however, the ball will hit the ground, and it will lose mechanical energy. It 

might bounce and reach some new height Ὤ Ὤ, and then bounce again up to some height 

Ὤ Ὤ and so on, until it finally is lying at rest on the ground. At each impact, it loses mechani-

cal energy. Such an event probably will increase the thermal energy of the ball and the ground at 

the point of impact. In addition, dust particles on the ground hit by the ball might be given kinet-

                                                             
15 This result follows remarkably easily from a statistical physics approach to thermal physics. 
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ic ÅÎÅÒÇÙ ÁÎÄ ȬÆÌÙ Á×ÁÙȭȢ %ÖÅÎÔÕÁÌÌÙȟ ÔÈÏÓÅ ÐÁÒÔÉÃÌÅÓ ×ÉÌÌ ÁÌÓÏ ÃÏÍÅ ÔÏ ÒÅÓÔȟ ÁÎÄ ÉÎ ÔÈÅ ÆÉÎÁÌ ÓÉÔÕa-

tion, essentially all mechanical energy has been converted into thermal energy. Still, the total 

energy contained inside the lab (if property isolated) will remain constant. This, basically, fol-

lows since every microscopic force of interaction, between every pair of atoms and/or molecules 

in the system, is conservative. 

Another typical example is a block (with no propulsion of its own) sliding on a horizontal track. 

Due to friction from the surface, (again, this is a macroscopic manifestation of an intricate col-

laboration between a huge number of microscopic forces of electromagnetic nature), it will 

eventually come to a stop, if you do not push it constantly. Hence, mechanical energy is lost, and 

the track and block will be heated. On the other hand, if you push it with an appropriate constant 

force, it will eventually reach a state of constant speed, where the friction vector is the exact op-

posite of the force you supply. 

1.6.5 Many-Particle Systems: Decomposition of Kinetic Energy 

We will now investigate how the kinetic energy of a system of particles differs between different 

frames of reference. To this end, consider a system of ὔ ÐÁÒÔÉÃÌÅÓ ×ÉÔÈ ȬÉÎÄÅØ ÓÅÔȭ ὢ. Let ά  be the 

mass of the Ὥth particle, and let Ἵ be its velocity relative to a frame ꞈρ. In this frame, the kinetic 

energy of the Ὥth particle is 

Ὁ
ρ

ς
άό 

and so the total kinetic energy of the system is 

Ὁ Ὁ

ᶰ

ρ

ς
άό

ᶰ

Ȣ 

Let ςꞈɴ  ꞈbe the CM frame of the system, the origin of which has coordinates ὖὸ relative to 

ρꞈ at time ὸ. Let Ἲ be the position vector of the Ὥth particle relative to ςꞈ, so that Ἲὸ ὖὸ

Ἲὸ. Then the total kinetic energy of the system, as seen from ꞈ ρ, is 

Ὁ
ρ

ς
άό

ᶰ

ρ

ς
άȿἽȿ

ᶰ

ρ

ς
ά ὖ Ἵ

ᶰ

ρ

ς
ά ὖ Ἵ

ᶰ

ρ

ς
ά ὖ ςὖẗἽ Ἵ

ᶰ

ρ

ς
άὖ

ᶰ

ρ

ς
ά ςὖẗἽ

ᶰ

ρ

ς
άό

ᶰ

Ȣ 

The middle term vanishes, for 

ρ

ς
ά ςὖẗἽ

ᶰ

ὖẗ άἽ

ᶰ

ὖẗ Ἰ

ᶰ

ὖẗἸ ὖẗ  

because the momentum is zero as measured in the centre of mass frame. The first term, on the 

other hand, is simply 

ρ

ς
άὖ

ᶰ

ρ

ς
ὓὖ  

where ὓḧВ άᶰ  is the total mass of the system. Hence, 

Ὁ
ρ

ς
ὓὖ

ρ

ς
άό

ᶰ

Ȣ 
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Notice that Ὁ В άόᶰ  is the kinetic energy as measured in ꞈς, the centre of mass frame 

of the system. This is the intrinsic kinetic energy of the system. [Notice that Ὁ Ὁ if ρꞈͯ ςꞈ, 

that is, if ὖ .] On the other hand, ὓὖ  is the kinetic energy of a particle of mass ὓ moving 

with speed ὖ. This is the extrinsic kinetic energy of the system, that is, the kinetic energy of the 

system when it is considered as a point particle of mass ὓ located at its centre of mass. 

Exercise: We have shown that the total kinetic energy of a system of particles, as 

seen from some inertial frame, can be written as the sum of the kinetic energy of 

ÔÈÅ ÓÙÓÔÅÍ ÔÒÅÁÔÅÄ ÁÓ Á ÐÏÉÎÔ ÐÁÒÔÉÃÌÅ ÐÌÕÓ ÔÈÅ ȬÉÎÔÒÉÎÓÉÃȭ ËÉÎÅÔÉÃ ÅÎÅÒÇÙ ÏÆ ÔÈÅ ÓÙs-

tem, that is, the kinetic energy as seen from the CM of the system. In the section 

about momentum, we also treated multi-particle systems and different frames of 

reference, but we gave no similar decomposition explicitly. Why? 
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1.7 Rotational Motion 

We will review the main results regarding rotational motion. 

1.7.1 aƻƳŜƴǘ ƻŦ LƴŜǊǘƛŀΣ ƻǊ Ψwƻǘŀǘƛƻƴŀƭ aŀǎǎΩ 

Consider a system of ὔ particles that are all rotating about the ᾀ axis with the same angular ve-

locity -‫ὂ and have zero velocity in the ὂ direction. In the continuous limit ὔᴼЊ, this be

comes a model of a rigid body rotating about the ᾀ axis. As usual, let ὢ ρȟςȟȣȟὔ  be the set of 

particle indices and let Ἲὸ ὼὸȟώὸȟᾀ  be the position of the Ὥth particle, which has mass 

ά , at time ὸ. Let Ὠḧ ὼ ώ be the radial distance from the ᾀ axis to the particle. Then the 

speed of the particle is ὺḧὨand its kinetic energy becomes ‫ 

Ὁḧ
ρ

ς
άὺ

ρ

ς
ά Ὠ‫ Ȣ 

Consequently, the total kinetic energy of the system is 

Ὁ ḧ Ὁ

ᶰ

ρ

ς
ά Ὠ‫

ᶰ

ρ

ς
Ὅ‫  

where 

Ὅḧ άὨ

ᶰ

 

is the moment of inertia of the system [relative to the ᾀ axis]. The continuous case is now obvious: 

For a rigid body occupying a volume ὈṒᴙ , the moment of inertia relative to the ᾀ axis is 

Ὅ Ὠὀ ”ὀὨὠ 

where ”ὀ is the density at ὀɴ Ὀ. The kinetic energy of this body, due to its rotation about the ᾀ 

axis, is 

Ὁ
ρ

ς
Ὅ‫  

where is the angular speed of the body. Notice that the moment of inertia plays the same role ‫ 

when it comes to rotational motion as the (inertial) mass does when it comes to translational 

motion. And just like mass, the moment of inertia is an additive property; that is, if the rigid body 

consists of two disjoint parts, ὃ and ὄ, and these parts have moments Ὅ and Ὅ, then the moment 

of inertia Ὅ of the entire body is Ὅ Ὅ Ὅ. Indeed, if the volumes occupied by these two com-

ponents are Ὀ  and Ὀ , then Ὀ ᷾Ὀ Ὀ and Ὀ ᷊Ὀ  ɲso that 

ὍḰ ”ὀὨὀ Ὠὠ ”ὀὨὀ Ὠὠ ”ὀὨὀ ὨὠḰὍ ὍȢ 

Be sure to notice that the moment of inertia is not an intrinsic  property of a rigid body. Instead, 

it is a property of a rigid body and a chosen axis of rotation. 

Behold the beauty of the theory: 

Linear motion: Ὁ  
ρ

ς
ά ὺ 
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Rotational motion: Ὁ  
ρ

ς
Ὅ ‫  

 
Kinetic energy  (Half) inertia;  re-

sistance against a 
change of motion 

Kinematic meas-
ure of motion 

(squared) 

1.7.1.1 Examples 

CYLINDER: Let us compute the moment of inertia of a homogeneous cylinder ὈṒᴙ  with radi-

us Ὑ and height Ὤ with respect to its axis of symmetry. By definition, 

Ὅ Ὠὀ Ὠά Ὠὀ ”ὨὠȢ 

Introduce cylindrical coordinates ὶȟ•ȟᾀ. In ὶ•ᾀ-space the region Ὀ corresponds to 

Ὁ πȟὙ πȟς“ πȟὬ (say), Ὠὠ ὶὨὶὨ•Ὠᾀ, and Ὠὶȟ•ȟᾀ ὶ so that 

Ὅ ”ὶὨὶὨ•Ὠᾀ” ὶὨὶ Ὠ• Ὠᾀ ”ẗ
ρ

τ
Ὑ ẗς“ẗὬ

“

ς
”ὙὬ

ρ

ς
ὓὙ  

where ὓḧ”ẗὙ“Ὤ is the total mass of the body. 

BALL: A ball ὈṒᴙ  of radius Ὑ centred at the origin with respect to the ᾀ axis. Introduce spher-

ical coordinates ὶȟ—ȟ• . The set Ὀ in ὼώᾀ-space corresponds to the set Ὁ πȟὙ πȟ“

πȟς“ in ὶ—•-space, and Ὠὠ ὶÓÉÎ—ὨὶὨ—Ὠ•. Now the radial distance 

Ὠὶȟ—ȟ• ὶÓÉÎ— 

and so 

ὍḰ Ὠὀ Ὠά Ὠὀ ”Ὠὠ ”ὶÓÉÎ—ὨὶὨ—Ὠ•” ὶὨὶ ÓÉÎ—Ὠ— Ὠ•

”ẗ
ρ

υ
Ὑ ẗ
τ

σ
ẗς“

ψ“

ρυ
”Ὑ

ς

υ
ὓὙ  

where ὓḧ”ẗ“Ὑ  is the mass of the ball. 

1.7.2 Angular Momentum 

Let ꞈ ρɴ  ꞈbe a frame of reference, and let ὃ be a particle with mass ά, position Ἲ and velocity Ἶ. 

The quantity 

ἔḧἺ Ἰ Ἲ άἾ 

is called the angular momentum of the particle, where Ἰ is the (linear) momentum of the particle. 

For a system of particles, the angular momentum is defined as the sum of the angular momenta 

of the individual particles. In our usual notation, we write 

ἔḧ ἔ

ᶰ

 

where ἔ is the total angular momentum of a system of ὔ particles ×ÉÔÈ ȬÉÎÄÅØ ÓÅÔȭ ὢ, in which the 

angular momentum of the Ὥth particle is ἔ. The analogous definition in the continuous case is 

obvious. 

Now we restrict our attention to a very important special case, namely, the case of a rigid body 

rotating about one of its axes of symmetry. To make this precise, we define 
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Definition 

Let ὃ  be the linear map 

ὃȡ
ὼ
ώ
ᾀ
ᵐ
ÃÏÓ— ÓÉÎ— π
ÓÉÎ— ÃÏÓ— π
π π ρ

ὼ
ώ
ᾀ
ȟ 

that is, a rotation — radians about the ᾀ axis (in the positive sense). If ὢṒᴙ  then we denote the 

image of ὢ under a linear map ὃ by ὃὢ, that is, 

ὃὢ ḧ ὁɴ ᴙȡὁ ὃὀȟὀɴ ὢȢ 

Consider a rigid body ὃ occupying a volume ὈṒᴙ . Let ”ὀ be the density of ὃ at ὀɴ Ὀ. The 

rigid body ὃ is symmetric about the ᾀ axis iff  

ὃ Ὀ Ὀȟ —ᶅᶰᴙ 

and 

”ὃ ὀ ”ὀȟ ᶪ—ȟὀᶰᴙ ὈȢ 

Consider a rigid body ὃ that is symmetric about the ᾀ axis. The total angular momentum is 

ἔḰ Ἲὀ Ἶὀ ”ὀὨὠȢ 

A general point  ὀ on the body is shown below, together with the direction of the cross product 

Ἲ Ἶ, where the velocity vector Ἶ is pointing into the page. 

 

Figure 16. The cross product Ἲ Ἶ. 

Since the body is symmetric about the ᾀ axis, the projection onto the ὼώ-plane of the integral 

(which is a vector) must vanish. Hence, it will suffice to compute only the ᾀ component of the 

integral, which is given by the integral of the projection of the integrand to the ᾀ axis; in symbols, 

ἔ Ἲὀ Ἶὀ ẗὂ”ὀὨὠὂȢ 

ὂ 
Ἲ 

Ἶ 

ὀ 

Ἲ Ἶ 

— 

Ὠ 

ὕ 
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Now 

ȿἺὀ Ἶὀȿ ȿἺὀȿȿἾὀȿ 

since ἺὀṶἾὀ. Furthermore, 

ὺḧȿἾὀȿ ‫Ὠ 

where is the angular speed, and the radial distance between the ᾀ axis and ὀ is ‫ 

Ὠ ὶÓÉÎ—Ȣ 

Consequently, 

ȿἺὀ Ἶὀȿ ȿἺὀȿȿἾὀȿ ὶ‫Ὠὶ‫ÓÉÎ—ȟ 

whence16, 

Ἲὀ Ἶὀ ẗὂ ὶ—‫ÓÉÎ—ẗÓÉÎ ὶ‫ÓÉÎ—Ȣ 

Thus, 

ἔ ὶ‫ÓÉÎ—”ὀὨὠὂ ὶÓÉÎ—”ὀὨὠ‫ὂ Ὠὀ ”ὀὨὠ ὍȢ 

That is, we have found 

Proposition 

Let ὃ be a rigid body that is symmetric and rotating about the ᾀ axis, and denote its moment of 

inertia and angular velocity by Ὅ and , respectively. Then the angular momentum of ὃ  is 

ἔ ὍȢ 

Behold the beauty of the theory: 

Linear motion: Ἰ  ά Ἶ 

Rotational motion: ἔ  Ὅ  

(symmetric case only) Dynamic measure of 
motion 

 Inertia; resistance 
against a change of 

motion 

Kinematic meas-
ure of motion 

However, this time the symmetry is not perfect. Indeed, the equation ἔ Ὅ  only holds for a 

rigid body that is symmetric about the axis about which it is rotating. 

1.7.3 Torque 

Let ὃ be a particle with mass ά located at Ἲ, and let ἐ be the net force on the particle. The quanti-

ty 

ḧἺ ἐ 

is called the torque on the particle. The torque on a system of particles is defined as the sum of 

the torques of the individual particles, that is, 

ḧ

ᶰ

Ȣ 

                                                             
16 Or ὶ‫ÓÉÎ—ẗρẗÃÏÓ —  if you prefer to think of the scalar product that way. 
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We have 

Proposition 

Consider a system of ὔ particles, and denote the angular momentum and the torque on the sys-

tem by ἔ and , respectively. Then 

Ὠἔ

Ὠὸ
Ȣ 

which could also serve as the defiÎÉÔÉÏÎ ÏÆ ȬÔÏÒÑÕÅȭȢ 

Proof  

Ὠἔ

Ὠὸ

Ὠ

Ὠὸ
Ἲ άἾ

ᶰ

Ὠ

Ὠὸ
Ἲ άἾ

ᶰ

Ἶ άἾ Ἲ άἩ

ᶰ

Ἲ ἐ

ᶰ

Ḱ Ȣ 

  ʉ

Just as force is the rate of change of (linear) momentum, torque is the rate of change of angular 

momentum. If we are dealing with a rigid body symmetric and rotating about the ᾀ axis, then we 

also have 

Ὠἔ

Ὠὸ
Ὅ 

where ḧὨ Ὠὸϳ  is the angular acceleration. That is, we have a rotational analogue of New-

ÔÏÎȭÓ ÓÅÃÏÎÄ ÌÁ×Ȧ 

 

Linear motion: ἐ  ά Ἡ 

Rotational motion:   Ὅ  

(symmetric case only) Ȭ&ÏÒÃÅȭ  Inertia Acceleration 

1.7.4 Conservation of Angular Momentum 

We have seen that, in any isolated system, the total (linear) momentum is a constant of motion. 

We will now see that the same thing applies to the total angular momentum of such a system, 

but in order to prove this, we will find it necessary ÔÏ ÕÓÅ Á ÓÌÉÇÈÔÌÙ ÓÔÒÏÎÇÅÒ ÖÅÒÓÉÏÎ ÏÆ .Å×ÔÏÎȭÓ 

third law . 

Consider an isolated system of ὔ particles in which the force on the Ὥth particle due to the Ὦth 

particle, is ἐ , and define ἐ  as usual. Since the system is isolated, there are no other forces 

affecting the particle. Thus the total force on the Ὥth particle is 

ἐ ἐ

ᶰ

 

and so the torque on this particle is 

Ἲ ἐ Ἲ ἐ

ᶰ

Ȣ 

Therefore, the rate of change of the total angular momentum is 
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Ὠἔ

Ὠὸ
ᶰ

Ἲ ἐ

ᶰᶰ

Ἲ ἐ

ȟᶰ

Ἲ ἐ Ἲ ἐ

ᶰ

Ἲ ἐ Ἲ ἐ

ᶰ

Ἲ Ἲ ἐ

ᶰ

Ȣ 

Now, we have to introduce 

IȅǇƻǘƘŜǎƛǎ ό¢ƘŜ {ǘǊƻƴƎ bŜǿǘƻƴΩǎ Third Law) 

Let ὃ and ὄ be two particles located at Ἲ and Ἲ, respectively. If ὃ is affecting ὄ with force ἐ , 

then ὄ is affecting ὃ with the force ἐ ἐ  and ἐ  (and ἐ ) is parallel with the displace-

ment Ἲ Ἲ. 

)Î ÆÁÃÔȟ ×ÈÅÎ ÏÎÅ ÉÍÁÇÉÎÅÓ .Å×ÔÏÎȭÓ ÔÈÉÒÄ ÌÁ× ɉÆÏÒ ÉÎÓÔÁÎÃÅȟ ÕÓÉÎÇ Á ÐÉÃÔÕÒÅ as in Figure 7), one 

does usually assume the parallelism between the force vectors and the displacement vector. In 

addition, most ÆÏÒÃÅÓ ×Å ËÎÏ× ÏÆ ÓÁÔÉÓÆÙ ÔÈÅ ÓÔÒÏÎÇ ÖÅÒÓÉÏÎ ÏÆ ÔÈÅ ÌÁ× ɉ.Å×ÔÏÎȭÓ ÌÁ× ÏÆ ÕÎÉversal 

ÇÒÁÖÉÔÁÔÉÏÎȟ #ÏÕÌÏÍÂȭÓ ÌÁ×ȟ ÅÔÃȢɊȢ Using this strong form, it is obvious that 

Ἲ Ἲ ἐ ȟ ᶪὭȟὮᶰὢȢ 

Thus 

Ὠἔ

Ὠὸ
 

and we have shown 

Theorem 

!ÓÓÕÍÉÎÇ ÔÈÅ ÓÔÒÏÎÇ ÆÏÒÍ ÏÆ .Å×ÔÏÎȭÓ ÔÈÉÒÄ ÌÁ×ȟ Ôhe total angular momentum of an isolated sys-

tem of discrete particles is constant in time. 

1.7.5 Decomposition of Angular Momentum 

Consider any system of particles, and let ꞈρ be a frame relative to which the centre of mass is 

located at ὖὸ at time ὸ. Let Ἲ be the position of the Ὥth particle, with mass ά , relative to ρꞈ, 

and let Ἲ be the position relative to the centre of mass. Then 

Ἲὸ ὖὸ Ἲὸ 

where 

ὖὸ
ρ

ὓ
άἺ

ᶰ

Ȣ 

Relative to ꞈ ρ the total angular momentum is 

ἔḰ Ἲ άἾ

ᶰ

ὖὸ Ἲὸ ά ὖὸ Ἶ ὸ

ᶰ

ὖὸ άὖὸ

ᶰ

ὖὸ άἾὸ

ᶰ

Ἲὸ άὖὸ

ᶰ

Ἲὸ άἾ ὸ

ᶰ

Ȣ 
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The two middle terms vanish. Indeed, 

ὖὸ άἾ ὸ

ᶰ

ὖὸ άἾὸ

ᶰ

ὖὸ Ἰ ὸ ὖὸ  

since the total momentum Ἰ is zero as seen from the centre of mass frame (Proposition NN), 

and 

Ἲὸ άὖὸ

ᶰ

άἺὸ

ᶰ

ὖὸ ὖὸ  

because В άἺὸᶰ  are the coordinates of the centre of mass expressed in the CM frame. 

Thus, 

ἔ ὖὸ άὖὸ

ᶰ

Ἲὸ άἾὸ

ᶰ

ὖ ὓὖ Ἲὸ άἾὸ

ᶰ

ȟ 

that is, the total angular momentum is decomposed into two parts: the total angular momentum 

ὖ ὓὖ of the system as a whole [considered as a point particle of mass ὓ at its centre of mass 

ὖ] and the total angular momentum В Ἲὸ άἾὸᶰ  due to the internal structure of the sys-

tem. If  ꞈ ρ ͯ ꞈς, where ꞈ ς is the CM frame, then ὖ  and 

ἔ Ἲὸ άἾ ὸ

ᶰ

Ḱἔȟ 

that is, the quantity В Ἲὸ άἾ ὸᶰ  is really the intrinsic angular momentum of the system 

in the sense that it is the angular momentum one would measure in the rest frame of the centre 

of mass of the system. In any other frame, one obtains the total angular momentum by adding 

the extrinsic angular momentum ὖ ὓὖ to the intrinsic angular momentum, which is due to the 

motion of the centre of mass, that is, to the motion of the system considered as a particle without 

internal structure. 

For instance, consider a planet orbiting a star. The total angular momentum of the planet is then 

ἔ ἔÏÒÂÉÔἔÓÐÉÎ 

where ἔÏÒÂÉÔḧ ὖ ὓὖ is the angular momentum due to the orbit about the star, and 

ἔÓÐÉÎḧВ Ἲὸ άἾ ὸᶰ  ÉÓ ÔÈÅ ÁÎÇÕÌÁÒ ÍÏÍÅÎÔÕÍ ÄÕÅ ÔÏ ÔÈÅ ÐÌÁÎÅÔȭÓ ÓÐÉÎ about its own 

axis. 

Notice that, in the special case of a rigid body spinning about a symmetry axis,  

ἔ ὖ ὓὖ Ὅ  

where Ὅ is the moment of inertia (about the symmetry axis) and  is the angular velocity of the 

spin. 

1.7.6 Decomposition of the Kinetic Energy 

We will use the same setup as in the last section, but instead of analysing the angular momen-

tum, we will investigate the kinetic energy. To this end, we can employ the results obtained in 

Section 1.6.5. Hence, let ςꞈɴ  ꞈbe the centre of mass frame of the system, in which the kinetic 

energy is ὉÉÎÔÅÒÎÁÌ. This is the energy associated with the motion inside the system. In particular, 

this contains any kinetic energy caused by spin. Let ꞈρɴ  ꞈbe any inertial frame, relative to 

which ςꞈ is moving with speed ὺ. If ὓ is the total mass of the system, then 
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Ὁ
ρ

ς
ὓὺ ὉÉÎÔÅÒÎÁÌ 

is the total kinetic energy of the system as seen from ꞈρ. In particular, if the system is a rigid 

body rotating about a symmetry axis, then 

Ὁ
ρ

ς
ὓὺ

ρ

ς
Ὅ‫  

where Ὅ is the moment of inertia and is the angular speed. For example, the body could be a ‫ 

planet orbiting the sun. Then ὓὺ is the kinetic energy of the planet ɀ considered as a point 

particle ɀ due to its motion about the sun, whereas Ὅ‫  ÉÓ ÔÈÅ ȬÉÎÔÅÒÎÁÌȭ ËÉÎÅÔÉÃ ÅÎÅÒÇÙ ÏÆ ÔÈÅ 

planet, due to its rotation about its own axis. 

1.7.7 Example: A Rolling Stone 

Consider a ball-shaped stone of radius ὶ and mass ά that is rolling (without slipping) down a 

hill. Of course, we will not ignore friction, because this is what makes the stone roll. However, 

due to the rolling, the lost mechanic energy is very small. In fact, we will assume that no mechan-

ic energy is lost at all. Let the hill be of height Ὤ and inclination ‌, as indicated in Figure 17. 

 

Figure 17. A ball rolling down an inclined hill . 

According to Proposition NN, the gravitational potential energy of the ball is the same as the 

gravitational potential energy of a point ÐÁÒÔÉÃÌÅ ÏÆ ÔÈÅ ÓÁÍÅ ÍÁÓÓ ÌÏÃÁÔÅÄ ÁÔ ÔÈÅ ÂÁÌÌȭÓ ÃÅÎÔÒÅ ÏÆ 

mass. This potential energy is simply άὫώ at height ώ. The difference in potential energy be-

tween the top and the bottom of the hill is thus ὟḧάὫὬ; since we assume that the ball is at rest 

at the top of the hill, this is the total mechanical energy of the system. 

At the bottom of the hill, the total mechanical energy άὫὬ is divided into translational and rota-

tional kinetic energy in an additive fashion according to the last section. That is, 

άὫὬ
ρ

ς
άὺ

ρ

ς
Ὅ‫  

where ὺ is the (final)  translational speed of the ball, is its (final) rotational angular speed, and ‫ 

the moment of inertia 

Ὅ
ς

υ
άὶ 

 

 
‌ 

Ὤ 
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according to the Examples above. At first sight, it might look like ὺ and are two independent ‫ 

variables, but they are not. Indeed, given a fixed speed ὺ, the ball has to rotate with a certain 

angular speed To find the quantitative relation, assume that a ball of radius ὶ is rolling along a .‫ 

straight line and has travelled a distance ὼὸ at time ὸ. By then it must have made ὼὸ ς“ὶϳ  full 

revolutions [since ὼπ π], or a rotation of 

—ὸ ς“ẗὼὸ ς“ὶϳ ὼὸ ὶϳ 

radians about its axis. Differentiation yields 

‫ὸḰ—ὸ ὼὸ ὶϳ Ḩὺὸ ὶϳȢ 

3ÕÂÓÔÉÔÕÔÉÏÎ ÉÎ ɉᴻɊ ÙÉÅÌÄÓ 

άὫὬ
ρ

ς
άὺ

ρ

ς
Ὅ
ὺ

ὶ
 

which is solved with respect to ὺ to obtain 

ὺ
ςάὫὬὶ

άὶ Ὅ

ρπ

χ
ὫὬȢ 

Had we not taken the rotation into account, we would have used άὫὬ άὺ and found 

ὺ ςὫὬȢ 4ÈÕÓȟ ×Å ÃÁÎ ȬÄÉÓÒÅÇÁÒÄȭ ÔÈÅ ÅÆÆÅÃÔÓ ÏÆ ÔÈÅ ÒÏÔÁÔÉÏÎ ÂÙ ÌÅÔÔÉÎÇ ὍO π.  

Notice in particular that the final speed ὺ does not depend on either the mass or radius of the 

ball, not even when rotational motion is taken into account. As a concrete example, let Ὤ σ Í. 

Then ὺ ρπὫὬχϳ φȢτψÍ Óϳ when rotation is taken into account, and ὺ ςὫὬ χȢφχÍ Óϳ 

when rotation is neglected. The effect is not negligible at all. 

Let us end ÔÈÉÓ ÓÅÃÔÉÏÎ ÂÙ ÅØÁÍÉÎÉÎÇ ÔÈÅ ȬÓÈÁÐÅȭ ÏÆ ÔÈÅ ÍÏÔÉÏÎȢ )Î ÔÈÅ ÃÁÓÅ ÏÆ ÎÏ ÒÏÔÁÔÉÏÎÁÌ ÅÎÅÒÇÙ 

(Ὅ πɊȟ ÁÃÃÏÒÄÉÎÇ ÔÏ ɉᴻɊ ÔÈÅ ÓÐÅÅÄ ÉÓ ὺ ςὫὬ when the ball has travelled a vertical distance Ὤ, 

the height of the plane. However, there is nothing special with this particular height. Instead, in 

general, the speed is ὺ ςὫώ when the ball has travelled a vertical distance ώ for all ώ π. A 

vertical distance ώ corresponds to a distance ὼ ώÃÓÃ‌ along the slope, if we introduce ὼ as a 

coordinate along the slope with ὼ π at the top. In addition, since the ball is moving along the 

slope, ὺ ὨὼὨὸϳ . Hence, 

Ὠὼ

Ὠὸ
ςὫÓÉÎ‌ẗὼ 

or 

ρ

Ѝὼ

Ὠὼ

Ὠὸ
ςὫÓÉÎ‌ 

which is a separable first-order ODE, which is integrated to yield 

ςЍὼ ςὫÓÉÎ‌ὸ 

when we impose the natural coordinate restriction ὼπ π. Thus17, 

                                                             
17 This is an overly involved way of obtaining this simple result. Indeed, the force of gravity on the ball is 
Ὂ άὫ and its component along the track is Ὂ άὫÓÉÎ‌. Thus the acceleration is constant, 
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ὼ
ρ

ς
ὫÓÉÎ‌ ὸȟ 

that is, ὼθ ὸ just as in the case of free fall. When the rotational energy is taken into account, 

Ὠὼ

Ὠὸ

ρπ

χ
ὫÓÉÎ‌ẗὼ 

or 

ρ

Ѝὼ

Ὠὼ

Ὠὸ

ρπ

χ
ὫÓÉÎ‌ 

which is integrated to yield 

ὼ
υ

ρτ
ὫÓÉÎ‌ ὸȢ 

7Å ÒÅÍÁÒË ÔÈÁÔ ÔÈÅ ȬÓÈÁÐÅȭ ÏÆ ÔÈÅ ÍÏÔÉÏÎ ÉÓ ÔÈÅ ÓÁÍÅ (still ὼθ ὸ). The constant πȢυ has been 

replaced by πȢσυȣ, however, and so the speed is slightly lower at each point. 

                                                                                                                                                                                              

ὥ ὫÓÉÎ‌ᵼὺ ὫÓÉÎ‌ẗὸᵼὼ ὫÓÉÎ‌ẗὸ imposing ὺπ π and ὼπ πȢ (Ï×ÅÖÅÒȟ ÔÈÅ ȬÏÖÅÒÌÙ 

ÉÎÖÏÌÖÅÄȭ ÍÅÔÈÏÄ ×ÏÒËÓ ÅÑÕÁÌÌÙ ×ÅÌÌ ÉÎ the case where the rotational energy is taken into account, and in 
ÔÈÉÓ ÃÁÓÅ ÉÔ ÉÓÎȭÔ overly involved. Indeed, if we also consider the rotational motion, we need to consider the 
force of friction, causing the torque that makes the ball rotate. Thus the net force will be different from 
άὫÓÉÎ‌; it will be άὫÓÉÎ‌ ὊÆÒÉÃÔÉÏÎάὫÓÉÎ‌. 
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1.8 YŜǇƭŜǊΩǎ Laws of Planetary Motion 

+ÅÐÌÅÒȭÓ ÌÁ×Ó ÏÆ ÐÌÁÎÅÔÁÒÙ ÍÏÔÉÏÎ ÁÒÅ ÔÈÒÅÅ fundamental theorems concerning the motion of the 

planets around the Sun, discovered by Johannes Kepler (1571-1630) in the early seventeenth 

century. They are 

1. The orbit of every planet is an ellipse with the Sun at one of its foci. 

2. The radius vector from the sun to a planet sweeps out equal areas during equal intervals 

of time. 

3. The square of the orbital period of a planet is proportional to the cube of the semi-major 

axis of its elliptic orbit.  The constant of proportionality is a property only of the Sun. 

)Î ÔÈÉÓ ÓÅÃÔÉÏÎ ×Å ×ÉÌÌ ÄÅÒÉÖÅ +ÅÐÌÅÒȭÓ ÌÁ×Ó ÆÒÏÍ .Å×ÔÏÎȭÓ ÌÁ×Ó ÏÆ ÍÏÔÉÏÎȟ ÔÈÅ ÌÁÔÔÅÒ ÂÅÉÎÇ ÐÕb-

lished almost a century after Kepler discovered his laws by investigating data obtained by the 

Danish astronomer Tycho Brahe (1546-1601). 

1.8.1 Ellipses 

Since we will be working a lot with ellipses, we will review some basic properties of these 

curves. (See Figure 18a.) 

Definition 

An ellipse Ὁ is a set of points ὼȟώ satisfying the equation 

ὼ

ὥ

ώ

ὦ
ρȟ π ὦ ὥ 

in a suitably positioned and oriented Cartesian coordinate system. The ὼ and ώ axes are called 

the major and minor axes of the ellipse, and the constants ὥ and ὦ are called the semi-major and 

semi-minor axis lengths, respectively. 

.ÏÔÉÃÅ ÔÈÁÔ ȬÓÅÍÉȭ ÉÎ ÔÈÉÓ ÃÁÓÅ ÍÅÁÎÓ ȬÈÁÌÆȭȢ The ellipse is also the image Ὁ of the interval 

Ὅ πȟς“ under the parameterisation map 

•ᵐ ὼȟώ ὥÃÏÓ•ȟὦÓÉÎ•ȟ •ᶰὍȢ 

Clearly the ellipse is a closed curve symmetric about both its major and minor axis, and if 

ὥ ὦḨὶ we obtain a circle of radius ὶ. 

Definition 

Let Ὁ be an ellipse with semi-major and semi-minor axes ὥ and ὦ, respectively. The quantity 

‭ḧ ρ
ὦ

ὥ
 

is called the eccentricity of the ellipse. 

Notice that the eccentricity ‭ɴ πȟρ is a dimensionless measure of the amount by which a circle 

ÈÁÓ ÔÏ ÂÅ ȬÆÌÁÔÔÅÎÅÄȭ [by a linear transformation] in order to become the ellipse. Indeed, in a cir-

cle ὥ ὦ and so ‭ π. At the other extreme, if ὥḻὦ then ὦὥϳ π and so ‭ ρ. 
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Definition 

The two points 

Ὂḧ ὥ ὦὀȟ Ὂḧ ὥ ὦὀ 

are called the foci of the ellipse. 

Notice that Ὂ and Ὂ both lie on the major axis, that Ὂ Ὂ, and that ȿὊȿ ȿὊȿ Ѝὥ ὦ

ὥ ρ ὥ‭ ὥ, displaying the fact ὊȟὊᶰÉÎÔὉ. Now we will prove the perhaps most 

well-known fact about the ellipse: 

Lemma 

Let Ὂ and Ὂ be the foci of an ellipse Ὁ. Then ȿὖ Ὂȿ ȿὊ ὖȿ ςὥȟᶅὖᶰὉ. 

Proof  

Let ὖᶰὉ. Then ὖ ὼȟὦ ρ  for some ὼɴ ὥȟὥ and we have 

ȿὖ Ὂȿ ȿὊ ὖȿ

ὼ ὥ ὦ ὦ ρ
ὼ

ὥ
π

ὥ ὦ ὼ πᴜ ὦ ρ
ὼ

ὥ

ὼ ςὼ ὥ ὦ ὥ
ὦὼ

ὥ
ὥ ςὼὥ ὦ ὼ

ὦὼ

ὥ

ὥ

ở

Ở
ờ ὼ

ὥ
ς
ὼ

ὥ
ρ
ὦ

ὥ
ρ
ὦὼ

ὥὥ
ρ ς

ὼ

ὥ
ρ
ὦ

ὥ

ὼ

ὥ

ὦὼ

ὥὥ

Ợ

ỡ
Ỡ

ὥ
ὼ

ὥ
ς
ὼ

ὥ
‭ ρ ρ ‭

ὼ

ὥ
ρ ς

ὼ

ὥ
‭
ὼ

ὥ
ρ ‭

ὼ

ὥ

ὥ ς
ὼ

ὥ
‭ ρ ‭

ὼ

ὥ
ρ ς

ὼ

ὥ
‭ ‭

ὼ

ὥ

ὥ ρ
‭ὼ

ὥ
ρ
‭ὼ

ὥ
ὥ ρ

‭ὼ

ὥ
ρ
‭ὼ

ὥ

ὥρ
‭ὼ

ὥ
ρ
‭ὼ

ὥ
ςὥ 

since ȿὼȿ ὥ and ‭ɴ πȟρ.  ʉ
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An alternative characteristic of the eccentricity is given by 

Lemma 

Let Ὢ be the distance from the origin to any of the two foci of an ellipse Ὁ, and let ὥ be the semi-

major axis. Then the eccentricity ‭ Ὢὥϳ . 

Proof  (again)  

‭Ḱ ρ
ὦ

ὥ

ὥ ὦ

ὥ

Ѝὥ ὦ

ὥ

Ὢ

ὥ
 

by the definition of the foci.  ʉ

Definition 

The distance between any of the foci and the ellipse as measured along a line parallel to the mi-

nor axis is called the semi-latus rectum of the ellipse. 

 

Lemma 

The semi-latus rectum of an ellipse of eccentricity ‭ and semi-major axis length ὥ is ὥρ ‭ . 

Proof  

The foci are located at ὼ Ѝὥ ὦ and ώ π. If ὼȟώᶰὉ then ὼὥϳ ώὦϳ ρ and so 

ώ ὦ ρ ὦ ρ ὦ ὥρ ‭ .  ʉ

Figure 18a shows an ellipse with ὥȟὦ ςȢσȟρȢχ together with its foci. The eccentricity of this 

ellipse is ‭ πȢφχ, its focal length is ρȢυ, and its semi-latus rectum is ρȢσ. 

 

Figure 18. a) An ellipse and its foci.  b) The same ellipse translated to the left so that its right focus is at the 
origin.  
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1.8.1.1 The Polar Equation 

We end this subsection by giving an alternative characterisation of the ellipse, namely, the polar 

equation ὶ ὶ•  of an ellipse oriented the usual way but with its right focus at the origin. We 

start with the usual equation of the ellipse: 

ὼ

ὥ

ώ

ὦ
ρȟ π ὦ ὥȢ 

Since the right focus is located at Ὂ Ѝὥ ὦὀ it follows that 

ὼ Ѝὥ ὦ

ὥ

ώ

ὦ
ρ 

is the Cartesian equation for the same ellipse but translated so that the right focus is found at the 

origin instead (see Figure 18b). We now introduce polar coordinates 

ὼ ὶÃÏÓ• 

ώ ὶÓÉÎ• 

and obtain 

ὶÃÏÓ• Ѝὥ ὦ

ὥ

ὶÓÉÎ•

ὦ
ρȢ 

Observe that 

Ѝὥ ὦ

ὥ
ρ
ὦ

ὥ
Ḱ‭ȟ ὦ ὥ ρ ‭ 

so that the equation can be written  

ὶÃÏÓ•

ὥ
‭

ὶÓÉÎ•

ὥЍρ ‭
ρȢ 

We solve for ὶ and find 

Lemma 

The polar equation of an ellipse with semi-major axis along the • π axis and the right-most 

focus at the origin is 

ὶ
ὥρ ‭

ρ ‭ÃÏÓ•
 

where ὥ is the semi-major axis length and ‭ is the eccentricity. 

Again, this curve is shown in Figure 18b. We remark that the numerator in the polar equation is 

the semi-latus rectum of the ellipse. 

1.8.2 Hyperbolae 

We will also need some familiarity with hyperbolae, so we give a very brief treatment of these 

curves in this subsection. See Figure 19a. 
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Definition 

A hyperbola Ὄ is a set of points ὼȟώ satisfying the equation 

ὼ

ὥ

ώ

ὦ
ρ 

for some ὥȟὦ π in a suitably positioned and oriented Cartesian coordinate system. The two 

connected parts Ὄ ḧ ὼȟώᶰὌȡÓÇÎὼ ρ are called the right  (+) and left (Ϻ) branches of Ὄ. 

Notice that the branch Ὄ  of the hyperbola is the image of ᴙ under the parameterisation map 

ὸm ὼȟώ ὥÃÏÓÈὸȟὦÓÉÎÈὸȟ ὸɴ ᴙȢ 

Hence, in a sense, the hyperbolic functions are to hyperbolae as are the trigonometric functions to 

ellipses. Notice also that hyperbolae are open curves and that, far from the origin, the branches of 

a hyperbola are closely approximated by the straight-line asymptotes 

ώ
ὦ

ὥ
ὼȢ 

Definition 

The quantity 

‭ḧ ρ
ὦ

ὥ
 

is called the eccentricity of the hyperbola. 

Clearly ‭ ρ, in contrast to the ellipse, where the quantity with the same name has ‭ ρ. 

Definition 

The two points 

Ὂḧ ὥ ὦὀȟ Ὂḧ ὥ ὦὀ 

are called the foci of the hyperbola. 

Notice that ȿὊȿ ȿὊȿ ὥȟ ÁÎÄ ÓÏ ÔÈÅ ÆÏÃÉ ÌÉÅ ȬÉÎÓÉÄÅȭ ÅÁÃÈ ÂÒÁÎÃÈȢ Figure 19a displays a hyper-

bola and its foci. 
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Figure 19. a) A hyperbola and its foci. b) The left branch of the same hyperbola translated t o the right so that 
the left focus of the hyperbola is at the origin.  

1.8.2.1 The Polar Equation 

We will need the polar equation of the left branch Ὄ  of the hyperbola. To this end, we start with 

the Cartesian equation for the left branch of the hyperbola, 

ὼ

ὥ

ώ

ὦ
ρȟ ὼ π 

and, just as we did with the ellipse, we translate the curve horizontally , 

ὼ Ѝὥ ὦ

ὥ

ώ

ὦ
ρȟ ὼ ὥ ὦ 

to obtain a left branch of a hyperbola with its left focus at the origin; see Figure 19b. Finally, we 

introduce polar coordinates, 

ὶÃÏÓ• Ѝὥ ὦ

ὥ

ὶÓÉÎ•

ὦ
ρȟ ὶÃÏÓ• ὥ ὦȢ 

Solving for ὶ yields 

Lemma 

The polar equation of the left branch Ὄ  of a hyperbola Ὄ with its left focus at the origin is 

ὶ
ὥ‭ ρ

ρ ‭ÃÏÓ•
 

where ὥ is the semi-major axis length and ‭ is the eccentricity, and where ‭ÃÏÓ• ρ. 

Again, this curve is shown in Figure 19b. 
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1.8.3 Polar Coordinates 

Before continuing, we will derive the formulae for velocity and acceleration in (planar) polar 

coordinates ὶȟ• , defined by 

ὼ ὶÃÏÓ• 

ώ ὶÓÉÎ• 

where ὼȟώ are the Cartesian coordinates of some inertial reference frame. At each point in the 

plane, we introduce the polar coordinate basis vectors Ἲ and . Unlike the Cartesian coordinate 

basis vectors ὀ and ὁ, the polar basis vectors are different at different points in the plane. 

Fix the angular coordinate • and vary the radial coordinate ὶ; this parameterises a radial line. 

The derivative is 

‬ὼ

‬ὶ
ÃÏÓ• 

‬ώ

‬ὶ
ÓÉÎ• 

and therefore we define 

Ἲ ÃÏÓ•ȟÓÉÎ•  

as the radial basis vector at the point ὶȟ• . Notice that it is of unit length. Similarly, fix the radial 

coordinate ὶ and vary the angular coordinate • to obtain a parameterisation of a circle. The de-

rivative is 

‬ὼ

‬•
ὶÓÉÎ• 

‬ώ

‬•
ὶÃÏÓ•Ȣ 

and so we define 

ÓÉÎ•ȟÃÏÓ•  

as the angular basis vector at the point ὶȟ• . Notice that it is of unit length and that 

Ἲẗ π 

everywhere; that is, the coordinate curves of the polar coordinate system always intersect or-

thogonally. Now, let Ἲὸ be the geometric radius vector of a particle at time ὸ. Let ὶὸȟ•ὸ  be 

the polar coordinates of the particle at this time. Then 

Ἲὸ ὶὸἺὸ 

where Ἲὸ is the radial unit vector at the point ὶὸȟ•ὸ . Differentiation yields the velocity 

Ἲὸ ὶὸἺὸ ὶὸἺὸ

ὶὸἺὸ ὶὸ ÓÉÎ•ȟÃÏÓ••ὸ

ὶὸἺὸ ὶὸ•ὸ ὸ 

ÕÓÉÎÇ ɉᴻɊ, ɉᴻɊ, and the chain rule. Differentiating again, we obtain the acceleration 
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ἺÔ ὶὸἺὸ ὶὸἺὸ ὶὸ•ὸ ὸ ὶὸ•ὸ ὸ ὶὸ•ὸ ὸ

ὶὸἺὸ ὶὸ ÓÉÎ•ȟÃÏÓ••ὸ ὶὸ•ὸ ὸ ὶὸ•ὸ ὸ

ὶὸ•ὸ ÃÏÓ•ȟÓÉÎ••ὸ

ὶὸἺὸ ὶὸ•ὸ ὸ ὶὸ•ὸ ὸ ὶὸ•ὸ ὸ ὶὸ•ὸ Ἲὸ

ὶὸ ὶὸ•ὸ Ἲὸ ςὶὸ•ὸ ὶὸ•ὸ ὸȢ 

1.8.4 The Simple Model 

Initially, we will use a slightly simplified model of the solar system: We will assume that the Sun 

is fixed at the origin of an inertial coordinate system. Thus, assume that the Sun is located at  of 

our inertial frame ρꞈɴ ,ꞈ and let Ἲ be the position of a planet. Let ὓ and ά be the mass of the 

Sun and the planet, respectively. Then the net force on the planet is 

ἐ
Ὃὓά

ὶ
Ἲ 

in spherical coordinates ὶȟ—ȟ• .18 The torque on the planet is 

ḰἺ ἐ ὶἺ
Ὃὓά

ὶ
Ἲ  

and so its angular momentum is a constant of motion. What is the angular momentum? Well, 

ἘḰἺ Ἰ ὶἺ άἾȢ 

Since this vector is constant, its direction is constant, and so the orbit is restricted to a plane, 

namely, the plane with normal direction Ἐ. Indeed, since Ἐ ὶἺ άἾ, ἘṶἾ at all times, and if Ἐ 

is a constant, then Ἶ has always to be orthogonal to the same direction, and all such vectors lie in 

the same plane. The magnitude of the angular momentum, which is also constant, is 

ὒḧȿἘȿ ὶὺάÓÉÎ᷁ἺȟἾȢ 

5ÓÉÎÇ ɉᴻɊ ÁÎÄ ɉᴻɊ ×Å ÃÁÎ ×ÒÉÔÅ ÔÈÉÓ 

ὒ ȿἘȿ ȿὶἺ άἾȿ ȿὶἺ άὶἺὸ ὶ• ȿ ȿὶἺ άὶ• ȿ άὶ•Ȣ 

It is customary to introduce the quantity 

ἰḧ
ρ

ά
Ἐȟ 

the angular momentum per unit mass. Its magnitude, which is constant, is 

Ὤḧȿἰȿ ὶ•Ȣ 

1.8.5 Are the Orbits Circular? 

Simple [but not too accurate] astronomical observations seem to agree with the qualitative fea-

tures of circular orbits around the sun for all the planets. 7Å ÁÌÓÏ ËÎÏ× ÔÈÁÔ .Å×ÔÏÎȭÓ ÌÁ×Ó ÄÏ 

admit circular orbits. A planet orbiting the star in a circle of radius ὶ requires the force to equal 

the centripetal force 

Ὂ
άὺ

ὶ
 

if its speed is ὺ. Since the force is of magnitude 

                                                             
18 This does not contradict our notation, according to which ὶḧȿἺȿ. Indeed, the length ȿἺȿ of the radius 
vector equals the radial coordinate ὶ of the point at which the radius vector points. 
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Ὂ
Ὃὓά

ὶ
 

theory requires 

ὺ
Ὃὓ

ὶ
Ȣ 

That is, given a distance ὶ from the star, the speed of the planet in its circular orbit needs to be 

precisely Ὃὓὶϳ, independently of the mass of the planet. Put differently, we have shown that 

.Å×ÔÏÎȭÓ ÌÁ×Ó ÁÄÍÉÔ ÃÉÒÃÕÌÁÒ ÏÒÂÉÔÓȟ ÁÎÄ ɀ in addition ɀ that a planet that is put in orbit with the 

exactly right speed (given the distance to the star), will  follow a circular orbit, indefinitely. But is 

every closed orbit necessarily a circle? It is not. The most general closed orbit is an ellipse, the 

circle being nothing but a special case of an ÅÌÌÉÐÓÅȢ 4ÈÉÓ ÉÓ ÔÈÅ ÃÏÎÔÅÎÔ ÏÆ +ÅÐÌÅÒȭÓ ÆÉÒÓÔ ÌÁ×ȟ ÁÓ ×Å 

will show next. 

1.8.6 The General Orbit ς YŜǇƭŜǊΩǎ CƛǊǎǘ [ŀǿ 

Ne×ÔÏÎȭÓ ÓÅÃÏÎÄ ÌÁ× ÆÏÒ ÔÈÅ ÐÌÁÎÅÔ ÉÓ 

άἩ
Ὃὓά

ὶ
ἺȢ 

Since we have already determined that the orbit is restricted to a single plane, we may ɀ without 

loss of generality ɀ choose the spherical coordinate system so that the orbit lies inside the 

— “ςϳ  plane. In this plane, the remaining spherical coordinates ὶȟ•  coincide with the (pla-

nar) polar coordinates. 

Now, the acceleration vector Ἡ is a geometric vector, but its components differ between different 

coordinate systems. In polar coordinates, we have derived the acceleration 

Ἡ ὶ ὶ• Ἲ ςὶ• ὶ•  

where the derivatives of ὶ and • ÁÒÅ ÔÈÅ ÄÅÒÉÖÁÔÉÖÅÓ ÏÆ ÔÈÅ ÐÌÁÎÅÔȭÓ ÐÏÌÁÒ ÃÏÏÒÄÉÎÁÔÅÓ ×ÉÔÈ Òe-

spect to time and Ἲ and  are the polar basis vectors at the current position of the planet. Hence, 

NÅ×ÔÏÎȭÓ ÓÅÃÏÎÄ ÌÁ× ɉᴻɊ ÉÓ ÅÑÕÉÖÁÌÅÎÔ ÔÏ ÔÈÅ ÓÙÓÔÅÍ 

ὶ ὶ•
Ὃὓ

ὶ
 

ςὶ• ὶ• π 

since Ἲ is also a vector at the same point and expressed in the same (local) basis. 

We will do two things now: 

Á Introduce a new radial coordinate, and 

Á introduce a new problem: Instead of finding ὸm ὶȟ• , we wish to find •ᵐὶ. 

The new radial coordinate is 

όḧ
ρ

ὶ
 

which implies, assuming Ὤ π (so that • is never zero), 

Ὤ
•

ό
ȟ ὶ

ρ

ό
ȟ ὶ

ό

ό

ρ

ό

Ὠό

Ὠ•
• Ὤ

Ὠό

Ὠ•
ȟ 
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and finally, 

ὶ
Ὠ

Ὠὸ
ὶ
Ὠ

Ὠὸ
Ὤ
Ὠό

Ὠ•
Ὤ
Ὠό

Ὠ•
ẗ•Ȣ 

If we define 

Ễ ḧ
Ὠ

Ὠ•
Ễ ȟ ᶪỄ  

ÔÈÅÎ ×Å ÈÁÖÅ ÔÒÁÎÓÆÏÒÍÅÄ ɉᴻɊ ÉÎÔÏ 

Ὤ•ό ό • ὋὓόȢ 

Divide by ό to obtain 

Ὤό Ὤό Ὃὓȟ 

that is, assuming Ὤ π, 

ό ό
Ὃὓ

Ὤ
Ȣ 

This is an inhomogeneous constant-coefficient second-order linear ODE. The homogeneous solu-

tion is 

ό • ὃÓÉÎ• ὄÃÏÓ• 

and a particular solution to the full equation is 

ό •
Ὃὓ

Ὤ
Ȣ 

4ÈÕÓȟ ÔÈÅ ÆÕÌÌ ÓÏÌÕÔÉÏÎ ÏÆ ɉᴻɊ ÉÓ 

ό•  ὃÓÉÎ• ὄÃÏÓ•
Ὃὓ

Ὤ
Ȣ 

We assume that ὃȟὄ πȟπ. Indeed, we already are familiar with the circular orbit. The Swe-

dish hjälpvinkelmetod yields 

ό• ὅÃÏÓ• ‏
Ὃὓ

Ὤ
 

for ὅḧЍὃ ὄ π and some ‏ᶰᴙ. Obviously, we can choose the polar coordinate system in 

such a way that ‏ π and then the solution is 

ό• ὅÃÏÓ•
Ὃὓ

Ὤ
Ȣ 

Recalling that ό , solving for ὶ, and defining 

‭ḧ
ὅὬ

Ὃὓ
πȟ ὥḧ

‭

ὅρ ‭

Ὤ

Ὃὓρ ‭
ȟ 

assuming ‭ ρ, we obtain 

ὶ
ὥρ ‭

‭ÃÏÓ• ρ
Ȣ 
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1.8.6.1 Case 1 

If 

‭Ḱ
ὅὬ

Ὃὓ
ρ 

this is the polar equation of an ellipse with its right focus at the origin (where the Sun is!), semi-

major axis ὥ π, and eccentricity ‭ɴ πȟρ. 

1.8.6.2 Case 2 

If, instead, 

‭Ḱ
ὅὬ

Ὃὓ
ρȟ 

then we can define 

ὥḧ ὥ
‭

ὅρ ‭

‭

ὅ‭ ρ
π 

to obtain 

ὶ
ὥρ ‭

‭ÃÏÓ• ρ

ὥ‭ ρ

‭ÃÏÓ• ρ
 

which is the equation for the left branch of a hyperbola with left focus at the origin (where the 

Sun is), semimajor axis ὥ π and eccentricity ‭ ρ. 

1.8.6.3 Case 3 

In case of the (exceedingly rare) coincident 

‭Ḱ
ὅὬ

Ὃὓ
ρȟ 

×Å ÏÂÖÉÏÕÓÌÙ ÈÁÖÅ ÔÏ ÒÅÔÕÒÎ ÔÏ ɉᴻɊȟ ÓÉÎÃÅ ÉÎ ÔÈÅ ÎÅØÔ ÓÔÅÐ ɉᴻɊȟ ×Å ÁÓÓÕÍÅÄ ‭ ρ. If ‭ ρȟ ɉᴻɊ 

yields 

ὶÃÏÓ• ρ
ρ

ὅ
Ȣ 

Recalling that ὼ ὶÃÏÓ• and ὶ ὼ ώ, this may be written 

ὼ ὼ ώ
ρ

ὅ
 

or 

ὼ
ρ

ςὅ

ὅ

ς
ώ 

which clearly is a parabola. The origin (the location of the Sun) is a distance ρςὅϳ  to the left of 

the vertex of the parabola. This point is called, no surprise, the focus of the parabola. 

1.8.6.4 Case 4 

In the derivation above, we almost tacitly assumed that the constant Ὤ π. For completeness, 

we now investigate this (rather trivial) possibilit y. Indeed, if ὬḰὶ•ḳπ, motion is clearly 

purely radial, and .Å×ÔÏÎȭÓ ÌÁ× ɉᴻɊ ÒÅÄÕÃÅÓ ÔÏ 
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ὶ
Ὃὓ

ὶ
ȟ 

which, of course, can be written 

άὶ
Ὃὓά

ὶ
ȟ 

and it is obvious that the body is in free radial fall towards the Sun; the trajectory is thus a 

straight line before the body is engulfed by the Sun. 

1.8.6.5 Summary 

We have shown that the orbit of a massive particle in a gravitational field from a fixed star, such 

as a planet or a comet in the vicinity of the Sun, is either of the conic sections, that is, an ellipse, a 

hyperbola, or (rarely) a parabola. Of these, the only closed curve is the ellipse, and so it follows 

that the orbit of every planet around the Sun is an ellipse, and we have also shown that the Sun is 

ÁÔ ÏÎÅ ÏÆ ÔÈÅ ÆÏÃÉȢ 4ÈÉÓ ÉÓ ÐÒÅÃÉÓÅÌÙ ÔÈÅ ÃÏÎÔÅÎÔÓ ÏÆ +ÅÐÌÅÒȭÓ ÆÉÒÓÔ ÌÁ×Ȣ 

$ÉÓÔÁÎÔ ÃÏÍÅÔÓ ÁÐÐÒÏÁÃÈÉÎÇ ÔÈÅ ÓÏÌÁÒ ÓÙÓÔÅÍ ÁÒÅ ȬÓÌÕÎÇȭ ÂÙ ÔÈÅ 3ÕÎȟ ÁÎÄ ×Å ÈÁÖÅ ÓÈÏ×Î ÔÈÁÔ 

their orbits are almost certainly hyperbolae. The fact that the curvature of the hyperbola tends 

to zero as we move away from its point of symmetry is clearly related to the fact that, far from 

the Sun, (almost) ÎÏ ÆÏÒÃÅÓ ÁÃÔ ÏÎ ÔÈÅ ÃÏÍÅÔȟ ÁÎÄ ÓÏȟ ÁÃÃÏÒÄÉÎÇ ÔÏ .Å×ÔÏÎȭÓ ÆÉÒÓÔ ÌÁ× ÏÆ ÍÏÔÉÏÎȟ ÉÔ 

travels (almost) along a straight line. 

1.8.7 YŜǇƭŜǊΩǎ Second Law 

We have found that the angular momentum 

ὒ άὶ• 

is a constant of motion, and, in fact, this statement is equivalent to +ÅÐÌÅÒȭÓ ÓÅÃÏÎÄ ÌÁ×Ȣ Indeed, 

the area swept out by the radius vector during an (infinitesimal)  time Ὠὸ is equal to the circular 

sector area  

Ὠὃ
ρ

ς
ὶὨ• 

where Ὠ• is the corresponding change in the polar coordinate. But 

Ὠὃ
ρ

ς
ὶὨ•

ρ

ς
ὶ
Ὠ•

Ὠὸ
ẗὨὸ

ρ

ς
ὶ•Ὠὸ

ρ

ς
ὬὨὸ 

where ὬḰὒάϳ  is the (constant) angular momentum per unit mass, which implies 

Ὠὃ

Ὠὸ

ρ

ς
Ὤ ÃÏÎÓÔÁÎÔȢ 

That is, the rate of sweeping out area is constant in time, which is precisely the second law of 

planetary motion. 

1.8.8 YŜǇƭŜǊΩǎ ¢ƘƛǊŘ [ŀǿ 

The orbit of a planet is an ellipse 

ὶ
ὥρ ‭

‭ÃÏÓ• ρ
 

where ὥ is the semi-major axis length and ‭ is the eccentricity. Thus the semi-minor axis length 

is ὦ ὥЍρ ‭ and therefore the area of the ellipse is 
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ὃ ὥὦ“ὥ“ ρ ‭Ȣ 

+ÅÐÌÅÒȭÓ ÓÅÃÏÎÄ ÌÁ× ɉᴻɊ ÔÈÅÎ ÉÍÐÌÉÅÓ ÔÈÁÔ ÔÈÅ ÏÒÂÉÔÁÌ ÐÅÒÉÏÄ of the planet 

Ὕḧ
ὃ

ὨὃὨὸϳ

ςὥ“Ѝρ ‭

Ὤ
Ȣ 

"ÕÔ ÁÃÃÏÒÄÉÎÇ ÔÏ ɉᴻɊȟ 

ὥρ ‭
Ὤ

Ὃὓ
 

which is a link between geometrical properties of the ellipse (the LHS) and dynamical properties 

of the planetary orbit (the RHS); in particular, 

Ὤ Ὃὓὥρ ‭ Ƞ 

ÔÈÕÓ ɉᴻɊ ÃÁÎ ÂÅ ×ÒÉÔÔÅÎ 

Ὕ
ςὥ“Ѝρ ‭

Ὃὓὥρ ‭

ς“

ЍὋὓ
ẗὥϳȢ 

That is, Ὕᶿὥϳ  and the constant of proportionality, 
Ѝ
ȟ ÉÓ Á ÐÒÏÐÅÒÔÙ ÏÆ ÔÈÅ ÓÔÁÒ ɉÏÒ ÔÈÅ ȬÐÌÁÎe-

ÔÁÒÙ ÓÙÓÔÅÍȭɊȟ ÁÎÄ ÉÓ ÔÈÅÒÅÆÏÒÅ ÔÈÅ ÓÁÍÅ ÆÏÒ ÁÎÙ ÐÌÁÎÅÔ ÉÎ ÔÈÅ ÓÙÓÔÅÍȟ ÁÎÄ ÔÈÉÓ ÉÓ ÐÒÅÃÉÓÅÌÙ ÔÈÅ 

contents of the third law of planetary motion. 

1.8.9 The Validity of the Simple Model 

We have considered a somewhat simplified model of the Sunɀplanet system. We have assumed 

that the Sun is fixed at the origin of our inertial reference frame, but that is clearly not the case. 

Indeed, since the planet is affecting the Sun with the force of gravity (equal in magnitude to the 

force by which the Sun affects the planet), the Sun is accelerating, and so there cannot exist any 

inertial frame relative to which the Sun is always at rest. Notice, however, that the motion of the 

Sun is extremely small compared with the motion of the planet, since the Sun is very much heav-

ier. Indeed, the ratio between the mass of the Sun and the mass of the Earth is about 333 000. 

The heaviest planet in the solar system is Jupiter. The SunɀJupiter mass ratio is about 1 050. 

Hence, even in this case, it is a fairly decent approximation to consider the Sun as being fixed at 

the origin. At the other extreme, the mass ratio between the Sun and a comet or asteroid is huge, 

and the approximation is essentially without error; for instance, the ratio between the mass of 

the Sun and the mass of (ÁÌÌÅÙȭÓ comet is almost ρπ. 

We have also neglected the gravitational influence of the other planets (and other bodies) orbit-

ing the Sun; of course, these will influence the Sunɀplanet system. However, again, the mass of a 

planet is generally negligible compared to that of the Sun, and so the Sun is barely affected. Also, 

the influence on the Earth (say) from the other planets in the solar system is almost always neg-

ligible compared to gravitational attraction from the Sun for the same reason. 

Still, one might wonder if there is a way to improve the model, and, indeed, there is. Since the 

solar system is very isolated in the galaxy, the gravitational field due to the rest of the galaxy is 

almost constant inside the solar system. Hence, any particle in free fall in this region of space, 

were it not for the solar system, would serve as the origin of an inertial frame to an outstanding 

approximation. !Ó ×Å ÈÁÖÅ ÓÈÏ×Î ÉÎ ÐÒÅÖÉÏÕÓ ÓÅÃÔÉÏÎȟ ÓÕÃÈ Á ȬÐÁÒÔÉÃÌÅȭ ÉÓ ÔÈÅ ÃÅÎÔÒÅ ÏÆ ÍÁÓÓ ÏÆ 

the solar system. In other words, the CM frame of the solar system is an almost perfect inertial 
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frame. This frame should be used for a more advanced treatment. In particular, this would make 

it possible to study systems of two bodies, gravitationally bound to each other, where their 

masses are comparable, e.g. binary star systems, or big moons of small planets (considering only 

the planetɀmoon system). 

Let us investigate the centre of mass of a two-body system. Hence, let ὃ and ὄ be two massive 

bodies, where the masses may be of the same order of magnitude. If their positions are Ἲ and Ἲ, 

relative to some  frame of reference, and their masses are ά  and ά , respectively, then the CM 

is located at 

ἠ
ρ

ὓ
ά Ἲ ά Ἲ Ȣ 

where ὓḧά ά  is the total mass. Hence, 

ἠ
ρ

ὓ
ά Ἲ ά Ἲ Ἲ Ἲ

ά

ὓ
ρἺ

ά

ὓ
Ἲ Ἲ

ά

ὓ
Ἲ

ά

ὓ
Ἲ Ἲ

Ἲ
ά

ὓ
Ἲ ἺȢ 

The geometric interpretation of this is obvious: you get to the CM (ἠ) by going to the first body 

(Ἲ) and then you go ά ὓϳ  of the displacement from Ἲ to Ἲ. Hence, in the limit ά ὓϳ ᴼπ 

(essentially all the mass belongs to ὃ), ἠᴼἺ, while in the limit ά ὓϳ ᴼρ (essentially all the 

mass belongs to ὄ), ἠᴼἺ. Let us consider a few actual figures: let ὃ be the Sun and ὄ be the 

%ÁÒÔÈȟ *ÕÐÉÔÅÒȟ ÁÎÄ (ÁÌÌÅÙȭÓ ÃÏÍÅÔȟ ÒÅÓÐÅÃÔÉÖÅÌÙȢ 4ÈÅÎ ÔÈÅ ÖÁÌÕÅÓ ÆÏÒ ά ὓϳ  are as follows. 

║ Earth  Jupiter  (ÁÌÌÅÙȭÓ ÃÏÍÅÔ 

ά ὓϳ  σȢπẗρπ  ωȢυẗρπ  ρȢρẗρπ  

 

The actual distance between ὃ and the CM ÉÓȟ ÆÒÏÍ ɉᴻɊȟ 

ȿἠ Ἲȿ
ά

ὓ
ȿἺ ἺȿȢ 

Assume that the distance between the Sun and the Earth, Jupiter, and (ÁÌÌÅÙȭÓ comet is ρ !5, 

υ !5, and σσ !5, respectively. Then the corresponding normalised distances are given below; 

the values are normalised in terms of the solar radius ὶἝ. 

║ Earth  Jupiter  (ÁÌÌÅÙȭÓ ÃÏÍÅÔ 
ȿἠ ἺȿὶἝϳ  πȢπφυ Ϸ ρππ Ϸ χȢψẗρπ  Ϸ 

 

Clearly, the CM of both the SunɀEarth and the SunɀHalley system lies almost at the core of the 

Sun, while the CM of the SunɀJupiter system lies almost precisely at the surface of the Sun. 
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1.9 Classical Gravity ς Gaussian Formalism 

The foundation of classical gravity ÉÓ .Å×ÔÏÎȭÓ ÌÁ× ÏÆ ÕÎÉÖÅÒÓÁÌ ÇÒÁÖÉÔÁÔÉÏÎȟ 

ἐ Ὃ
άά

ὶ
Ἲ 

introduced in previous sections. In this section we will derive 'ÁÕÓÓȭ ÌÁ× for gravity. This is ac-

tually a very easy task owing to the general machinery of vector calculus, but it consists of a fair 

ÎÕÍÂÅÒ ÏÆ ÓÔÅÐÓȟ ÁÎÄ ×Å ×ÉÌÌ ÉÎÖÅÓÔÉÇÁÔÅ ÅÁÃÈ ÏÎÅ ÏÆ ÔÈÅÍ ÉÎ ÄÅÔÁÉÌȢ ,ÅÔȭÓ ÓÔÁÒÔ ×ÉÔÈ ÔÈÅ ÃÏÒÅ ÏÆ 

the topic: 

Lemma 

Assume that the gravitational field is 

ἑὀ
Ὃὓ

ὶ
Ἲ 

(that is, there is a particle of (active gravitational) mass ὓ at the origin). Let Ὓ be a sphere of 

radius ὶ π centred at the origin. Then19 

ἑẗὨἋ τ“Ὃὓ 

Proof  

ἑẗὨἋ
Ὃὓ

ὶ
ἺẗὶÓÉÎ—ἺὨ—Ὠ• ὋὓÓÉÎ—Ὠ—Ὠ•

Ὃὓ ÓÉÎ—Ὠ— Ὠ• τ“ὋὓȢ 

 ʉ

Since the gravitational field is conservative (it has a potential), it is irrotational. But it is also of 

zero divergence. 

Lemma 

The gravitational field 

ἑὀ
Ὃὓ

ὶ
Ἲ 

is divergence-free, that, is, ɳ ẗἑ π everywhere except at the origin. 

Proof  

ẗɳἑ
ρ

ὶÓÉÎ—

‬

‬ὶ
ὶÓÉÎ—ẗ

Ὃὓ

ὶ

‬

‬—
ὶÓÉÎ—ẗπ

‬

‬•
ὶẗπ π 

                                                             
19 When talking about the flux through a closed surface we always mean the flux from the interior to the 
exterior of the surface, unless the opposite is explicitly stated. 
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because the ὶ-dependance in the field component Ὃὓὶϳ  is precisely compensated by the 

scale factor ὶÓÉÎ— of the coordinate system.  ʉ

Lemma 

Let  

ἑὀ
Ὃὓ

ὶ
Ἲ 

be the gravitational field. Then 

ἑẗὨἋ τ“Ὃὓ 

for any closed surface Ὓ enclosing the origin. 

Proof  

Let ‏ḧÍÉÎἺɴ ȿἺȿ be the distance between the origin and Ὓ. Introduce the sphere Ὓ of radius 

ςϳ‏  centred at the origin, and let Ὀ denote the bounded region in space the boundary of which is 

‬Ὀ Ὓ᷾ Ὓ. 

 

Figure 20. A bounded region ╓. 

By Lemma NN, 

ἑẗὨἋ τ“Ὃὓ 

and, applying the divergence theorem to Ὀ and ‬Ὀ, we find 

ἑẗὨἋ ἑẗὨἋ
ȟ ÏÕÔ

ÆÒÏÍ 

ἑẗὨἋ ẗɳἑὨὠ πᵼ ἑẗὨἋ τ“Ὃὓ 

where ḃ ἑẗὨἋȟ ÏÕÔ
ÆÒÏÍ 

τ“Ὃὓ is the flux through Ὓ in the direction out of Ὀ, that is, towards the 

origin.  ʉ

Ὓ 

Ὓ 

Ὀ 
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Lemma 

Let  

ἑὀ
Ὃὓ

ὶ
Ἲ 

be the gravitational field. Then 

ἑẗὨἋ π 

for any closed surface Ὓ not enclosing the origin. 

Proof  

Let Ὀ be the volume enclosed by Ὓ, so that Ὓ ‬Ὀ. Then 

ἑẗὨἋ ẗɳἑὨὠ πȢ 

 ʉ

Lemma 

Let Ὓ be a closed surface, the interior  of which contains a particle of mass ὓ, producing a gravita-

tional field ἑ. Then ḃ ἑẗὨἋ τ“Ὃὓ. 

Proof  

Choose a coordinate system in which the particle is at the origin and apply Lemma NN.  ʉ

Lemma 

Let Ὓ be a closed surface, the exterior of which contains a particle of mass ὓ, producing a gravita-

tional field ἑ. Then ḃ ἑẗὨἋ π. 

Proof  

Choose a coordinate system in which the particle is at the origin and apply Lemma NN.  ʉ

Lemma 

Let Ὓ be a closed surface, and consider a system of ὔ particles (index set ὢ) with positions Ἲ and 

masses ά . Let … ἺᶰÉÎÔὛ . Let ἑ be the total  gravitational field due to all ὔ particles. Then 

ἑẗὨἋ τ“Ὃὓ 

where 

ὓḧ ά…

ᶰ
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is the total mass inside Ὓ. 

Proof  

The gravitational field at Ἲ from the Ὥth particle alone is 

ἑ Ἲḧ
Ὃά

ȿἺ Ἲȿ
Ἲ ἺȢ 

Since you add forces to get the net force, the net gravitational field is 

ἑ ἑ

ᶰ

Ȣ 

Then the flux 

ἑẗὨἋ ἑ

ᶰ

ẗὨἋ ἑ

ᶰ

ẗὨἋ ἑẗὨἋ

ᶰ

Ȣ 

Now, by Lemmas NN and NN, 

ἑẗὨἋ τ“Ὃά…Ȣ 

Thus 

ἑẗὨἋ τ“Ὃά…

ᶰ

τ“ὋὓȢ 

 ʉ

We have therefore shown 

tǊƻǇƻǎƛǘƛƻƴ όDŀǳǎǎΩ [ŀǿ ŦƻǊ DǊŀǾƛǘȅύ 

Let Ὓ be a closed surface encompassing a total mass ὓ. If ἑ is the geometric net gravitational 

field in space, then 

ἑẗὨἋ τ“ὋὓȢ 

If we have instead a continuous distribution of mass, given by a mass density function ”, then we 

obtain 

Corollary 

ẗɳἏ τ“Ὃ”Ȣ 

Proof  

Let Ὀ be any bounded region with boundary Ὓ ‬ὈȢ 4ÈÅÎ 'ÁÕÓÓȭ ÌÁ× 

ἑẗὨἋ ẗɳἑὨὠ 

but 
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ἑẗὨἋ τ“Ὃὓ τ“Ὃ ”ὨὠȢ 

Thus, since this has to hold for every bounded region Ὀ, 

ẗɳἑ τ“Ὃ”Ȣ 

 ʉ

1.9.1 !ǇǇƭƛŎŀǘƛƻƴǎ ƻŦ DŀǳǎǎΩ [ŀǿ for Gravity 

Proposition 

Consider, centred at the origin, a spherically symmetric body ὃ of total mass ὓ and radius Ὑ. 

Outside the body (at ὶ Ὑ), the gravitational field from ὃ is identical to the field that a point 

particle of mass ὓ located at origin would produce. 

Proof  

Let Ὓ be a sphere of radius ὶ Ὑ centred at the origin. Because the body is spherically symmet-

ric, it is obvious that the actual gravitational field is ἑὀ ὋὶἺ for some function Ὃ. Now 

'ÁÕÓÓȭ ÌÁ× ÆÏÒ ÇÒÁÖÉÔÙ ÓÔÁÔÅÓ 

ἑẗὨἋ τ“Ὃὓ 

while 

ἑẗὨἋ ὋὶἺẗὶÓÉÎ—ἺὨ—Ὠ•Ὃὶὶ ÓÉÎ—Ὠ— Ὠ• τ“ὋὶὶȢ 

Combining these results we find 

τ“Ὃὓ τ“Ὃὶὶ 

and so 

Ὃὶ
Ὃὓ

ὶ
 

yielding 

ἑὀ
Ὃὓ

ὶ
ἺȢ 

 ʉ

Consequently, as long as the body is spherically symmetric and has mass ὓ, the gravitational 

field outside the body is independent of the internal structure of the body. For instance, a point 

particle of mass ὓ produce the same external field as a huge star of total mass ὓ, as does a thin 

(and hollow) spherical shell of total mass ὓ. 

Proposition 

Inside a spherically symmetric shell of radius Ὑ, the net gravitational field due to the shell van-

ishes. 
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Proof  

Same as last proposition but with ὶ Ὑ and ḃ ἑẗὨἋ π.  ʉ

Consider now a spherically symmetric ball. It is obvious (from symmetry) that the net gravita-

tional field from the ball vanishes at the centre of the ball. Moreover, if we know the radial dis-

tribution of mass (the radial density function), we can compute the field at every point. The sim-

plest case is given below. 

Proposition 

Consider a homogeneous ball of density ” and radius Ὑ. The gravitational field tends linearly to 

zero as one approaches the centre of the ball along a radius. 

Proof  

We wish to find the gravitational field ἑ inside the ball. From symmetry, it is clear that 

ἑὀ ὋὶἺ. Let Ὓ be a sphere of radius ὶ Ὑ concentric with the ball. Inside Ὓ, the total 

mass is 

ὓ
τ

σ
“ὶ”Ȣ 

4ÈÅÒÅÆÏÒÅȟ 'ÁÕÓÓȭ ÌÁ× ÆÏÒ ÇÒÁÖÉÔÙ ÒÅÁÄÓ 

ἑẗὨἋ
ρφ

σ
“Ὃ”ὶ 

while 

ἑẗὨἋ ὋὶἺẗὶÓÉÎ—ἺὨ—Ὠ•Ὃὶὶ ÓÉÎ—Ὠ— Ὠ• τ“ὋὶὶȢ 

Thus 

ρφ

σ
“Ὃ”ὶ τ“Ὃὶὶ 

yielding 

Ὃὶ
τ

σ
“Ὃ”ὶ 

and 

ἑὀ
τ

σ
“Ὃ”ὶἺȢ 

Clearly Ὃᶿὶ.  ʉ

Occasionally the last three propositions are referred to as the shell theorems. Needless to say, it 

requires quite a lot of work to prove them using only the usual form ɉᴻɊ of .Å×ÔÏÎȭÓ ÌÁ× ÏÆ ÕÎi-

versal gravitation (and not the Gaussian formalism). 

Combining Propositions NN-M, we have that a ball of radius Ὑ, constant density ”, and total mass 

ὓ “Ὑ” produces the gravitational field ἑὶ “Ὃ”ὶἺ Ἲ in its interior (ὶ Ὑ) 

and the field ἑὶ Ἲ in its exterior (ὶ Ὑ). Thus, the potential is 
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ɮὶ  

Ὃὓ

ςὙ
ὶ

σὋὓ

ςὙ
ὶ Ὑ

Ὃὓ

ὶ
ὶ Ὑ

 

where we have shifted the interior potential by an amount  in order to match it to the exte-

rior potential. We chose to shift the interior potential and not the exterior potential because we 

are fond of the conventional behaviour ‰ὶᴼπ as ὶO Њ. 

The Sun is most definitely not of constant density, but to get an idea about the potential, we will 

use the mass and radius of the sun as ὓ and Ὑ, respectively, to plot ὶm ‰ὶ. 

 

Figure 21. The gravitational potential inside and outside a homogeneous and spherically symmetric body . 

Notice that the slope tends to zero both as ὶO π  and as ὶO Њ, as expected. The highest slope 

(that is, the strongest field) is found near the surface ὶ Ὑ. Of course, we can also find the po-

tential along a full straight line through the origin. Indeed, we only need to construct the even 

extension of ɮ. Doing so, we obtain 
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Figure 22. The gravitational potential inside and outside a homogeneous and spherically symmetric body . 

Finally, replace the solid ball by a thin, hollow shell of the same mass and radius. Then the inte-

rior field is zero, and so the potential is constant: 

 

Figure 23. The gravitational potential inside and outside a homogeneous and spherically symmetric thin 
shell . 
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Of course, all these images should be compared to the graph of the potential form a point mass 

(of the same mass) at the origin: 

 

Figure 24. The gravitational potential from a point mass at the origin . 
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2 Classical Electromagnetism 

 

 

 

 

 

 

 

 

Figure 25. A diagram that we will use in Section 2.3.1 to find 
the electrostatic field from an infinitely long, uniformly 
charged wire, using only the classical Coulomb law . In this 
chapter, we will also introduce the Maxwell equations, and 
ÕÓÅ ÔÈÅÍ ÔÏ ȬÒÅÄÉÓÃÏÖÅÒȭ ÏÎÅ ÏÆ ÔÈÅ ÍÏÓÔ ÆÁÓÃÉÎÁÔÉÎÇ break-
throughs in the history of science, namely, the fact that light 
is an electromagnetic wave.  

Ἲ 

ὂ 

ὖ ὶȟπȟπ 

‌ 

ᾀ 

Ἲ 
Ἶ 

ᾀ 

ὶ Ὠ 
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2.1 The Four Classical Laws 

We will now review the four major results of classic electromagnetic theory. In addition to Cou-

ÌÏÍÂȭÓ ÌÁ×ȟ which describes the electric field Ἇ due to (static) charged particles, we are familiar 

with  the BiotɀSavart law that gives the magnetic field due to a (stationary) current of charged 

particles. If the current Ὅ [unit #Óϳ] ÆÌÏ×Ó ÔÈÒÏÕÇÈ Á Ȭ×ÉÒÅȭ ɉÃÕÒÖÅɊ ɜ, then the magnetic field at ὀ 

is 

Ἄὀ
‘ὍὨἴ Ἶὀ

τ“ὶὀ
 

where ‘ is the magnetic constant20, ὀᶰɜ is the current point on the curve, Ὠἴ is the vector line 

element,  ὶὀ ḧȿὀ ὀȿ is the distance from ὀ to ὀ, and Ἶὀ  is a unit vector pointing from ὀ 

to ὀ. The Biotɀ3ÁÖÁÒÔ ÌÁ× ÉÍÐÌÉÅÓ ÔÈÅ !ÍÐîÒÅȭÓ ÃÉÒÃÕÉÔÁÌ ÌÁ× 

ἌὨἴ ‘Ὅ 

where Ὅ is the charge current flowing through the closed loop ὅ [that is, flowing through any 

surface the boundary of which is ὅ]. Notice that magnetic forces arise when charges are in mo-

tion only. Later on, we will see that the special theory of relativity actually describes the magnet-

ic field as a relativistic correction of the electrostatic field. In other words, electric and magnetic 

forces are merely two aspects of the same physical phenomenon, the electromagnetic field. 

Hence, electric and magnetic forces can be unified in a single electromagnetic theory. This is why 

we talk about the four forces of nature, and not the five forces that would result if we replaced 

Ȭelectromagneticȭ with Ȭelectricȭ and Ȭmagneticȭ ÁÓ two separate entities. 

In fact, unification of the forces of nature into more fundamental theories is one of the most ul-

timate goals of modern theoretical physics; this far the greatest achievement in this field is the 

unification of the electromagnetic forces with the weak nuclear force, the so-called electroweak 

unification. This, however, goes far beyond Ȭsimpleȭ relativity theory, so we will not discuss that 

topic, but settle for a description of the beautiful electromagnetic unification. 

We have now formulae describing the formation of the electric and magnetic fields. The third 

ingredient of electrodynamics is &ÁÒÁÄÁÙȭÓ ÌÁ× ÏÆ ÉÎÄÕÃÔÉÏÎ, which quantifies the phenomenon of 

electromagnetic induction, that is, the generation of an electric potential due to a time-varying 

magnetic field. The standard expression for this law is 

ἏὨἴ
‬

‬ὸ
ἌὨἋ 

where Ὓ is any surface and ‬Ὓ its boundary. The surface integral Ḁ ἌὨἋ of the magnetic field is 

called the magnetic flux, and therefore the law states that the electromotive force [which is a 

potential, not a force] Ḃ ἏὨἴ around a closed circuit is proportional to the time rate of change of 

the magnetic flux through the circuit. 

The fourth and final law of electrodynamics is the law stating tÈÅ ÁÂÓÅÎÃÅ ÏÆ ȬÍÁÇÎÅÔÉÃ ÍÏÎo-

ÐÏÌÅÓȭȟ ÎÁÍÅÌÙ 

ἌὨἋ πȟ 

                                                             
20 In SI units, ‘ τ“ẗρπ 6ÓȾ!Í. 
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where Ὓ ‬ὠ is any closed surface in space [being the boundary of some volume ὠ]. This law is 

also a consequence of the BiotɀSavart law. 
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2.2 aŀȄǿŜƭƭΩǎ 9ǉǳŀǘƛƻƴǎ 

The laws of electromagnetism are normally stated as the Maxwell equations: 

Original law  Differential form  Integral form   

#ÏÕÌÏÍÂȭÓ ÌÁ× ẗɳἏ
”

‭
 ἏὨἋ

ὗ

‭
 (M1) 

!ÍÐîÒÅȭÓ ÌÁ× ᶯ Ἄ ‘ἔ ‘‭
‬Ἇ

‬ὸ
 ἌὨἴ ‘ ἔὨἋ ‘‭

‬Ἇ

‬ὸ
ὨἋ (M2) 

&ÁÒÁÄÁÙȭÓ ÌÁ× ᶯ Ἇ
‬Ἄ

‬ὸ
 ἏὨἴ

‬

‬ὸ
ἌὨἋ (M3) 

No magnetic 
monopoles  

ẗɳἌ π ἌὨἋ π (M4) 

 

In this table, ὠ is any volume and Ὓ is any non-closed surface. Consequently, ‬ὠ is a closed sur-

face and ‬Ὓ is a closed curve. When formulated in this way, the Coulomb law (M1) is often called 

Ȭ'ÁÕÓÓȭ ÌÁ×ȭȟ ÁÎÄ ÔÈÅ ȬÎÏ ÍÏÎÏÐÏÌÅÓȭ ÌÁ× (M4) ÉÓ ÃÁÌÌÅÄ ÔÈÅ Ȭ'ÁÕÓÓȭ ÌÁ× for magnetismȭȢ Notice 

that the differential forms and the integral forms of these two laws are trivially converted to and 

from each other by means of the diÖÅÒÇÅÎÃÅ ÔÈÅÏÒÅÍȟ ÏÒ 'ÁÕÓÓȭ ÌÁ× of vector calculus. On the 

other hand, the differential and integral forms of the Ampère and Faraday laws are trivially con-

ÖÅÒÔÅÄ ÔÏ ÁÎÄ ÆÒÏÍ ÅÁÃÈ ÏÔÈÅÒ ÂÙ ÍÅÁÎÓ ÏÆ 3ÔÏËÅȭÓ ÔÈÅÏÒÅÍȢ Thus, thÅ ÓÅÔ ÏÆ ÆÏÕÒ ȬÄÉÆÆÅÒÅÎÔÉÁÌ 

ÆÏÒÍȭ ÅÑÕÁÔÉÏÎÓ ÁÒÅ ÅÑÕÉÖÁÌÅÎÔ ÔÏ ÔÈÅ ÓÅÔ ÏÆ ÔÈÅ ÆÏÕÒ ȬÉÎÔÅÇÒÁÌ ÆÏÒÍȭ ÅÑÕÁÔÉÏÎÓȢ &ÕÒÔÈÅÒȟ ÔÈÅ -Áx-

well equations (in either form) are equivalent to the classical four theorems, with one notable 

exception, as we will point out shortly.  

We will now investigate the Maxwell equations one by one. The first one, (M1), relates the 

charge density scalar field ” [unit #Íϳ ] to the divergence of the electric field Ἇ. It follows from 

the notation used in the table that ὗ ḁ ”Ὠὠ is the total charge enclosed by ‬ὠ. (M1) is equiv-

alent to the old Coulomb inverse square law ÉÎ ÐÒÅÃÉÓÅÌÙ ÔÈÅ ÓÁÍÅ ×ÁÙ ÔÈÁÔ 'ÁÕÓÓȭ ÌÁ× ÆÏÒ ÇÒÁÖi-

ÔÙ ɉᴻɊ ÉÓ ÒÅÌÁÔÅÄ ÔÏ .Å×ÔÏÎȭÓ ÌÁ× ÏÆ ÕÎÉÖÅÒÓÁÌ ÇÒÁÖÉÔÁÔÉÏÎ ɉᴻɊȢ *ÕÓÔ ÁÓ ÉÎ ÔÈÅ ÃÁÓÅ ÏÆ ÇÒÁÖÉÔÙȟ ÔÈÅ 

Gaussian form #ÏÕÌÏÍÂȭÓ ÌÁ× is superior in situations where symmetry is present  

The second Maxwell equation, (M2), relates the curl of the magnetic field to the charge current 

density field ἔ [unit #ÓẗÍϳ !ȾÍ ] and the time derivative of the electric field. With the re-

striction ‬Ἇ‬ὸϳ , as is the case if a constant current is flowing in an infinitely long, straight 

conductor, ÔÈÉÓ ÉÓ ÅÑÕÉÖÁÌÅÎÔ ÔÏ ÔÈÅ ÏÌÄ !ÍÐîÒÅȭÓ ÃÉÒÃÕÉÔÁÌ ÌÁ×. The additional term ‘‭‬Ἇ‬ὸϳ  is 

called -ÁØ×ÅÌÌȭÓ ÃÏÒÒÅÃÔÉÏÎ, and its necessity is displayed in most courses in elementary electro-

magnetics. Notice that ḀἔὨἋ Ὅ is the current [unit ὅίϳ ὃ] flowing through the surface Ὓ. 

The third Maxwell equation, (M3), ÉÓ ÔÒÉÖÉÁÌÌÙ ÓÅÅÎ ÔÏ ÂÅ &ÁÒÁÄÁÙȭÓ ÌÁw of electromagnetic induc-

tion, and the fourth Maxwell equation, (M4)ȟ ÓÔÁÔÅÓ ÔÈÁÔ ÔÈÅÒÅ ÉÓ ÎÏ ȬÍÁÇÎÅÔÉÃ ÃÈÁÒÇÅȭ ÌÉËÅ ÔÈÅ 

ȬÅÌÅÃÔÒÉÃ ÃÈÁÒÇÅȭȢ 

2.2.1 The Bridge between Mathematics and Physics 

The Maxwell equations completely describe the electromagnetic field. But what is Ȭthe electro-

magnetic fieldȭ? Indeed, the electric and magnetic fields are mere mathematical constructs that 

assign vectors to each point in space: what are these vectors? The physical interpretations of 

these fields, or the definitions of the fields, are as follows: 
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Á The electric field Ἇ is the unique vector field satisfying ἐ ήἏ where ἐ is the (physically 

measurable) force on a test particle with charge ή π, which is at rest with respect to 

the system of coordinates. 

Á The magnetic field Ἄ is the unique vector field satisfying ἐ ήἏ ήἾ Ἄ where ἐ is the 

(physically measurable) force on a test particle with charge ή π and velocity Ἶ  

with respect to the system of coordinates, and where Ἇ is the (now well-defined) electric 

field. 
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2.3 Examples of Electromagnetic Fields 

We will derive some simple examples of electromagnetic fields. 

2.3.1 The Electric Field from a Uniform and Infinite Charged Wire 

As our first example, we will derive the expression for the electrostatic field outside an infinitely 

long wire with a constant charge density [unit #ȾÍ]. First we will do this from first principles, 

ÕÓÉÎÇ ÏÎÌÙ #ÏÕÌÏÍÂȭÓ ÌÁ×Ȣ 4ÈÅÎ ×Å ×ÉÌÌ ÒÅÄÏ ÔÈÅ ÄÅÒÉÖÁÔÉÏÎ ÕÓÉÎÇ 'ÁÕÓÓȭ ÌÁ×Ȣ 4ÈÉÓ ×ÁÙ ×Å ÃÁÎ 

both confirm the latter and better appreciate the benefit of the latter in systems with symmetry. 

2.3.1.1 !ǇǇǊƻŀŎƘ мΥ /ƻǳƭƻƳōΩǎ [ŀǿ 

Introduce a cylindrical coordinate system such that the wire is situated along the ᾀ axis. From 

symmetry reasons, the electric field cannot depend on ᾀ or •; nor can the electric field vector at 

any given point have a non-zero projection onto ὂ or . Thus Ἇ ὉὶἺ. Now consider the point 

ὶȟ•ȟᾀ ὶȟπȟπ. By our symmetry considerations, it suffices to compute the electric field at 

this point (which depends on ὶ only). 

 

Figure 26. An infinite, uniformly charged metal wire . 

Consider a small part Ὠᾀ of the wire located at ᾀ (between ᾀ and ᾀ Ὠᾀ, say). The distance be-

tween this part and the field point ὖ is ὨᾀḧЍᾀ ὶ, and so this part of the wire will con-

tribute with an electric field 

ὨἏᾀ
”Ὠᾀ

τ“‭Ὠᾀ
Ἶᾀ 

where Ἶᾀ is the direction from the part Ὠᾀ to the field point ὖ. But since we have already de-

termined that the net electric field at ὖ (or anywhere) has only a radial component, it clearly 

suffices to consider only the radial projection of each ὨἏᾀ. This is 

ὨὉ ᾀ
”Ὠᾀ

τ“‭Ὠᾀ
ἾᾀẗἺ

”Ὠᾀ

τ“‭Ὠᾀ
ÃÏÓ‌Ȣ 

But the angle 

‌ḧ᷁ἾȟἺ ÁÒÃÔÁÎ
ᾀ

ὶ
 

and, therefore, 

ÃÏÓ‌ ÃÏÓÁÒÃÔÁÎ
ᾀ

ὶ

ρ

ρ
ᾀ
ὶ

ὶ

Ѝὶ ᾀ
 

Ἲ 

ὂ 

ὖ ὶȟπȟπ 

‌ 

ᾀ 

Ἲ 
Ἶ 

ᾀ 

ὶ Ὠ 
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and 

ὨὉ ᾀ
ὶ”Ὠᾀ

τ“‭ ᾀ ὶ ϳ
Ȣ 

Thus, the total field experienced at ὖ is 

Ὁ ὶ ὨὉ ᾀ
ᴙ

ὶ”Ὠᾀ

τ“‭ ᾀ ὶ ϳ
ᴙ

”

ς“‭ὶ
ȟ 

that is, 

Ἇ
”

ς“‭ὶ
ἺȢ 

2.3.1.2 !ǇǇǊƻŀŎƘ нΥ DŀǳǎǎΩ [ŀǿ 

4ÈÅ ÄÅÒÉÖÁÔÉÏÎ ÏÆ ɉᴻɊ ÉÓ ÆÁÒ ÓÉÍÐÌÅÒ ÕÓÉÎÇ 'ÁÕÓÓȭ ÌÁ×Ȣ "Ù ÓÙÍÍÅÔÒÙ ɉÁÇÁÉÎɊȟ ÔÈÅ ÅÌÅÃÔÒÉÃ ÆÉÅÌÄ 

Ἇὶ ὉὶἺ does only depend on the radial coordinate, and at any point, the field vector can 

only point along the radial direction. Now, consider a solid cylinder Ὀ of radius Ὑ and height Ὤ 

with the ᾀ axis as its symmetry axis. The total encompassed charge (inside Ὓ) is ὗḧ”Ὤ. Thus 

'ÁÕÓÓȭ ÌÁ× ÓÔÁÔÅÓ 

ἏὨἋ
ὗ

‭

”Ὤ

‭
 

where ‬Ὀ is the boundary of Ὀ, and is composed of one cylinder Ὓ and two disks Ὀ and Ὀ . Since 

the electric field is perpendicular to the disks Ὀ and Ὀ , the flux through these disks vanishes, 

and we are left with 

ἏὨἋ ἏὨἋ ὉὶἺẗὶἺὨ‰ὨᾀὶὉὶ Ὠ• Ὠᾀ ς“ὬὶὉὶ 

if the cylinder occupies ᾀɴ ᾀȟᾀ Ὤ. Thus 

ς“ὬὶὉὶ
”Ὤ

‭
 

or 

Ὁὶ
”

ς“ὶ‭
 

so that the sought field is 

Ἇ
”

ς“‭ὶ
ἺȢ 

2.3.2 The Magnetic Field from a Stationary Current in a Straight Wire 

Consider again an infinite wire along the ᾀ axis of a cylindrical coordinate system. This time, let 

the wire carry a constant electric current Ὅ [unit #Óϳ] in the ὂ direction. From symmetry, the 

magnetic field cannot depend on ᾀ or •. Therefore, it suffices to compute the field at 

ὶȟ•ȟᾀ ὶȟπȟπ. Also by symmetry, at any given point, the field vector cannot have a projec-

tion in the ὂ direction. However, since we have broken the symmetry by assigning a positive 

direction of the current along the wire, the field vector can in fact have a non-zero component in 

the  direction. Indeed, the right -hand rule assigns to a positive direction of the current, a posi-

tive sense of rotation around the wire. 
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This problem can be solved either naïvely using the BiotɀSavart law, or more efficiently (again 

ÄÕÅ ÔÏ ÓÙÍÍÅÔÒÙɊ ÕÓÉÎÇ ÔÈÅ !ÍÐîÒÅȭÓ ÃÉÒÃÕÉÔÁÌ ÌÁ×Ȣ We will demonstrate both approaches. 

2.3.2.1 Approach 1: The BiotςSavart law 

The BiotɀSavart law is 

Ἄὀ ὨἌὀ
‘ὍὨἴ Ἶὀ

τ“ὶὀ
Ȣ 

Now ɜ is a straight line, and so Ὠἴ is constant. The integrand is a vector with the direction of 

Ὠἴ Ἶὀ . This direction is perpendicular both to the wire (Ὠἴ) and to the direction Ἶὀ  from 

the current point ὀ on the wire to the field point ὀ. Given a fixed field point ὀ, such as 

ὶȟ•ȟᾀ ὶȟπȟπ, the latter (Ἶὀ ) lies always in the same plane. Thus, the direction of the in-

tegrand is constant, and, in addition, is given by the right-hand rule. Integrate from ᾀ Њ to 

ᾀ Њ. Then Ὠἴ Ὠᾀὂ and so the direction of Ὠἴ Ἶὀ  is everywhere that of . Consequently, 

Ἄὀ ὄὶ , and a small contribution 

ὨἌḧ
‘Ὅ

τ“ὶὀ
Ὠἴ Ἶὀ

‘ὍὨᾀÓÉÎ‌

τ“ᾀ ὶ
 

where 

‌ḧ᷁ὂȟἾ ÁÒÃÔÁÎ
ὶ

ᾀ
 

so that 

ÓÉÎ‌ ÓÉÎÁÒÃÔÁÎ
ὶ

ᾀ

ὶᾀϳ

ρ
ὶ
ᾀ

ὶ

Ѝᾀ ὶ
 

and 

ὨἌ
‘ὍὶὨᾀ

τ“ᾀ ὶ ϳ
Ȣ 

Therefore, the total magnetic field at ὀ is 

Ἄὶ ὨἌ
‘ὍὶὨᾀ

τ“ᾀ ὶ ϳ
ᴙ

‘Ὅὶ

τ“

Ὠᾀ

ᾀ ὶ ϳ
ᴙ

‘Ὅ

ς“ὶ
Ȣ 

Thus 

Ἄ
‘Ὅ

ς“ὶ
Ȣ 

2.3.2.2 !ǇǇǊƻŀŎƘ нΥ !ƳǇŝǊŜΩǎ /ƛǊŎǳƛǘŀƭ [ŀǿ 

4ÈÅ ÃÉÒÃÕÉÔÁÌ ÌÁ× ÉÓ ÓÕÐÅÒÉÏÒ ÉÎ ÓÉÔÕÁÔÉÏÎÓ ×ÉÔÈ ÓÙÍÍÅÔÒÙȟ ÁÓ ÉÓ 'ÁÕÓÓȭ ÌÁ× ×ÈÅÎ ÉÔ ÃÏÍÅÓ ÔÏ ÅÌÅc-

ÔÒÏÓÔÁÔÉÃÓ ɉÃÏÍÐÁÒÅÄ ×ÉÔÈ #ÏÕÌÏÍÂȭÓ ÌÁ×Ɋȟ ÁÎÄ ÁÓ ÉÓ 'ÁÕÓÓȭ ÌÁ× Ïf gravity when it comes to gravi-

ÔÁÔÉÏÎÁÌ ÆÉÅÌÄÓ ɉÃÏÍÐÁÒÅÄ ×ÉÔÈ .Å×ÔÏÎȭÓ ÌÁ× ÏÆ ÕÎÉÖÅÒÓÁÌ ÇÒÁÖÉÔÁÔÉÏÎɊ. 

Indeed, since we know that the field has the form Ἄ ὄὶ , we introduce a circular loop ɜ of 

radius ὶ around the wire, at some height. For simplicity, we take ɜ to be the image of 

•ᵐ ὶȟ•ȟᾀ ὶȟ•ȟπ as •ᶰπȟς“. Then the circuital law states 

ἌẗὨἴ ‘Ὅ 
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while 

ἌẗὨἴ ὄὶ ẗὶὨ• ὄὶὶ Ὠ• ς“ὄὶὶȢ 

Thus 

‘Ὅ ς“ὄὶὶ 

and so 

ὄὶ
‘Ὅ

ς“ὶ
 

and 

Ἄ
‘Ὅ

ς“ὶ
Ȣ 
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2.4 The Electromagnetic Potentials 

In the electrostatic case, where there is no electric current ɀ and therefore no magnetic field ɀ, 

Ἄ  and so (M3) states that the electric field Ἇ is irrotational . Therefore, there exists a poten-

tial scalar field ‰ÅÓ, defined up to an additive constant, such that 

Ἇ ‰ɳÅÓȢ 

This electrostatic potential, measured in volts, is familiar to everyone. For instance, the absolute 

difference ȿ‰ÅÓἺ ‰ÅÓἺȿ in voltage between the two poles of a typical battery, located at Ἲ 

and Ἲ, is ρȢυ 6. Now ( )ᴻ makes (M3) an identity, whereas (M1) yields 

ᶯ‰ÅÓ
”

‭
 

which is known as 0ÏÉÓÓÏÎȭÓ ÅÑÕÁÔÉÏÎ. In particular, in vacuum, ”ḳπ and 

ᶯ‰ÅÓ π 

which is ,ÁÐÌÁÃÅȭÓ ÅÑÕÁÔÉÏÎ. Given a ÂÏÕÎÄÅÄ ÁÎÄ ÓÕÆÆÉÃÉÅÎÔÌÙ ȬÎÉÃÅȭ region Ὀ in space, the Di-

richlet problem of finding ‰ÅÓ ÓÁÔÉÓÆÙÉÎÇ ,ÁÐÌÁÃÅȭÓ ÅÑÕÁÔÉÏÎ in all of Ὀ and satisfying the bounda-

ry condition ‰ÅÓἺ ὪἺ for all Ἲɴ ‬Ὀ, where Ὢ is a given function on the boundary ‬Ὀ, has a 

unique solution. A standard way of finding the solution in the two-dimensional case [that is, 

ὈṒᴙ ᴇͯ] is to employ a conformal mapping of Ὀ into some simpler region Ὀᴂ in which the 

solution is known. See (Saff & Snider, 2003) for details on this technique. [Notice that every 

three-dimensional problem with cylindrical symmetry is equivalent to a two-dimensional prob-

lem.] 

In the non-ÓÔÁÔÉÃ ÃÁÓÅȟ ɉᴻɊ ÃÅÁÓÅÓ ÔÏ ÂÅ ÖÁÌÉÄȢ )ÎÄÅÅÄȟ a vector field with a non-zero rotation can-

not be the gradient of any scalar field ό, because of the vector identity ɳ όɳ . But (M4), 

which, as it stands, is the most general form of this Maxwell equation, implies that there exists a 

vector potential Ἃ such that 

Ἄ ᶯ ἋȢ 

This makes (M4) true due to the vector identity ɳ ẗᶯ Ἃ π. Now, let Ἃ be any such vector 

potential, and consider the vector field 

ḧἏ
‬Ἃ

‬ὸ
Ȣ 

Then 

ᶯ ᶯ Ἇ
‬Ἃ

‬ὸ
ᶯ Ἇ ᶯ

‬Ἃ

‬ὸ
ᶯ Ἇ

‬

‬ὸ
ᶯ Ἃ ᶯ Ἇ

‬

‬ὸ
Ἄ  

by the full (M3). Therefore  is irrotational, and so there exists a scalar potential ‰ such that 

‰ɳ, which is well-defined up to an additive constant. Let ‰ be such a potential. Then, by 

the definition of  we have 

Proposition 1 

Given an electromagnetic field ἏȟἌ, there exists a scalar field ‰ and a vector field Ἃ such that 

Ἇ ‰ɳ
‬Ἃ

‬ὸ
 

Ἄ ᶯ ἋȢ 
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Definition 2 

The scalar field ‰ and the vector field Ἃ of Proposition 1 are called the scalar potential and the 

vector potential of the electromagnetic field, respectively. 

Notice that in the electrostatic case, the scalar potential ‰ reduces to the familiar electrostatic 

potential ‰  discussed earlier in that Ἇ ‰ɳ in this case. 

The vector potential is not unique. Indeed, given a vector potential Ἃ, consider 

ἋḧἋ ‪ɳ 

where ‪ is any scalar field. Then 

ᶯ Ἃ ᶯ Ἃ ‪ɳ ᶯ Ἃ ᶯ ‪ɳ ᶯ Ἃ Ἄ 

and so Ἃ is also a vector potential for Ἄ. This freedom in choosing the vector potential is called 

gauge freedom, and any additional requirement that will fix any particular vector potential (or, 

at least, which restrict s the class of admissible potentials) is called a gauge choice. What happens 

to the scalar potential ‰ when we replace Ἃ by Ἃ Ἃ ‪ɳ? Note that 

Ἇ ‰ɳ
‬Ἃ

‬ὸ
‰ɳ

‬

‬ὸ
Ἃ ‪ɳ ‰ɳ

‬Ἃ

‬ὸ
ᶯ
‬‪

‬ὸ
ᶯ‰

‬‪

‬ὸ

‬Ἃ

‬ὸ
 

and, clearly, we have to replace the old scalar potential ‰ by 

‰ḧ ‰
‬‪

‬ὸ
Ȣ 
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2.5 Electromagnetic Waves 

Before Maxwell, the nature of light was unclear. Newton thought of light as a current of particles, 

but at the turn of the eighteenth century, there were also physicists that believed light to be a 

wave [of some sort] travelling through some medium, the so-ÃÁÌÌÅÄ ȬÅÔÈÅÒȭ, in much the same 

way that sound travels through matter. In 1801, it is believed, the English scientist Thomas 

Young performed his famous double-slit experiment, demonstrating the wave-like properties of 

light , and, by so doing, settled the conflict in favour of the wave hypothesis. Not until the advent 

of quantum mechanics [Compton scattering, the photoelectric effect, etc.] did the particle nature 

manifest itself experimentallyȟ ÔÏ ÙÉÅÌÄ ÔÈÅ ȬÄÏÕÂÌÅ ÎÁÔÕÒÅȭ ÔÈÁÔ ÌÉÇÈÔ ÉÓ ËÎÏ×Î ÔÏ ÈÁÖÅ ÔÏÄÁÙȢ 

(ÅÒÅ ×Å ×ÉÌÌ ÆÏÃÕÓ ÏÎ ÔÈÅ ×ÁÖÅ ÔÈÅÏÒÙ ÏÆ ÌÉÇÈÔȢ %ÖÅÎ ÉÆ 9ÏÕÎÇȭÓ experiment did support a wave 

theory of light, it said absolutely nothing about what kind of wave light is. After all, any mathe-

ÍÁÔÉÃÁÌ ÑÕÁÎÔÉÔÙ ÔÈÁÔ ÓÁÔÉÓÆÉÅÓ ÔÈÅ ×ÁÖÅ ÅÑÕÁÔÉÏÎ ÉÓ ÃÁÌÌÅÄ Á Ȭ×ÁÖÅȭȟ ÎÏ ÍÁÔÔÅÒ ÉÆ ÔÈÅ ÑÕÁÎÔÉÔÙ ÉÓ 

the pressure in a gas (as in the case of sound), a force field, or something else. 

Today we know better. Light, and, more generally, electromagnetic radiation, is a wave of the 

electric and magnetic fields, that is, each component of Ἇ and Ἄ satisfies the wave equation. As 

force fields, however, they require no medium through which to travel. Hence, there is no need 

ÆÏÒ ÁÎÙ ȬÅÔÈÅÒȭȢ In contrast, being a pressure wave, sound does require a medium, in which the 

pressure can be varied according to the art of Fourier synthesis. We will now see what led the 

physicists to the discovery that light is (very likely) an electromagnetic wave. 21 

First, a few definition s that extend differential operators normally applied exclusively to scalar 

fields to vector fields, basically by letting them act component-wise on the vector fields. 

Definition 3 

Let Ἃ ὃȟὃȟὃ  be a vector field. Then we ÄÅÆÉÎÅ ÔÈÅ ȬÇÒÁÄÉÅÎÔȭ Ἃɳḧ ὃɳ ὃɳ ὃɳ  

which is now a matrix whose columns are the ordinary gradients of the scalar components of Ἃ. 

Furthermore, for any matrix ὃ, we define ÔÈÅ ȬÄÉÖÅÒÇÅÎÃÅȭ, which is now a vector, by 

ẗɳὃḧ ẗɳἋȟɳẗἋȟɳẗἋ  where Ἃ is the Ὥth column of ὃ treated as a vector. Finally, we 

define ÔÈÅ ȬÖÅÃÔÏÒ ,ÁÐÌÁÃÉÁÎȭ ɳ Ἃḧ ẗɳ Ἃɳ  which is now a vector. 

These definitions imply 

Corollary 4 

Let Ἃ ὃȟὃȟὃ  be a vector field. Then 

ᶯἋ ᶯὃȟɳ ὃȟɳ ὃ Ȣ 

Now, consider the Maxwell equations in vacuum. They are 

                                                             
21 I hate when upper secondary school teachers define ÌÉÇÈÔ ÁÓ ȬÁ ×ÁÖÅȭ ×ÉÔÈÏÕÔ ÓÁÙÉÎÇ ×ÈÁÔ ÉÔ ÉÓ ÔÈÁÔ 
Ȭ×ÁÖÅÓȭȢ ) ÒÅÃÁÌÌ ÏÎÅ ÃÌÁÓÓÍÁÔÅ ÏÆ ÍÉÎÅ ÔÈÁÔ ÓÁÉÄ ÔÏ ÍÅȟ Ȱ'ÏÄȟ ÔÈÁÔȭÓ ÓÏ ÃÏÏÌ ɀ if you make sound with high 
ÅÎÏÕÇÈ ÆÒÅÑÕÅÎÃÙȟ ÙÏÕȭÌÌ ÇÅÔ ÌÉÇÈÔȦȱ !ÎÄȟ ÉÎÄÅÅÄȟ ÓÉÎÃÅ ÂÏÔÈ ȬÌÉÇÈÔȭ ÁÎÄ ȬÓÏÕÎÄȭ ÈÁÄ ÂÅÅÎ ÄÅÆÉÎÅÄ ÁÓ Ȭ×ÁÖÅÓȭȟ 
that was almost a valid conclusion. 
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ẗɳἏ π -6ρ

ᶯ Ἄ ‘‭
‬Ἇ

‬ὸ
-6ς

ᶯ Ἇ
‬Ἄ

‬ὸ
-6σ

ẗɳἌ πȢ -6τ

 

 

Differentiation of (MV2) with respect to time yields 

ᶯ
‬Ἄ

‬ὸ
‘‭

‬Ἇ

‬ὸ
 

and, using (MV3) to substitute for ‬Ἄ‬ὸϳ , we obtain 

ᶯ ᶯ Ἇ ‘‭
‬Ἇ

‬ὸ
Ȣ 

It is straightforward to show the vector identity 

ᶯ ᶯ Ἃ ᶯ ẗɳἋ ᶯἋ 6) 

where ɳ  is our new vector Laplacian. In this case, the identity yields 

ᶯ ẗɳἏ ᶯἏ ‘‭
‬Ἇ

‬ὸ
Ȣ 

But since ɳ ẗἏ π we simply end up with 

‬Ἇ

‬ὸ
ὧᶯἏ 7ρ 

which is the (vector) wave equation with speed 

ὧḧ
ρ

‘‭
Ȣ 

By Corollary 4 this means that each (scalar field) component of Ἇ satisfies the ordinary wave 

equation. Similarly, differentiation of (MV3) yields 

ᶯ
‬Ἇ

‬ὸ

‬Ἄ

‬ὸ
 

where we use (MV2) to obtain 

ᶯ
ρ

‘‭
ᶯ Ἄ

‬Ἄ

‬ὸ
Ȣ 

The same vector identity  (VI), together with ɳ ẗἌ π, then gives 

‬Ἄ

‬ὸ
ὧᶯἌ 7ς 

with the same speed ὧ. We have thus seen ÔÈÁÔ ÉÎ ÖÁÃÕÕÍȟ -ÁØ×ÅÌÌȭÓ ÅÑÕÁÔÉÏÎÓ ÉÍÐÌÙ ÖÅÃÔÏÒ 

wave equations for the electromagnetic field. This means that, in vacuum, we can apply all theo-

rems on the three-dimensional wave equation to the electromagnetic field; for instance, all elec-

tromagnetic signals necessarily travel with the constant speed ὧ. "ÕÔ ÄÏÎȭÔ ÂÅ ÆÏÏÌÅÄ ɀ there is no 

equivalence between the full set of Maxwell vacuum equations (MW1-MV4) and these two wave 

equations. It is easy to see that this cannot be so. Indeed, the wave equations are perfectly sym-
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metric in Ἇ and Ἄ, but the Maxwell vacuum equations (MV2) and (MV3) are not, because 

‘‭ ρ. 

Let us now investigate a general plane-wave solution of the Maxwell vacuum equations. We will 

postulate a monochromatic plane-wave Ἇ field and investigate the requirements on Ἇ and Ἄ im-

posed by the vacuum equations in this case. To this end, choose a (constant) amplitude vector 

Ἇ, a (constant) angular frequency and a (constant) wave vector ἳ and set ,‫ 

Ἇὸȟὀ ἏÓÉÎ‫ὸ ἳẗὀ 

which is a monochromatic wave travelling in the direction of ἳ with phase speed ‫ Ὧϳ ‗’ 

where ‗  is the wavelength and ’  is the (ordinary) frequency. In this case (W1) reads 

‫Ἇὸȟὀ ὧὯἏὸȟὀ 

and is clearly satisfied iff  ὧ ‫ Ὧϳ . Hence, the constant ὧḰρ ‘‭ϳ  in the wave equations is in-

deed equal to the phase speed ‫ Ὧϳ  of the plane electric wave. But what about the original vacuum 

equations? Now (MV1) reads 

ἳẗἏ ÃÏÓ‫ὸ ἳẗὀ πȟ ὸᶅɴ ᴙȟ ὀᶅɴ ᴙ  

and, consequently, it implies 

ἳṶἏȢ 

The third vacuum equation, (MV3), reads 

Ἇ ἳÃÏÓ‫ὸ ἳẗὀ
‬Ἄ

‬ὸ
Ȣ 

Therefore, 

Ἄὸȟὀ
ρ

‫
ἳ Ἇ ÓÉÎ‫ὸ ἳẗὀ Ἦὀ 

for some purely spatial function Ἦȡᴙ ᴼᴙ . Now, define (the constant) 

Ἄ ḧ
ρ

‫
ἳ Ἇ  

as22 to obtain 

Ἄὸȟὀ ἌÓÉÎ‫ὸ ἳẗὀ Ἦὀ 

where 

Ἄ Ṷἳȟ Ἄ ṶἏȢ 

The vacuum equations do not demand that Ἦὀḳ  in all space; the only requirements on this 

term are that it is solenoidal (that is, divergence-free) and irrotational. The divergence-freeness 

follows immediately from (MV4) by linearity of the divergence operator and the fact that Ἄ Ṷἳ. 

The fact that Ἦὀ is irrotational follows from (MV2), as we will see in a moment. These are the 

only requirements on Ἦὀ; any such field Ἦὀ will work with the vacuum equations. In particu-

lar, any constant vector field Ἦὀ is admissible. 

The static field Ἦὀ is to be interpreted as the magnetostatic background field. Indeed, in the case 

of a plane, monochromatic EM wave in an earthbound laboratory, 

                                                             
22 Notice that we may write ἳ Ἇ ἳ Ἇ ἳ Ἇ  where ἳḧ ἳ. 
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Ἇὸȟὀ ἏÓÉÎ‫ὸ ἳẗὀ 

Ἄὸȟὀ ἌÓÉÎ‫ὸ ἳẗὀ Ἦὀ  

where Ἦὀ is the magnetic field of the Earth, which locally is constant to an excellent approxima-

tion. We can thus decompose the magnetic field into two parts: ἌÓÉÎ‫ὸ ἳẗὀ which is the 

magnetic wave required to accompany the postulated electric wave ἏÓÉÎ‫ὸ ἳẗὀ, and a 

static background part Ἦὀ, which is not to be considered as a part of the EM wave. While study-

ing the EM wave, therefore, we neglect the background field, and so we set Ἦὀḳ . [Neverthe-

less, we will keep including a shaded term Ἦὀ in the equations to follow just to motivate the 

promised result ᶯ Ἦὀ .] 

Now, let us move on. (MV2) gives 

Ἄ ἳÃÏÓ‫ὸ ἳẗὀ ᶯ Ἦὀ ‘‭
‬Ἇ

‬ὸ
Ȣ 

But Ἇ is known, so 

Ἄ ἳÃÏÓ‫ὸ ἳẗὀ ᶯ Ἦὀ ‭ἏÃÏÓ‫ὸ‘‫ ἳẗὀȢ 

In addition, 

Ἄ Ḱ
ρ

‫
ἳ Ἇ ᵼἌ ἳ

Ὧ

‫
Ἇ 

and so 

Ὧ

‫
ἏÃÏÓ‫ὸ ἳẗὀ ᶯ Ἦὀ ‭ἏÃÏÓ‫ὸ‘‫ ἳẗὀ 

or 

‫

Ὧ
‘‭ ρἏÃÏÓ‫ὸ ἳẗὀ ᶯ ἮὀȢ 

Recalling that Ἦὀḳ , we thus regain the result 

‫

Ὧ
‘‭ ὧ‘‭ ρȢ 

On the other hand, if we consider the static field Ἦὀ [that is, stop neglecting it!], and recall that 

the above relation already has been established, then it follows that Ἦὀ is irrotational , as prom-

ised. As indicated above, any constant field Ἦὀ, such as the locally constant earthly magnetic 

field, is solenoidal and irrotational, and thus provides a concrete illustration of the static back-

ground field. 

Conversely, if we had begun by postulating a monochromatic, plane-wave, magnetic field, then 

we would have obtained a solenoidal and irrotational electrostatic background field term, in 

addition to the electric wave that needs to accompany the magnetic wave, that is 

Ἇὸȟὀ ἏÓÉÎ‫ὸ ἳẗὀ Ἦὀ 

Ἄὸȟὀ ἌÓÉÎ‫ὸ ἳẗὀȢ 

Now, a vector field Ἦὀ that is both divergence-free and irrotational is called a Ȭ,ÁÐÌÁÃÉÁÎȭ vector 

field. Because it is irrotational, it is a potential field, and thus the gradient of a scalar potential 

‰ὀ. But since ɳ ẗἮὀ ẗɳ ‰ɳὀ ᶯ‰ὀ π, the potential is harmonic. That is, the static 
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background field has to be the gradient of a harmonic function. But this is exactly what we would 

expect, because the electrostatic potential is harmonic (in vacuum)! 

In any case (postulating a plane-wave electric field or postulating a plane-wave magnetic field), 

the background term needs to be static; it may not vary in time. This is because of the interac-

tions between the electric and magnetic fields. Indeed, a time-varying magnetic field would af-

fect the electric field (which we have already fixed), and, conversely, a time-varying electric field 

would affect the magnetic field. 

To summarize, we have found that: 

Á -ÁØ×ÅÌÌȭÓ ÅÑÕÁÔÉÏÎÓ ÁÄÍÉÔ ÐÌÁÎÅ ÅÌÅÃÔÒÏÍÁÇÎÅÔÉÃ ɉ%-Ɋ ×ÁÖÅÓȢ 

Á A plane Ἇ field wave must be accompanied with an equally plane magnetic Ἄ field wave 

(and vice-versa). These waves are oscillating in phase. 

Á A plane EM wave must be transversal, i.e. Ἇ Ṷἳ and Ἄ Ṷἳ. That is, the Ἇ and Ἄ fields 

are always perpendicular to the wave vector. 

Á The electric field (wave) is perpendicular to the magnetic field (wave), i.e. Ἄ ṶἏ. 

Á An electromagnetic wave has the constant phase speed Ȣ From now on, we will de-

note this speed of light by the symbol ὧ. This is equal to the constant in the wave equa-

tions (W1-W2) for the electromagnetic field. 

Á Ὁ ὧὄ. [This follows from Ἄ Ḱ ἳ Ἇ .] 

-ÁØ×ÅÌÌȭÓ ÔÈÅÏÒÙ ÔÈÕÓ ÇÉÖÅÓ ÁÎ ÅØÐÌÉÃÉÔ ÆÏÒÍÕÌÁ ÆÏÒ ÔÈÅ ÓÐÅÅÄ ÏÆ an electromagnetic wave in 

terms of fundamental physical quantities. Around 1862, one knew the speed of light to a reason-

able accuracy, and one noticed that it was rather close to the (also known) numerical value of 

ρ ‘‭ϳ , which, combined with the newly published Maxwell theory, strongly suggests that 

light is in fact an EM wave, and during the years to come, all doubt was removed: Light is an elec-

tromagnetic wave!  

2.5.1 The ΨSpeedΩ of Light 

,ÅÔȭÓ ÒÅÓÏÌÖÅ Á ÍÉÎÏÒ ÄÉÆÆÉÃÕÌÔÙ ÔÈÁÔ ÍÁÎÙ ÔÅØÔÓ ÓÉÍÐÌÙ ÐÒÅÔÅÎÄ ÄÏÅÓÎȭÔ ÅØÉÓÔ ɍÍÁÎÙ ÔÅØÔÓ ÁÌÓÏ 

Ȭforgetȭ to motivate why one should set the constant of integration Ἦὀḳ  above]: As we have 

seen, ὧ ρ ‭‘ϳ  is the phase speed of light. However, ÉÔ ×ÁÓÎȭÔ the phase speed of light that 

was known (approximately) in 1862; instead, it was the speed of propagation of an electromag-

netic signal. This is the constant ὧ in the wave equations (W1)-(W2), but, again as we have seen, 

this is equal to the phase speed ὧ. 

Indeed, the wave equations (W1)-(W2) are satisfied in all of (empty) space, and so the electro-

magÎÅÔÉÃ ÆÉÅÌÄ ÈÁÓ ÔÏ ÓÁÔÉÓÆÙ ÔÈÅÍ ÂÏÔÈ ȬÉÎÓÉÄÅȭ Á ÂÅÁÍ ÏÆ ÌÉÇÈÔȟ ÁÎÄ ÉÎ ÔÈÅ ÓÕÒÒÏÕÎÄÉÎÇÓȢ But it is a 

fundamental theorem on the three-dimensional wave equation that any signal travels at the 

speed ὧ, no more and no less. More precisely, we have 

Theorem 6 

Let όὀȟὸ be a scalar field in space-time satisfying the wave equation ό ὧᶯό π every-

where and the initial conditions όὀȟπ ‰ὀ and ό ὀȟπ ‪ὀ. Then 
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όὀȟὸ
ρ

τ“ὧὸ
‪ὀὨὛ

‬

‬ὸ

ρ

τ“ὧὸ
‰ὀὨὛ 

where Ὓ ὀᶰᴙȡȿὀ ὀȿ ὧὸ. 

The proof of this theorem can be found in (Walter, 2008, pp. 234-238). Notice that the solution 

at any given point ὀȟὸ only depends on the value of the initial conditions a distance ὧὸ away 

from the point. That is, information about the initial conditions travels at the speed ὧ. Since the 

EM field at any particular moment of time can be used as the initial conditions in the problem of 

finding the field at later times, it follows, for instance, that a beam of light has to travel with pre-

cisely the phase speed ὧ of the electromagnetic wave. 
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2.6 Inconsistencies with Classical Mechanics 

2.6.1 The Speed of Light 

Let ὃ be an observer standing at rest on the ground of the Earth, and let ὄ be a passenger in a 

space ship travelling with velocity Ἶ with respect to ὃ and the ground. Imagine that ὄ fires a 

cannon ball in his direction of motion. Relative to ὄ and the space ship, the velocity of the can-

non ball is Ἵ. According to ὃ, of course, the velocity of the cannon ball is Ἶ Ἵ, and the speed 

ὺ ό ό. This is self-evident from a Newtonian point of view. 

Now, let ὄ fire a laser gun instead. According to ὄ, the laser beam travels with speed ὧ. There-

fore, classically, one would expect ὃ to observe the beam travelling with a slightly higher speed, 

namely ὺ ὧ. Of course, since ὧḻὺ, we have ὺ ὧ ὧ and the difference is barely detecta-

ble, if at all ɀ but it is there. Nevertheless, ὃ ËÎÏ×Ó ÅÌÅÃÔÒÏÄÙÎÁÍÉÃÓȟ ÁÎÄ -ÁØ×ÅÌÌȭÓ ÅÑÕÁÔÉÏÎÓ ÁÒÅ 

very clear: relative to ὃ, the beam has to travel with speed ὧ, no less and no more. 

The reader might think this is not a fundamental problem simply because light is profoundly 

different from matter, e.g. from a cannon ball. Nevertheless, it is! Later on, when introducing the 

special theory of relativity, we will see exactly how fundamental a problem this is; the ramifica-

tions are overwhelming. Of course, since ὧ is such a great number, the discrepancy between the 

classical expectations and the real case is most often invisible to us. But at high speeds, when 

ὺḺὧ ceases to be valid, so does ὺ ὧ ὧ, and all the strange effects of special relativity re-

veal themselves. 

On a historical note, the difficulty associated with the constant speed of light as predicted by 

-ÁØ×ÅÌÌȭÓ ÅÑÕÁÔÉÏÎÓ was known from the beginning. The suggested ȬÓÏÌÕÔÉÏÎȭ was that there 

existed a preferred frame of reference, and that -ÁØ×ÅÌÌȭÓ ÅÑÕÁÔÉÏÎÓ were only exactly valid in 

this frame. 4ÈÉÓ ÐÒÅÆÅÒÒÅÄ ÆÒÁÍÅ ×ÁÓ ÓÕÐÐÏÓÅÄ ÔÏ ÂÅ ÔÈÅ ÆÒÁÍÅ ÉÎ ×ÈÉÃÈ ÔÈÅ ȬÅÔÈÅÒȭ was at rest. In 

other words, ὧ was the speed of light relative to the Ȭetherȭ, and an observer not at rest relative 

to this mysterious Ȭetherȭ would measure a different speed of light, in accordance with the classi-

ÃÁÌ ȬÃÏÍÍÏÎ ÓÅÎÓÅȭȢ 3ÉÎÃÅ ÔÈÅ %ÁÒÔÈ ÍÏÖÅÄ ÔÈÒÏÕÇÈ ÔÈÅ ȬÅÔÈÅÒȭȟ ÉÔ ×ÏÕÌÄ ÈÁÖÅ ÂÅÅÎ ÐÏÓÓÉÂÌÅ ÔÏ 

detect the slight change of the speed of light during the year. The most famous experiment at-

tempting to detect this variation was the Michelson-Morley experiment of 1887 (Tipler & 

Llewellyn, 2008)Ȣ .Ï ÖÁÒÉÁÔÉÏÎ ×ÁÓ ÄÅÔÅÃÔÅÄȟ ÈÏ×ÅÖÅÒȢ 4ÏÄÁÙ ÔÈÅ ȬÅÔÈÅÒȭ ÈÙÐÏÔÈÅÓÉÓ is (almost) 

completely abandoned. 

2.6.2 The Galilean Transformation 

The abnormal constancy of the speed of light is perhaps the most intuitive case against the com-

bination Maxwell + Newtonian Mechanics. On a less intuitive note, a severe theoretical problem 

with the same combination is that MaxwÅÌÌȭÓ ÅÑÕÁÔÉÏÎÓ ÁÒÅ ÎÏÔ ÉÎÖÁÒÉÁÎÔ ÕÎÄÅÒ 'ÁÌÉÌÅÁÎ ÔÒÁÎs-

formations. 4ÈÁÔ ÉÓȟ ÉÆ -ÁØ×ÅÌÌȭÓ ÅÑÕÁÔÉÏÎÓ ÁÒÅ ÖÁÌÉÄ ÉÎ Á ÐÈÙÓÉÃÁÌ frame ᴕꞈ 1, then they are not 

necessarily valid in any other physical frame ᴕꞈ 2! This, of course, is a major problem. Indeed, if 

-ÁØ×ÅÌÌȭÓ ÅÑÕÁÔÉÏÎÓ ÁÒÅ ÖÁÌÉÄ ÉÎ ÁÔ ÍÏÓÔ ÏÎÅ ÐÈÙÓÉÃÁÌ ÒÅÆÅÒÅÎÃÅ ÆÒÁÍÅȟ ÔÈÅÎȟ ÔÈÅ ÏÄÄÓ ÔÈÁÔ ÔÈÅÙ 

are valid in your laboratory frame are practically zero. We now wish to prove this. The simplest 

way is perhaps to employ a proof by contradiction. 

Let ꞈ 1 ɴ  ᴕꞈ 1 be a system at rest relative to the laboratory (the unprimed system). Let there be 

a stationary wire with constant charge density ” π [C/m] along the ώ axis carrying no electric 

current. Place a test charge ή π a distance Ὠ π below the wire, as in Figure 27. Let ꞈ 2 ɴ  ᴕꞈ 2 

be a system with the same basis vectors but moving with velocity Ἶ ὺὁ relative to 1ꞈ. 
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Figure 27. A charge below a wire . 

Assume that the electric and magnetic fields are ἏȟἌ  and ἏȟἌ  in 1ꞈ and 2ꞈ, respectively. 

&ÕÒÔÈÅÒȟ ÁÓÓÕÍÅ ÔÈÁÔ -ÁØ×ÅÌÌȭÓ ÅÑÕÁÔÉÏÎÓ ÁÒÅ ÖÁÌÉÄ ÉÎ ÂÏÔÈ ÆÒÁÍÅÓȢ In 1ꞈ, (M1) yields 

Ἇ
”

ς“‭Ὠ
ὂ 

at the test particle. (M2) and (M4) state that the magnetic field is a Laplacian vector field. But 

(M3) requires more than that: since the electric field is irrotational, the magnetic field has to be 

constant in time. Let us assume that there is no constant background field, that is, set Ἄ  

identically. Therefore, all things considered, the charge will experience the force 

ἐ ήἏ 

and it will obtain an (instantaneous) acceleration 

Ἡ
ρ

ά
ἐ

ή

ά
Ἇ

ή”

ς“‭άὨ
ὂȢ 

Now, according to an observer in ᴕꞈ 2, the wire carries a constant current ἔ ”Ἶ which corre-

sponds to a scalar current of Ὅ ȿ╙ȿ ”ὺ. Therefore, in addition to the electrostatic field 

Ἇᴂ
”

ς“‭Ὠ
ὂ 

given by (M1), there is also a static (because of (M3)) non-vanishing magnetic field, given by 

(M2), namely 

Ἄ
‘Ὅ

ς“Ὠ
ὀȢ 

In addition, since the test charge is moving with velocity Ἶ with  respect to ᴕꞈ 2, it will be af-

fected by this magnetic field, and so the charge will experience the total Lorentz force 

ἐ ήἏ ή Ἶ Ἄ 

and thus the (instantaneous) acceleration 

Ἡ
ρ

ά
ἐ

ή

ά
Ἇ

ή

ά
Ἶ Ἄ

”ή

ς“ά‭Ὠ
ὂ

ή

ά
ὺὁ

‘Ὅ

ς“Ὠ
ὀ

”ή

ς“ά‭Ὠ
ὂ

ήὺ‘Ὅ

ς“άὨ
ὂ

ή”

ς“‭άὨ
ρ ὺ‘‭ ὂ Ἡ

ή”ὺ‘

ς“άὨ
ὂ 

But since ꞈ 1 and ꞈ 2 are both inertial frames, Ἡ Ἡ as geometric vectors (and in this case the 

components have to agree, too). Therefore, ή”ὺ‘ π. But since ή π, ” π, and ὺ π [and, 

of course, ‘ π], this is a contradiction. 

1ꞈ 

ὀ ὁ 

ὂ 

ὕ 

2ꞈ 

ὀ ὁ 

ὂ 

ὕ 

Ἶ 

ή 
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7ÈÁÔ ÈÁÖÅ ×Å ÓÈÏ×Îȩ 7Å ÈÁÖÅ ÓÈÏ×Î ÔÈÁÔȟ ÉÆ -ÁØ×ÅÌÌȭÓ ÅÑÕÁÔÉÏÎÓ ÁÒÅ ÖÁÌÉÄ ÉÎ ÏÎÅ inertial 

frame, they are not valid in ȬÁÎÙȭ ɍÁÔ ÌÅÁÓÔ ÎÏÔ ÅÖÅÒÙɎ ÏÔÈÅÒ such frame. But since common sense 

requires all inertial frames to be equivalent (since it is highly dubious to think that the frame of 

ÏÎÅȭÓ ÐÅÒÓÏÎÁÌ ÌÁÂÏÒÁÔÏÒÙ ÉÓ Á 'ÏÄ-given frame of magic), we have thus shown that -ÁØ×ÅÌÌȭÓ 

equations cannot be the truth [unless there is something very strange going on]. Einstein, however, 

×ÁÓ ÂÒÁÖÅ ÅÎÏÕÇÈ ÔÏ ÑÕÅÓÔÉÏÎ ÔÈÅ ȬÃÏÍÍÏÎ ÓÅÎÓÅȭȢ (Å ÂÁÓÅÄ ÈÉÓ ÓÐÅÃÉÁÌ ÔÈÅÏÒÙ ÏÆ ÒÅÌÁÔÉÖÉÔÙ ÏÎ 

ÔÈÅ ÁÓÓÕÍÐÔÉÏÎ ÔÈÁÔ -ÁØ×ÅÌÌȭÓ ÅÑÕÁÔÉÏÎÓ are in fact valid, and that it is the common-sense Gali-

lean transformation that is at fault. Indeed, as we shall see below, when one considers relativistic 

ÅÆÆÅÃÔÓ ÓÕÃÈ ÁÓ ÔÉÍÅ ÄÉÌÁÔÉÏÎ ÁÎÄ ÌÅÎÇÔÈ ÃÏÎÔÒÁÃÔÉÏÎȟ -ÁØ×ÅÌÌȭÓ ÅÑÕÁÔÉÏÎÓ ×ÉÌÌ ÂÅ ÅÑÕÁÌÌÙ ÖÁÌÉÄ ÉÎ 

any inertial frame. 

Exercise: Motivate why the discrepancy illustrated above is very small in a typical 

every-day experiment. 
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3 Special Relativity 

 

 

 

Figure 28Ȣ 4ÈÅ Ȭ,ÉÇÈÔ #ÏÎÅȭȟ ×ÈÉÃÈ ×Å ×ÉÌÌ ÉÎÔÒÏÄÕÃÅ ÉÎ ÔÈÉÓ 
chapter, is perhaps  the most important visual aid in unde r-
standing the geometry of flat spacetime.  
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3.1 Time Dilation 

Contemporary texts on special relativity tend to base the introduction on the so-ÃÁÌÌÅÄ ȬὯ-

ÃÁÌÃÕÌÕÓȭȢ Examples include (d'Inverno, 1992) and (Ludvigsen, 1999). This is probably a clear 

and stringent approach. The current author, however, feels that this approach obscures the 

physical insights that underpin special relativity, and will therefore present the subject in a more 

classical manner. For the remainder of this chapter, a physical reference frame is assumed to be 

inertial, unless the (possibility of the) opposite is stated explicitly. 

Let ᴕꞈ 2 be a high-speed aeroplane in which we use a mathematical frame 2ꞈ. Let there be a 

combined light emitter/detector E/D positioned at the floor, and a mirror M on the ceiling right 

above E/D. Let the height of the cabin, or, more precisely, the distance between E/D and M, be 

Ὤ π. Suppose that the emitter emits a light beam at time ὸ π. The beam will reflect in M and 

be detected by the detector at a later time ὸ Ὕ, that is, Ὕ is the length of time that pass be-

tween the emission and the detection of the beam, as measured inside the aeroplane ɍȬὃȭ ÁÓ ÉÎ 

ȬÁeroplaneȭ]. Since light travels with the constant speed ὧ and the total distance travelled is ςὬ, 

this duration is Ὕ ςὬὧϳ . 

On the other hand, according to an observer stationary with respect to the ground ᴕꞈ 1 [mathe-

matical system ꞈ 1], the aeroplane travels (horizontally) with speed ὺ π. Again, let the beam be 

emitted at time ὸ π, and let the detection happen at time ὸ Ὕ, according to the stationary 

observer ɍȬὋȭ ÁÓ ÉÎ ȬÇroundȭ]. During this time, the emitter/detector E/D has moved a distance 

Ὀ ὺὝ. Therefore, as perceived by this observer, the beam of light has travelled along two of 

the sides of an isosceles triangle with height Ὤ and base Ὀ, as in FIG. 

 

Figure 29. A beam of light in a moving aeroplane . 

Classically, we would say that the speed of the light beam has increased; indeed, the velocity still 

would have a vertical component ὧ, but also a new, horizontal, component ὺ, so that the speed 

would have increased to ὧ ὺ ὧ, even though the difference would be very small even for 

a high-ÓÐÅÅÄ ÁÅÒÏÐÌÁÎÅȢ "ÕÔ ÁÃÃÏÒÄÉÎÇ ÔÏ -ÁØ×ÅÌÌȭÓ ÅÑÕÁÔÉÏÎÓȟ ÔÈÅ ÓÐÅÅÄ ÏÆ ÌÉÇÈÔ ÉÓ ὧ. Period. 

Therefore, the stationary observer will find that the beam has travelled a distance23 

Ὠ ς Ὤ with constant speed ὧ. Consequently, the elapsed time satisfies 

                                                             
23 We assume that both observers agree on the distance between the emitter and detector being equal to 
Ὤ. Notice that the displacement vector between the emitter and detector is perpendicular to the velocity of 
ᴕꞈ ς ÒÅÌÁÔÉÖÅ ÔÏ ᴕ1ꞈ. [Later on we will see that distances with a non-zero component in this later direc-
tion are dependent upon ÔÈÅ ÏÂÓÅÒÖÅÒ ÄÕÅ ÔÏ ȬÌÅÎÇÔÈ ÃÏÎÔÒÁÃÔÉÏÎȭȢɎ !ÌÌ ÅØÐÅÒÉÍÅÎÔÓ ÁÇÒÅÅ ÏÎ ÔÈÅ ÆÁÃÔ ÔÈÅÒÅ 

Ὤ 

E D 

Time 

Ὀ ὺὝ 

M 
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Ὕ
Ὠ

ὧ

ς

ὧ

ὺὝ

ς
ὬȢ 

Notice that an observer in the aeroplane ᴕꞈ 2 and an observer stationary with respect to the 

ground ᴕꞈ 1 disagree on how much time that elapsed between the emission and the detection of 

the light beam ɍÉÆ ÙÏÕ ÄÏÎȭÔ ÓÅÅ ÔÈÉÓȟ ÎÏÔÉÃÅ ÔÈÁÔ Ὕ clearly depends on ὺ, while Ὕ does not]! 

#ÌÅÁÒÌÙȟ ÔÈÉÓ ÃÌÁÓÓÉÃÁÌ ȬÁÂÓÕÒÄÉÔÙȭ ÓÔÅÁÍÓ ÆÒÏÍ ÔÈÅ ȬÁÂÓÕÒÄȭ ÃÏÎÓÔÁÎÃÙ ÏÆ ÔÈÅ ÓÐÅÅÄ ÏÆ ÌÉÇÈÔ Âe-

tween different inertial frames of reference. 

But if we are to believe in the validity of the Maxwell equations, and, in addition, not be tem-

pered to restrict the validity of the ÅÑÕÁÔÉÏÎÓ ÔÏ ÁÎÙ ȬÐÒÅÆÅÒÒÅÄȭ ÆÒÁÍÅ ÏÆ ÒÅÆÅÒÅÎÃÅȟ ÔÈÅÎȟ ÔÉÍÅ ÉÓ 

not an absolute thing. 

This forms the basis of special relativity. In fact, Einstein postulated 

9ƛƴǎǘŜƛƴΩǎ tƻǎǘǳƭŀǘŜs of Special Relativity24 

1) Every inertial  frame of reference is equivalent to any other inertial frame of reference. Any 

pair of inertial reference frames is characterized by their relative speed. 

2) Contrary to classical expectations, in any inertial reference frame, the speed of light is ὧ. 

As we have seen, these postulates ÉÍÐÌÙ ÔÈÁÔ ÔÈÅ ȬÒÁÔÅ ÏÆ ÔÉÍÅȭ ÉÓ ÄÅÐÅÎÄÅÎÔ ÕÐÏÎ ÔÈÅ ÏÂÓÅÒÖÅÒȢ 

7Å ×ÉÌÌ ÎÏ× ÓÏÌÖÅ ɉᴻɊ ÆÏÒ Ὕ. Some simple algebra yields 

Ὕ
ς

ὧ

ὺὝ

ς
Ὤ ᵼὝ

τ

ὧ

ὺὝ

τ
Ὤ ᵾ Ὕ ρ

ὺ

ὧ

τὬ

ὧ
Ȣ 

Since Ὕ π and τὬ ὧϳ π, we must have ρ ὺ ὧϳ πȢ 4ÈÅÒÅÆÏÒÅȟ %ÉÎÓÔÅÉÎȭÓ ÐÏÓÔÕÌÁÔÅÓ 

inevitable requires 

ὺ ὧȠ 

in other words, the speed of an aeroplane, as measured from the ground, is forbidden to equal or 

exceed the speed of light! Recalling that Ὕ ςὬὧϳ  we end up with 

Ὕ ‎ὺὝ 

where the Lorentz factor 

‎ὺḧ
ρ

ρ
ὺ
ὧ

ρ 

essentially forms the quantitative basis of special relativity. We remark that ‎ὺ is very close to 

unity for all every-day speeds25, and so Newtonian mechanics is an excellent approximation in 

these cases. However, for high-speed particles, the speed of which might come close to the speed 

                                                                                                                                                                                              
ÉÓ ÎÏ ÌÅÎÇÔÈ ÃÏÎÔÒÁÃÔÉÏÎ ÐÅÒÐÅÎÄÉÃÕÌÁÒ ÔÏ ÔÈÅ ÄÉÒÅÃÔÉÏÎ ÏÆ ÍÏÔÉÏÎȢ )Î ÁÄÄÉÔÉÏÎȟ ÔÈÅÒÅ ÉÓ ÎÏ ÔÈÅÏÒÅÔÉÃÁÌ ȬÎÅÅÄȭ 
for any, either. 
24 4ÈÅ ÓÅÎÔÅÎÃÅ ÓÔÁÒÔÉÎÇ ȱ!ÎÙ ÐÁÉÒ ÏÆ ÉÎÅÒÔÉÁÌ ÆÒÁÍÅÓȣȱ ÉÓ ÔÈÅ ÉÎÖÅÎÔÉÏÎ ÏÆ ÔÈÅ ÃÕÒÒÅÎÔ ÁÕÔÈÏÒȟ ×ÈÏ ÆÅÅÌÓ 
that this is an implicit assumption that is worth making explicit. 
25 You have to sit down and compute ‎ὺ for some different ὺɴ πȟὧ  to get a feeling for it. 
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of light, the relativistic effects become quite apparent. In fact, ‎ὺᴼЊ as ὺO ὧ, subtly re-

minding us that there cannot be any speed greater than the speed of light. 

4ÈÅ ÐÈÙÓÉÃÁÌ ÐÈÅÎÏÍÅÎÏÎ ÔÈÁÔ ÔÈÅ ȬÒÁÔÅ ÏÆ ÔÉÍÅȭ ÉÓ ÎÏÔ ÁÂÓÏÌÕÔÅ ÉÓ ÃÁÌÌÅÄ time dilation, and ɀ quite 

apparently ɀ is characterized by the fact that moving clocks tick more slowly than stationary 

clocks. Very concretely: Suppose that you have two atomic clocks that you synchronize, and that 

you keep one of them stationary at the ground while the other is placed in a high-speed orbit 

around the Earth for a few laps.26 Then you bring it back to the stationary clock, and you com-

pare their readings. You will find that the clock that has been in orbit will have recorded fewer 

ticks than the clock that has remained stationary.27 This has been verified by experiments using 

atomic clocks.28 

We wish to make the notion of time dilation more precise. To this end, we consider two frames 

of references, ꞈ 1 and ꞈ 2. Let ꞈ 1 be an airport on Earth, while ꞈ 2 is a spaceship. Assume that, at 

the origin of each, there is an observer carrying a clock. Assume that the spatial origins of 1ꞈ and 

ꞈς coincide at some time, that is, the spaceship is standing by on the airport at this time. Assume 

also, that the spaceship is set on a journey to interstellar space, and then returns to Earth after 

some time. At this time, the spatial origins of ꞈ1 and ꞈ 2 once again coincide. The observer at-

tached to the ground (ꞈ 1) will say that the ship was away for some time Ὕ, while the observer 

onboard the ship will say he was away for some time Ὕ. 

The clock onboard the ship is measuring the proper time of the ship ( 2ꞈ), while the clock on the 

airport is measuring the proper time of the airport (ꞈ 1), where we have used 

Definition NN 

The proper time of an observer is the time displayed by a clock always carried with the observer. 

In particular, this means that the clock is always at rest relative to the observer, and that the 

clock is always at the same place as the observer. 

                                                             
26 This seemingly simple thought experiment is deceptively complicated, for neither the reference frame of 
the ground nor the frame of the orbiter is an inertial frame. Let us assume that this is not a problem. Then, 
since the Earth is rotating around its axis, anticlockwise as seen from above the North Pole, a point on the 
%ÁÒÔÈȭÓ ÅÑÕÁÔÏÒ ÉÓ ÍÏÖÉÎÇ ×ÉÔÈ ÓÐÅÅÄ ό Ὑto the east, where Ὑ ‫ π is the equatorial radius of the 
Earth, and ‫ π is the angular velocity. Thus, a point on the equator will experience time dilation relative 
to the inertial ambient space because of the spinning of the Earth itself! In addition, if an equatorial aero-
plane is travelling eastwards with speed ὺ π relative to the ground, then it will suffer from an even 
stronger time dilation than a fixed point on the equator. Indeed, relative to the inertial ambient space, its 
speed is Ὑ‫ ὺ. On the other hand, if the aeroplane is travelling with speed ὺɴ πȟςὙto the west, it ‫ 
×ÉÌÌ ÃÏÍÐÅÎÓÁÔÅ ÆÏÒ ÔÈÅ %ÁÒÔÈȭÓ ÒÏÔÁÔÉÏÎȟ ÁÎÄ ×ÉÌÌ ÅØÐÅÒÉÅÎÃÅ Á ÓÍÁÌÌÅÒ ÅÆÆÅÃÔ ÏÆ ÔÉÍÅ ÄÉÌÁÔÉÏÎ as compared 
to a fixed point on the equator, everything as perceived by the inertial observer above the North Pole. 
27 In this sentence, where we state that the aeroplane will suffer from a greater time dilation than a fixed 
point on the ground, we assume that it is either travelling to the east, or is travelling to the west with a 
speed ὺ ςὙSimply put, we say that the aeroplane is travelling with high speed as compared to the .‫ 
ÒÏÔÁÔÉÏÎ ÏÆ ÔÈÅ %ÁÒÔÈȟ ×ÈÉÃÈ ×Å ×ÁÎÔ ÔÏ ÎÅÇÌÅÃÔȢ !Ô ÁÎÙ ÒÁÔÅȟ ÉÓÎȭÔ ÔÈÅÒÅ Á problem that both the clock on 
the fixed point on the equator and the clock inside the aeroplane are accelerating? Maybe. But experi-
mental verification tells us that this acceleration does not invalidate the effects of time dilation. And, clear-
ly, you can device thought experiments that involve no circular motion at all, if you wish. 
28 In October 1971, four caesium beam atomic clocks were flown around the world in commercial jet air-
crafts, both eastwards and westwards. They recorded time dilation effects, opposite in the two directions, 
to a high degree compatible with the predictions of special (and general) relativity. The results were pre-
sented in (Hafele & Keating, 1972) and (Hafele & Keating, 1972). 
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The proper time of a mathematical frame of reference is the proper time of an observer always 

sitting at the spatial origin of the frame. In particular, this means that the clock, carried by the 

observer, is always at rest relative to the frame, and has always the same spatial coordinates 

with respect to it. 

Let us now formulate a precise result on time dilation: 

Proposition 7 

!ÓÓÕÍÅ %ÉÎÓÔÅÉÎȭÓ postulates. Consider two inertial  physical frames ᴕꞈ 1 and ᴕꞈ 2 with relative 

speed ὺ. Let Ὕ be the duration, as measured in ᴕꞈ 2, of a process, the starting and ending events 

of which occur at the same spatial coordinates in any chosen mathematical frame ꞈ 2 ɴ  ᴕꞈ 2. 

Then 

Ὕ ‎ὺὝ 

is the duration of the process as measured in any system 1ꞈ ɴ  ᴕꞈ 1. 

This is what we proved above, but the hypothesis can be slightly weakened: 

Proposition 8 

Let ᴕꞈ 1 and ᴕꞈ 2 be any inertial physical frames with relative speed ὺ. Choose mathematical 

frames 1ꞈ ɴ  ᴕꞈ 1 and 2ꞈ ɴ  ᴕꞈ 2 in standard configuration [that is, Ἶ ὺὀ]. Let ꜡ 1 and 2꜡ be 

two events with the same ὼ coordinate in 2ꞈ. Let Ὕ and Ὕ be the duration of time passing be-

tween the events as measured in ꞈ 1 and ꞈ 2, respectively. Then Ὕ ‎ὺὝ. 

Proof  

Let ꞈ 1 ɴ  ᴕꞈ 1 (the ground) and ꞈ 2 ɴ  ᴕꞈ 2 (an aeroplane) be in standard configuration with rel-

ative speed ὺ. Let there be a photon emitter at some point inside the aeroplane, and a detector a 

distance Ὤ π from the emitter , but at the same ὼ coordinate. Let ꜡ 1 and ꜡ 2 be the emission and 

detection events, respectively. As seen inside the aeroplane, the photon travels a distance Ὤ with 

speed ὧ; thus, the duration between ꜡ 1 and ꜡ 2 is Ὕ Ὤὧϳ . As seen from the ground, the dis-

tance is Ὤ ὺὝ, because, being a displacement perpendicular to the relative velocity, Ὤ is 

the same; thus, the duration between ꜡ 1 and ꜡ 2 is Ὕ ὧ Ὤ ὺὝ , which is solved to yield 

Ὕ Ὤ ὧ ὺϳ . Therefore, 

Ὕ

Ὕ

Ὤ

ὧ ὺ
ẗ
ὧ

Ὤ
‎ὺ 

as promised.  ʉ

We cannot, however, remove the hypothesis on the events entirely: 

Observation 9 

4ÈÅÒÅ ÅØÉÓÔÓ Á ÐÁÉÒ ᴕꞈρȟ ᴕꞈς  ÏÆ inertial physical frames with relative speed ὺ and a pair 

꜡ρȟ ꜡ ς  ÏÆ ÅÖÅÎÔÓ ÓÕÃÈ ÔÈÁÔ ÔÈÅ ÄÕÒÁÔÉÏÎ Ὕ between the events as measured in ᴕ ρꞈ and the du-

ration Ὕ between the events as measured in ᴕ ςꞈ satisfy 

Ὕ ‎ὺὝȢ 



ANDREAS REJBRAND D R A F T http://english.rejbrand.se 

 109/314 

Proof  

Choose two mathematical frames ꞈ 1 ɴ  ᴕꞈ 1 and 2ꞈ ɴ  ᴕꞈ 2 in standard configuration. Emit a 

photon at time ὸ ὸ π at the common origin in the ὀ direction. This is the initial event ꜡ 1. 

Let there be a detector at coordinates ὼȟπȟπ inside the ship (relative to ꞈ 2). Let the photon be 

detected at time ὸ ὸǿ (relative to 2ꞈ). Thus, the detection event has coordinates ὸǿȟὼȟπȟπ in 

2ꞈ; this is the final event ꜡ 2. According to an ꞈ 1-bound observer, at the time ὸ ὸǿ of detection, 

the detector is found at coordinate ὼ. Thus, the coordinates of ꜡ 2 are ὸǿȟὼȟπȟπ relative to ꞈ 1. 

Notice that the lifetime of the photon, or the duration of the process with initial and final events 

1꜡ and ꜡ 2, is ὸǿ ÒÅÌÁÔÉÖÅ ÔÏ ᴕ2ꞈ and ὸǿ ÒÅÌÁÔÉÖÅ ÔÏ ᴕ1ꞈ. Notice also that Proposition 8 does not 

apply since the ὼ coordinates of ꜡ ρ ÁÎÄ ꜡ς differ ÉÎ ᴕ2ꞈ. Assume that ὸǿ ‎ὺὸǿ anyway. Since 

the speed of light is ὧ in both systems, 

ὼ

ὸǿ

ὼ

ὸǿ
ὧ 

which, since ὸǿ ‎ὺὸǿ, implies 

ὼ ‎ὺὼ 

independent of ὸ, which is absurd [think about the case ‎ὺ ρͯ]. Therefore, ὸǿ ‎ὺὸǿ.  ʉ

We end this subsection with a simple observation. 

Observation NN 

Inside any given, inertial, physical frame ᴕꞈ  of reference, time is absolute. To see this, imagine 

ÔÈÁÔȟ ÁÔ ÅÖÅÒÙ ÐÏÉÎÔ ÉÎ ÓÐÁÃÅȟ ÔÈÅÒÅ ÉÓ ÁÎ ÏÂÓÅÒÖÅÒȟ ÃÁÒÒÙÉÎÇ Á ÃÌÏÃËȟ ÁÔ ÒÅÓÔ ÒÅÌÁÔÉÖÅ ÔÏ ᴕ.ꞈ These 

observers can, at any time, synchronize their clocks in a very simple way. First, they need to de-

ÃÉÄÅ ÏÎ Á ȬÔÅÁÍ ÌÅÁÄÅÒȭȟ ÁÎÄ ÔÈÅÎ ÅÖÅÒÙ ÔÅÁÍ ÍÅÍÂÅÒ ×ÉÌÌ ÎÅÅÄ ÔÏ ÄÅÔÅÒÍÉÎÅ ÈÉÓ ÄÉÓÔÁÎÃÅ Ὠ from 

the team leader. This can be done by means of a ruler, in principle. Now, to synchronize the 

clocks, the team leader resets his clock at the same time as he emits a flash of light in every di-

rection. Each team member will see this flash at some later time, and when he does, he resets his 

clock. To compensate for the light travel time, he then subtracts an amount of Ὠὧϳ  seconds from 

his clock. Now all clocks are synchronized. 

Consider now any two events, ꜡1 and ꜡ 2. At the spatial position of ꜡ 1, fortunately, there sits a 

team member, who makes a note about the current time of the event, according to him. He can 

then ȬÂÒÏÁÄÃÁÓÔȭ ÔÈÉÓ ÔÉÍÅÓÔÁÍÐȟ ÔÈÁÔ ÉÓȟ ÅÍÉÔ ÁÎ ÅÌÅÃÔÒÏÍÁÇÎÅÔÉÃ ÓÉÇÎÁÌ ÅÎÃÏÄÉÎÇ ÉÔȟ ×ÈÉÃÈ ×ÉÌÌ ÂÅ 

seen by all other observers. The same applies to ꜡2. 

This way, any ÏÂÓÅÒÖÅÒ ÉÎ ᴕ ꞈcan measure the duration ὸ between any pair of events. In addi-

ÔÉÏÎȟ ÉÔ ÓÈÏÕÌÄ ÂÅ ÃÌÅÁÒ ÔÈÁÔȟ ÉÆ ÓÏÍÅ ÏÔÈÅÒ ÏÂÓÅÒÖÅÒ ÉÎ ᴕ ꞈdoes the same and obtains the value ὸ, 

then ὸ ὸ. 

3.1.1 Non-Inertial Frames 

Of course, a general reference frame is not inertial. Still, Definition NN applies: even if a clock is 

ÁÃÃÅÌÅÒÁÔÅÄȟ ÉÔ ×ÉÌÌ ÔÉÃËȟ ÓÏ ÔÈÅ ÔÅÒÍ ȬÐÒÏÐÅÒ ÔÉÍÅȭ ÉÓ ×ÅÌÌ-defined. We will assume that no new 

strange physical effect reveal itself when a clock is accelerated. Using this assumption, some-

ÔÉÍÅÓ ÃÁÌÌÅÄ ÔÈÅ ȬÃÌÏÃË ÈÙÐÏÔÈÅÓÉÓȭȟ we may approximate a journey with a smooth but non-

constant velocity function by a journey with a piecewise constant velocity function. 
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To make this precise, let ꞈ 1 be an inertial frame, and let ꞈ 2 be the frame of a spaceship, not nec-

essarily accelerating. We will use ὸ to denote proper (or ȬÃÏÏÒÄÉÎÁÔÅȭɊ ÔÉÍÅ ÉÎ 1ꞈ, and † to denote 

proper time of 2ꞈ. We wish to find the relation between † and ὸ at any time inside some arbi-

trary interval ὸȟὸ  of ꞈ 1 time. To this end, we use the clock hypothesis and partition the inter-

val ὸȟὸ  on the 1ꞈ coordinate time axis into ὔ small parts Ὅḧ ὸȟὸ , Ὅḧ ὸȟὸȟ ȣȟ 

Ὅḧ ὸ ȟὸ  where π ὸ ὸ Ễ ὸ ὸ ὸ. Introduce ɝḧÍÁØ ‘Ὅ where 

‘ ὥȟὦ ḧὦ ὥ as a measure of the fineness of the partition. 

Let όὸ denote the relative speed between the frames at time ὸ relative to 1ꞈ. Consider some 

interval Ὅ of time, ρ Ὥ ὔ. In this interval, the relative speed (and velocity) is, assuming ɝ is 

small enough, essentially constant, namely, όὸ . Let ɝ† be the increase in the proper time of 

2ꞈ in this interval of 1ꞈ time (so that, classically, ɝ† ‘Ὅ). Then, using Proposition 7, which 

holds inside this interval since (1) 2ꞈ has constant relative velocity relative to an inertial frame 

and thus is inertial itself in this interval of time, and since (2) the clock at the origin of ꞈ 2 has 

constant spatial coordinates relative to 2ꞈ, 

ɝ†
ρ

‎όὸ
‘Ὅ 

and, therefore, 

† ɝ†
ρ

‎όὸ
‘ὍȢ 

But the error should (this is the Ȭclock hypothesisȭ) tend to zero as ɝᴼπ. Thus, 

†
ρ

‎όὸ
Ὠὸ 

and we have proved 

Proposition NN 

Let ꞈ 1 be an inertial frame, and let ꞈ 2 be any frame (inertial or not). Let the speed of ꞈ2 relative 

to 1ꞈ be όὸ at proper time ὸ relative to 1ꞈ. Then an amount 

†
ρ

‎όὸ
Ὠὸ 

of proper time is measured in ꞈ 2 between times ὸ and ὸ relative to 1ꞈ. 

 

Corollary NN 

Let 1ꞈ be an inertial frame, and let ꜡ 1 and ꜡ 2 be two events both taking place at the spatial 

origin of 1ꞈ. Let ꞈ 2 be any frame of reference, only restricted by the requirement that ꜡2 and ꜡ 2 

both should take place at the origin of ꞈ2, too. Let ὸ and † be the proper times spent between the 

two events, relative to ꞈ 1 and ꞈ 2, respectively. Then 

ὸ †Ȣ 
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Proof  

Let ꞈ 1 and ꞈ 2 be as in the corollary. Let the time coordinates of ꜡ 1 and ꜡ 2 be ὸ and ὸ, respec-

tively, relative to 1ꞈ, where ὸ ὸ. Thus, ꞈ 1 finds the proper time between the events to equal 

ὸ ὸ. But, using Proposition NN, an amount of proper time 

†
ρ

‎όὸ
Ὠὸὸ ὸ 

will pass between ꜡ 1 and ꜡ 2 relative to 2ꞈ.  ʉ
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3.2 Length Contraction 

Suppose that a spaceship makes a journey along the straight line from the Earth to Vega. For 

simplicity, we assume that the ship travels with constant speed ὺ relative the galaxy [or some 

ÏÔÈÅÒ ÓÕÉÔÁÂÌÅ ȬÂÁÃËÇÒÏÕÎÄȭɎ. An observer at rest relative to the galaxy will measure the time Ὕ 

of the entire journey, which he observes has length Ὠ ὺὝ, but the captain of the ship will 

experience a smaller duration of the flight, namely, Ὕ Ὕ Ὕ, according to Proposition 7. 

[The spatial coordinates of the captainȭÓ ÃÈÁÉÒ are the same at both the start and the end of the 

journey relative to the ship.] In addition, since the captain and the earthbound observer agree on 

their relative velocity being ὺ, the captain must conclude that he has only travelled a distance 

Ὠ ὺὝ ὺ
ρ

‎ὺ
Ὕ ὺ

ρ

‎ὺ

Ὠ

ὺ

ρ

‎ὺ
Ὠ ὨȢ 

Hence, the captain observes that the galaxy shrinks as he zooms across it! This is length contrac-

tion. The length of an object thus depends upon the observer. The greatest length of an object is 

called its proper length and is measured in the rest frame of the object. 

There is a rather beautiful combined illustration and physical verification of the phenomena of 

time ÄÉÌÁÔÉÏÎ ÁÎÄ ÌÅÎÇÔÈ ÃÏÎÔÒÁÃÔÉÏÎȟ ÎÁÍÅÌÙ ÔÈÅ ÊÏÕÒÎÅÙ ÏÆ ÍÕÏÎÓ ÔÈÒÏÕÇÈ ÔÈÅ %ÁÒÔÈȭÓ ÁÔÍÏs-

phere. Muons are formed at high altitude by particle reactions initiated by cosmic rays.29 How-

ever, the altitudes we are talking about are in the order of magnitude of several thousand meters 

above sea level, and the mean lifetime of a muon is only about 2 µs. Hence, a typical muon with a 

speed of ὺ πȢωωψὧ (Tipler & Llewellyn, 2008) would only survive for some 600 meters. There-

fore, classically, a muon reaching the ground should be a very rare event, something worth cele-

brating by a huge party, really.30 

However, the particle will experience very strong relativistic effects due to its high speed. [For-

ÍÁÌÌÙȟ ÌÅÔ ᴕ1ꞈ bÅ ÔÈÅ ÇÒÏÕÎÄȟ ÁÎÄ ᴕ2ꞈ the rest frame of a muon, in which the muon is at rest; in 

particular, the muon has constant spatial coordinates in any frame ꞈ2 ɴ  ᴕꞈ 2.] The Lorentz fac-

tor ‎ὺ ρφ, which is really huge. In fact, 2 АÓ ÏÆ ÔÈÅ ÍÕÏÎȭÓ ÔÉÍÅ ÃÏÒÒÅÓÐÏÎÄÓ ÔÏ 32 µs Earth-

time. In 32 µs, a particle of speed ὺ πȢωωψὧ will travel a distance of 9.5 km! Hence, many mu-

ons should make it to the ground! /Î ÔÈÅ ÏÔÈÅÒ ÈÁÎÄȟ ÆÒÏÍ ÔÈÅ ÍÕÏÎȭÓ ÐÏÉÎÔ ÏÆ ÖÉÅ×ȟ ÉÔ ÄÏÅÓ ÏÎÌÙ 

live a mere couple of microseconds. However, the distance from the point of creation in the up-

per atmosphere to sea level is reduced by length contraction by a factor of ρ‎ὺϳ ; that is, if 

the distance to the ground is 9.5 ËÍȟ ÔÈÅ ÍÕÏÎ ×ÉÌÌ ÏÎÌÙ ȬÆÅÅÌȭ ÔÈÁÔ ÔÈÅ ÄÉÓÔÁÎÃÅ ÉÓ φππ ÍÅÔÅÒÓȢ 

Physical experiments have confirmed that the observed rate of decay of muons do indeed de-

pend on their speed; see, for instance, (Rossi & Hall, 1941). Many other experiments have also 

confirmed the predictions of special relativity. In fact, special relativity is used daily in applied 

physics and in every-day consumer electronics. Hence, today, special relativity is a very well-

established theory. 

We will make the spatial analogue of Definition NN: 

                                                             
29 When cosmic-ray protons hit atmospheric atomic nuclei, pions are created. Very soon (within meters), 
these decay into muons and neutrinos. (Wikipedia contributors, 2011) 
30 If you plan to serve Coca-Cola at the party, please make sure that the temperature of this beverage does 
not exceed the upper limit of 4°C. [And, of course, it has to be served in liquid form at approx. 1 atm. at-
mospheric pressure.] 
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Definition NN 

The proper length of an object is the length of the object as measured in the rest frame of the 

object. 
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3.3 The Lorentz Transformation 

Let ᴕꞈ 1 and ᴕꞈ 2 be two physical frames of reference [think of the ground and a spaceship, re-

spectively], with relative speed ὺ, and choose two mathematical frames in standard configura-

tion, 1ꞈ ɴ  ᴕꞈ 1 and ꞈ 2 ɴ  ᴕꞈ 2.  

We want to find the relativistic transformation that supersedes the Galilean transformation ɉᴻɊ; 

ÌÅÔȭÓ ÃÁÌÌ ÉÔ ɤ. Thus, if ὸȟὼȟώȟᾀ are the coordinates of some event relative to ꞈ 1, and if 

ὸȟὼȟώȟᾀ  are the coordinates of the very same event according to an observer in 2ꞈ, then 

ɤὸȟὼȟώȟᾀ ὸȟὼȟώȟᾀȢ 

Just like the case of the Galilean transformation, this transformation has to be linear, and it is 

given by 

Theorem 10 

The relativistic transformation ɤȡ ᴙ ᴼᴙ  of the coordinates of an event between two frames 

with relative speed ὺ in standard configuration is 

ὸ ‎ὺ ὸ
ὺὼ

ὧ
 

ὼ ‎ὺ ὼ ὺὸ 

ώ ώ 

ᾀ ᾀ 

where ‎ὺ ρ ὺ ὧϳ ϳ  is the Lorentz factor. 

Proof  

Let ꞈ 2 be a cubic spaceship with the origin somewhere on the rear side. Fix a point ὖ inside the 

ship, at coordinates ὼȟπȟπ in 2ꞈ. Assume that a photon is emitted in the ὀ direction at the 

common origin at time ὸ π, and that this photon has reached the detector at ὖ at time ὸ ὸǿ. 

Thus, in ꞈ 2, the coordinates of the detection event are ὸǿȟὼȟπȟπ. Assume that the detection 

occurs at time ὸ ὸǿ in 1ꞈ. According to an ꞈ 1-bound observer, ὖ is then located at position 

ὼ ὺὸǿ
ρ

‎ὺ
ὼ 

because the ship has travelled a distance ὺὸǿ and the proper distance ὼ between the emitter and 

detector inside the ship is contracted by a factor of ‎ ὺ. But this is a part in the sought trans-

formation, namely 

ὼ ‎ὺ ὼ ὺὸǿȢ 

Now31, since ꞈ 1 ÍÏÖÅÓ ×ÉÔÈ ȬÓÐÅÅÄȭ ὺ relative to 2ꞈ, the inverse transformation has to include 

ὼ ‎ὺ ὼ ὺὸǿȢ 

Solve for ὼ in this last equation and equate the expression with the forward transformation to 

obtain an equation in ὸǿ and ὸǿ which is solved with respect to ὸǿ to obtain 

                                                             
31 !Ô ÔÈÉÓ ÐÏÉÎÔȟ ÉÔ ÉÓ ÔÅÍÐÔÉÎÇ ɉ×ÒÏÎÇÌÙɊ ÔÏ ȬÄÅÄÕÃÅȭ ὸǿ ‎ὺὸǿ since ὸǿ ÉÓ ÔÈÅ ȬÌÉÆÅÔÉÍÅȭ ÏÆ ÔÈÅ ÐÈÏÔÏÎ ÉÎ 2ꞈ 
and ὸǿ ÉÓ ÔÈÅ ȬÌÉÆÅÔÉÍÅȭ ÉÎ ρꞈȟ ÁÎÄ ÔÈÅÒÅ ÓÈÏÕÌÄ ÂÅ ÔÉÍÅ ÄÉÌÁÔÉÏÎȢ "Ù ÄÏÉÎÇ ÓÏȟ ÏÎÅ ȬÄÅÒÉÖÅÓȭ ÁÎ ÉÎÃÏÒÒÅÃÔ Ȭ,o-
ÒÅÎÔÚ ÔÒÁÎÓÆÏÒÍÁÔÉÏÎȭȢ 7ÈÅÒÅ ÌÉÅÓ ÔÈÅ ÆÁÕÌÔ ÉÎ ÔÈÉÓ ÒÅÁÓÏÎÉÎÇȩ 
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ὸǿ
ρ

‎ὺὺ
ὼ
‎ὺ

ὺ
ὼ  ‎ὺὸǿ ‎ὺὸǿ

‎ὺὺ

ὧ
ὼ 

Therefore, since ὖ was arbitrary, and since ɤ Ȭhasȭ32 to map ώ ώ and ᾀ ᾀ, we have shown 

that any 1ꞈ coordinate quadruple ὸȟὼȟώȟᾀ has the corresponding ꞈ 2 coordinates ὸȟὼȟώȟᾀ  

given by these four relations, which thus is the sought transformation ɤ.  ʉ

A relativistic coordinate transformation between two inertial frames with coinciding spatial 

origin at the common origin of time is called a Lorentz transformation. The transformation of 

Proposition 6 thus is the Lorentz transformation in the case of standard configuration and rela-

tive speed ὺ. Notice that, if ꞈ 2 moves with speed ὺ relative to 1ꞈ, then ꞈ 1 moves with speed 

ɀὺ relative to 2ꞈ. This means that the inverse transformation is obtained simply by changing ὺ 

to ɀὺ in Proposition 6. 

Exercise: Deduce the phenomena of time dilation and length contraction from the 

Lorentz transformation alone. 

3.3.1 The Velocity Addition Formulae 

In Newtonian physics, a particle moving with velocity Ἵ in 2ꞈ, which in turn moves with velocity 

Ἶ relative 1ꞈ will be observed to move with the (geometric) velocity Ἶ Ἵ relative 1ꞈ. But then 

we saw that a light signal does not follow this law, which is frustrating. We will now derive the 

relativistic velocity addition formulae from the Lorentz transformation, and we will find that the 

(components of the) velocity of a photon transforms according to the very same set of formulae 

as ordinary matter, thus confirming the consistency, not to mention beauty, of special relativity. 

Proposition 11 

Let ꞈ 1 and ꞈ 2 be in standard configuration with relative speed ὺ and denote by όȟόȟό  the 

components of the velocity of some particle relative to ꞈ1, and let όȟόȟό  be the compo-

nents of the velocity relative to ꞈ 2. Then 

ό
ό ὺ

ρ όὺὧϳ
 

ό
ό

‎ὺ ρ όὺὧϳ
 

ό
ό

‎ὺ ρ όὺὧϳ
 

where ‎ὺ ρ ὺ ὧϳ ϳ  is the Lorentz factor. 

The asymmetry between the ὼ direction on one hand and the ώ and ᾀ directions on the other 

comes from the choice of the standard configuration, where the relative velocity Ἶ ὺὀ. 

                                                             
32 This is rather an assumption. The case is this: we have found that the Galilean transformation cannot be 
valid, and so we must device a new transformation that is valid. The most natural approach is to alter the 
Galilean transformation as little as possible and only tweak it so that all contradictions disappear. Experi-
mental verification tells us that we need no more tweaks than this. 
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Proof  

Differentiation of the Lorentz transformation (Theorem 10) yields 

Ὠὸ ‎ὺὨὸ
ὺ‎ὺ

ὧ
Ὠὼ 

Ὠὼ ‎ὺὨὼ ὺ‎ὺὨὸ 

Ὠώ Ὠώ 

Ὠᾀ Ὠᾀ 

and so 

ό
Ὠὼ

Ὠὸ

‎ὺὨὼ ὺ‎ὺὨὸ

‎ὺὨὸ
ὺ‎ὺ
ὧ
Ὠὼ

Ὠὼ ὺὨὸ

Ὠὸ
ὺ
ὧ
Ὠὼ

Ὠὼ
Ὠὸ

ὺ

ρ
ὺ
ὧ
Ὠὼ
Ὠὸ

ό ὺ

ρ
ὺ
ὧ
ό
ȟ 

ό
Ὠώ

Ὠὸ

Ὠώ

‎ὺὨὸ
ὺ‎ὺ
ὧ
Ὠὼ

Ὠώ
Ὠὸ

‎ὺ
ὺ‎ὺ
ὧ
Ὠὼ
Ὠὸ

ό

‎ὺ
ὺ‎ὺ
ὧ
ό

 

and similarly with ό.  ʉ

Example 12 

Let 1ꞈ be some inertial frame, and let ꞈ 2 be a spaceship travelling with speed ὺ relative to 1ꞈ, 

and assume standard configuration. 

1) Assume that ꞈ 2 fires a cannon ball in the ὀ direction with speed ό. Let ὺ πȢπυὧ and 

ό πȢρὧ. Classically, ꞈ 1 would observer the speed ό ὺ ό πȢρυὧ ττωχππππ ÍȾÓ 

of the ball. Relativistically, however, we find ό ττχυππππ ÍȾÓ using Proposition 11. 

2) Assume that ꞈ 2 instead fires a photon (laser beam) in the ὀ direction wit h speed (of 

course) ό ὧ. Classically, ꞈ 1 would observe the speed ό ὺ ό ρȢπυὧ of the photon. 

Using Proposition 11, however, we find ό ό ὧ, as expected. 

Corollary 13 

Let 1ꞈ and 2ꞈ be inertial frames with relative speed ὺ ὧ in standard configuration. Let 

π ό ὧ be any speed as measured in ꞈ2. Then ό ὧ. 

Proof  

ό
ό ὺ

ρ όὺὧϳ
ᵼ
Ὠό

Ὠό
ὧ

ὧ ὺ

ὧ ὺό
πȟ όᶅ ᶰπȟὧ  

so that ό ᵐό is a strictly increasing function. But ό ὧ ὧ and the corollary follows.  ʉ

3.3.2 The Acceleration Transformation Formulae 

In Newtonian physics, Ἡ Ἡ for any (geometric) acceleration vector. In particular, in standard 

configuration, even the components agree between the frames. In special relativity, we have 
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Proposition 14 

Let ꞈ 1 and ꞈ 2 be in standard configuration with relative speed ὺ and denote by ὥȟὥȟὥ  the 

components of the acceleration of some particle relative to ꞈ1, and let ὥȟὥȟὥ  be the com-

ponents of the acceleration relative to ꞈ 2. Then 

ὥ
ρ

‎ ὺ ρ όὺὧϳ
ὥ 

ὥ
ρ

‎ ὺ ρ
όὺ
ὧ

ὥ
όὺ

ὧ‎ ὺ ρ
όὺ
ὧ

ὥ 

ὥ
ρ

‎ ὺ ρ
όὺ
ὧ

ὥ
όὺ

ὧ‎ ὺ ρ
όὺ
ὧ

ὥ 

where ‎ὺ ρ ὺ ὧϳ ϳ  is the Lorentz factor. 

Proof  

Differentiation of the velocity transformation (Proposition 11) yields 

Ὠό
ὺ

ὧ
ό ὺ ρ

όὺ

ὧ
Ὠό ρ

όὺ

ὧ
Ὠό

ὧ ὺ

ὧ ρ
όὺ
ὧ

Ὠό

ρ

‎ ὺ ρ
όὺ
ὧ

Ὠό 

It is still the case that 

Ὠὸ ‎ὺὨὸ
ὺ‎ὺ

ὧ
Ὠὼ 

and so 

ὥ
Ὠό

Ὠὸ

Ὠό

‎ ὺ ρ
όὺ
ὧ

‎ὺὨὸ
ὺ‎ὺ
ὧ
Ὠὼ

ὨόȾὨὸ

‎ ὺ ρ
όὺ
ὧ

ρ
ὺ
ὧ
Ὠὼ
Ὠὸ

ὥ

‎ ὺ ρ
όὺ
ὧ

Ȣ 

Next, we find the differential 

Ὠό ‎ ὺ
ὺ

ὧ
ό ρ

όὺ

ὧ
Ὠό

Ὠό

‎ὺ ρ όὺὧϳ
Ƞ 

thus 
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ὥ
Ὠό

Ὠὸ

ὺό

ὧ‎ ὺ ρ
όὺ
ὧ

Ὠὸ
ὺ
ὧ
Ὠὼ

Ὠό
Ὠό

‎ ὺ ρ όὺὧϳ Ὠὸ
ὺ
ὧ
Ὠὼ

ὺό

ὧ‎ ὺ ρ
όὺ
ὧ

ρ
ὺ
ὧ
Ὠὼ
Ὠὸ

Ὠό

Ὠὸ

Ὠό
Ὠὸ

‎ ὺ ρ όὺὧϳ ρ
ὺ
ὧ
Ὠὼ
Ὠὸ

ὺό

ὧ‎ ὺ ρ
όὺ
ὧ

ὥ
ὥ

‎ ὺ ρ όὺὧϳ
Ȣ 

Of course, the ᾀ component is found in a perfectly symmetric manner.  ʉ

3.3.3 Relativity of Simultaneity 

Let 1ꞈ ɴ  ᴕꞈ 1 (the ground) and ꞈ 2 ɴ  ᴕꞈ 2 (a ridiculously  high-speed train) be in standard con-

figuration with relative speed ὺ. Assume that the train has proper length Љ ςς Í, and that it 

passes through a barn, stationary with respect to the ground, of proper length Љ ςπ Í Љ. 

Choose ὺ πȢυὧ. 4ÈÅÎȟ ÁÃÃÏÒÄÉÎÇ ÔÏ ÁÎ ÏÂÓÅÒÖÅÒ ÉÎ ᴕ1ꞈ, the length of the train is ‎ ὺЉ

ρω Í. That is, the train fits inside the barn, so that, for a femtosecond or so, when the rear end of 

the train has just moved inside the barn, the doors of the barn can close without even touching 

the train, which is then fully enclosed by the barn. The farmer does this, and it works. 

However, from the perspective of an observer inside the train, the train has length Љ ςς Í, 

but the barn has shrunk to a mere ‎ ὺЉ ρχ Í. Thus, when the rear side of the train has 

just passed the left end of the barn, the front is already outside the right end of the barn, and so 

the doors cannot possible close at that time. 

This is not a contradiction. Let the train start at ὼ π and end at ὼ Љ in 2ꞈ. Similarly, let the 

barn start at ὼ π and end at ὼ Љ in 1ꞈ. Then, at time ὸ ὸ π, the rear end of the train has 

just entered the barn. Thus, the event ꜡ 1 when the rear door is closed has coordinates πȟπȟπȟπ 

in both systems. In ꞈ 1, the front door is shut at the same time as the rear door. Thus, the coordi-

nates of the event ꜡ 2 of closing the front door are πȟЉȟπȟπ according to a ꞈ 1-bound observer, 

the farmer, say. But the Lorentz transformation, Theorem 10, then states that the coordinates of 

2꜡, as seen by the train driver in ꞈ 2, are ὧ ὺ‎ὺЉȟ‎ὺЉȟπȟπ σω ÎÓȟςσ Íȟπȟπ. That 

is, the front door is not closed at the same time as the rear door, the train driver finds! It is 

ÃÌÏÓÅÄ ȬÌÏÎÇȭ ÂÅÆÏÒÅ ÔÈÅ ÒÅÁÒ ÅÎÄ ÏÆ ÔÈÅ ÔÒÁÉÎ ÈÁÓ ÅÎÔÅÒÅÄ ÔÈÅ ÂÁÒÎ at ὸ π. In fact, when the 

front door is closed, it is located 23 meters ahead of the rear end of the train, that is, an entire 

metre in front of the train!  

The above Gedankenexperiment exemplifies 

Proposition 15 

Let 1ꞈ ɴ  ᴕꞈ 1 and ꞈ 2 ɴ  ᴕꞈ 2 be in standard configuration with relative speed ὺ, and let ꜡ 1 and 

2꜡ be events occurring simultaneous in ꞈ1. Assume that ꜡ 1 has coordinates πȟπȟπȟπ and that 

2ꞈ has coordinates ὸǿȟὼȟώȟᾀǿ, where ὸǿ π, all relative to 1ꞈ. Then ꜡ 1 and ꜡ 2 are simultaneous 

in 2ꞈ if and only if ὼ π or ὺ π. 
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Proof  

Assume the hypotheses of the proposition. Then the coordinates of ꜡ 1, as seen in ꞈ 2, are also 

πȟπȟπȟπ. In particular, ꜡ 1 happens at time ὸ π in 2ꞈ. Let ὸǿ denote the time coordinate of ꜡ 2 

relative to 2ꞈ. Then ꜡ 1 and ꜡ 2 are simultaneous in ꞈ 2 if and only if ὸǿ ὸ, that is, iff ὸǿ π. As 

seen from the Lorentz transformation (Theorem 10), ὸǿ πᵾ ὸǿ ὺὼὧϳ . But ὸǿ π so that this 

is equivalent to ὼ π᷉ὺ π.  ʉ

A well-known Gedankenexperiment illustrating the relativity of  simultaneity directly from Ein-

ÓÔÅÉÎȭÓ ÐÏÓÔÕÌÁÔÅs concerns a railway vehicle moving at high speed across a platform. At the very 

centre of the car, a person simultaneously emits one flash of light in the forward direction and 

one in the reverse direction. According to this person, the two walls of the car are hit by the light 

simultaneously. However, according to an observer at rest on the platform, the speed of light is 

still ὧ in both directions. Therefore, since the speed of light is finite, and the train is moving for-

wards, this observer will notice that rear side of the car is hit by the light before the front side is. 
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3.4 Dynamics in Special Relativity 

In this section, we will discuss the dynamics of special relativity, particularly the concepts of 

momentum, force, and energy. In the next chapter, we will develop a more beautiful version of 

the dynamics using four-vectors on spacetime, but for now, we will still treat space and time in a 

more classical manner and rely only on three-component spatial vectors. 

3.4.1 Rest Mass 

"Ù ÔÈÅ ȬÍÁÓÓȭ ÏÆ ÁÎ ÏÂÊÅÃÔȟ ×Å ÍÅÁÎ ÔÈÅ ÍÁÓÓ ÁÓ ÍÅÁÓÕÒÅÄ ÉÎ ÔÈÅ ÒÅÓÔ ÆÒÁÍÅ ÏÆ ÔÈÅ ÏÂÊÅÃÔȢ $ÅÆÉÎÅÄ 

this way, the mass, also called the invariant mass, or the rest mass, is the same in every frame of 

reference. Self-evident or not, this is worth pointing out, since the related concept of relativistic 

mass is sometimes used instead, and this quantity is frame-dependant. We will return to this 

subject later. 

3.4.2 Momentum 

We will now investigate momentum in relativity. Of course, in any given inertial physical frame 

ᴕꞈ , we could determine the rest mass and velocity of a particle (or system of particles), and 

compute ВάἽ. Then we could ÃÁÌÌ ÔÈÉÓ ÔÈÅ ȬÍÏÍÅÎÔÕÍȭ ÏÆ ÔÈÅ ÐÁÒÔÉÃÌÅ ɉÏÒ ÓÙÓÔÅÍɊȢ (Ï×ÅÖÅÒȟ 

the concept will only be useful in special relativity if it is a conserved quantity here as well. So, is 

it? In relativity, Ne×ÔÏÎȭÓ ÌÁ×Ó ÁÒÅ ÎÏÔ ÐÏÓÔÕÌÁÔÅÓȟ ÁÎÄ ÓÏ ÔÈÅÒÅ ÉÓ ÎÏ guarantee that the quantity 

is conserved. In fact, we will show that, in general, it is not. 

Let us consider the simplest example of an inelastic collision we can imagine. ɍ4ÈÅÒÅ ÉÓ ÎÏ ȬÓÉm-

ÐÌÅȭ ÅØÁÍÐÌÅ ÏÆ ÁÎ ÅÌÁÓÔÉÃ ÃÏÌÌÉÓÉÏÎ ÔÈÁÔ ÉÓ ÉÎÔÅÒÅÓÔÉÎÇ ÔÏ ÕÓ right now, for the reason given below.] 

Let A and B be two identical billiard balls of mass ά with velocities Ἵ όὀ and Ἵ όὀ, re-

spectively, about to collide at the originȟ ÅÖÅÒÙÔÈÉÎÇ ÁÓ ÓÅÅÎ ÆÒÏÍ ÁÎ ÉÎÅÒÔÉÁÌ ÆÒÁÍÅ ᴕρ ɴ  ᴕꞈ 1. We 

will use a tilde to denote a post-collision quantity. Thus the post-collision velocities are 

Ἵ Ἵ . Then, clearly, as seen from ꞈ1, Newtonian momentum is conserved. 

Now consider a different frame ꞈ 2 ɴ  ᴕꞈ 2 in standard configuration relative to ꞈ 1 with relative 

speed ὺ ό equal to the pre-collision speed of A. In other words, ꞈ 2 is the pre-collision rest 

frame of A. According to Proposition NN, the ꞈ 2 pre-collision and post-collision velocities are 

Ἵ ȟ Ἵ
ςό

ρ
ό
ὧ

ὀ 

and 

Ἵ όὀȟ Ἵ όὀȢ 

Consequently, the total Newtonian momentum changes from 

άἽ
ςάό

ρ
ό
ὧ

ὀ
ςάό

ρ
ό
ὧ

ὀ 

to 

άἽ άόὀ άόὀ ςάόὀȢ 

Thus the absolute change 
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ȿɝἸȿḧ άἽ άἽ ςάό

ở

ờ
ρ

ρ
ό
ὧ

ρ

Ợ

Ỡ π 

and Newtonian momentum is not conserved in ꞈ 2. (Even though ɀ of course ɀ it is conserved to 

an excellent approximation at every-day speeds όḺὧ.) 

Now, this example is a bit special in that the collision is totally inelastic. Of course, special rela-

ti vity does not forbid inelastic collisions, but in a later section ×Å ×ÉÌÌ ÓÅÅ ÔÈÁÔ ȬÓÔÒÁÎÇÅȭ ÔÈÉÎÇÓ 

happen in such collisions (when relativistic effects are taken into account). Perhaps Newtonian 

momentum is conserved in relativity as well, as long as we restrict our attention to elastic colli-

sions? Obviously, such a restriction would seriously diminish the usefulness of the concept of 

ȬÍÏÍÅÎÔÕÍȭȟ ÂÕÔ ×Å ×ÉÌÌ ÓÅÅ next that not even in this very restrictive class of experiments is 

Newtonian momentum universally conserved. To show this, we cannot consider any of the sim-

plest experimental setups for elastic collisions, in which two identical balls A and B have oppo-

site pre-collision velocities Ἵ  and Ἵ Ἵ and collide at the origin at which point they re-

verse their velocities, so that Ἵ Ἵ  and Ἵ Ἵ . The reason is that, in such an experiment, 

the pre-collision situation is identical to the post-collision situation as far as velocities are con-

cerned. Indeed, Ἵ Ἵ  and Ἵ Ἵ, so the identical balls merely swap velocities. Therefore, 

momentum will be conserved almost no matter how it is defined (e.g., the quantity 

ВάἽÓÉÎÈό is conserved in this collision). 

Therefore, we need to consider a slightly more complicated setup. One possibility is this: Let 

Ἵ ὥὀ ὦὁȟ Ἵ ὦὁ 

where ὥȟὦ π. Thus, A is moving to the right and downwards, while B is moving straight up-

wards. Let them collide at the origin. Assume that Newtonian momentum is conserved; for in-

stance, let the post-collision velocities be 

Ἵ ὥὀ ὦὁȟ Ἵ ὦὁȢ 

This collision is clearly allowed in Newtonian mechanics; indeed, it is head-on. Now let ꞈ 2 be in 

standard configuration relative to ꞈ 1 with relative speed ὺ ὥ. In this frame, the pre-collision 

velocities are 

Ἵ
ὦ

‎ὥ ρ
ὥ
ὧ

ὁȟ Ἵ ὥὀ
ὦ

‎ὥ
ὁ 

while the post-collision velocities are 

Ἵ
ὦ

‎ὥ ρ
ὥ
ὧ

ὁȟ Ἵ ὥὀ
ὦ

‎ὥ
ὁȢ 

Therefore, the pre-collision total Newtonian momentum is 

άἽ
άὦ

‎ὥ ρ
ὥ
ὧ

ὁ άὥὀ
άὦ

‎ὥ
ὁ 

and the post-collision momentum is 
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άἽ
άὦ

‎ὥ ρ
ὥ
ὧ

ὁ άὥὀ
άὦ

‎ὥ
ὁȢ 

Clearly, the ὼ component of momentum happens to be conserved, but the ώ component changes 

from 

άὦ

‎ὥ

άὦ

‎ὥ ρ
ὥ
ὧ

π 

(since ὥȟὦȟά π) to 

ở

ờ
άὦ

‎ὥ

άὦ

‎ὥ ρ
ὥ
ὧ Ợ

Ỡ 

and so Newtonian momentum is not conserved in ꞈ 2. That is, not even in totally elastic colli-

sions is the Newtonian law of momentum conservation valid. Clearly, we have to abandon the 

Newtonian momentum ВάἽ. Although momentum so defined is a universally conserved quan-

tity in all every-day situations (to experimental accuracy), we have seen that strict universal 

conservation is impossible in general when relativistic effects are taken into account. 

However, all is not lost. It turns out that there is quantity that is fundamentally conserved even 

in relativity theory, and that tends to the Newtonian expression for momentum in the Newtoni-

an limit of low speeds. For this reason, we call this thÅ ȬÒÅÌÁÔÉÖÉÓÔÉÃ ÍÏÍÅÎÔÕÍȭȢ 

Definition 

The (relativistic)  momentum of a particle of mass ά and velocity Ἵ is 

Ἰḧ‎όάἽ 

where ‎ό is the Lorentz factor. 

Notice that ἸᴼάἽ as όᴼπ, and ɀ perhaps more importantly ɀ that the relativistic momentum 

is equal to the Newtonian momentum to experimental accuracy if όḺὧ. The (approximate) 

law of conservation of Newtonian momentum in the Newtonian limit όḺὧ thus becomes a 

corollary of the conservation of relativistic momentum. 

And, indeed, relativistic momentum is believed to be a fundamentally conserved quantity in na-

ture, even when full relativistic effects are considered. Unfortunately, there is no simple proof of 

this ɍÏÒ ÐÒÏÏÆ ÁÔ ÁÌÌȣɎ, as there is in the Newtonian case. Thus, at a first glance it might seem that 

the relativistic law of momentum conservation is profoundly less well motivated than the New-

tonian law, but this is not the case. 

The reason why we can prove the Newtonian law of momentum conservation is that we happen 

to have a postulate in the Newtonian theory that fits like a glove for this purpose, namely, New-

ÔÏÎȭÓ ÔÈÉÒÄ ÌÁ×Ȣ Hence, the Newtonian law of momentum conservation follows immediate from a 

postulate of the theory, and so it is essentially a postulate itself. Furthermore, the only rationale 

for a postulate in a physical theory is that it agrees with observations. From the above it should 
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be clear that it is not a deficiency of the special theory of relativity if we need to postulate the 

conversation of (relativistic) momentum. 

But if laws of momentum conservation cannot be proved, then how could we prove that Newto-

nian momentum is not conserved in relativity? Well, that is a different thing. You cannot prove a 

physical law of conversation unless it follows from the postulates of the theory. However, given a 

proposed law of conservation, you might actually be able to prove that this cannot be valid, by 

assuming that the law is valid one frame ꞈ 1 ɴ  ᴕꞈ 1 and then use the appropriate coordinate 

transformation (Galilean or Lorentz, for instance), and see that the law is not valid in some other 

frame. If you can show that it is not valid in some other frame ꞈ 2 ɴ  ᴕꞈ 2, then you have shown 

that the law cannot be valid. Indeed, not only does it reduce the applicability of a conservation 

law if it only applies in some frames, but it is also impossible to tell in which frames it is valid, for 

every inertial frame is equivalent to any other inertial frame. Consequently, if a law only applies 

ÉÎ ÓÏÍÅ ÉÎÅÒÔÉÁÌ ÆÒÁÍÅÓ ɉÁÔ ÍÏÓÔɊȟ ÔÈÅÎ ÉÔ ÉÓÎȭÔ Á ÌÁ× ÏÆ nature at all. 

-ÏÒÅ ÓÕÃÃÉÎÃÔÌÙ ÐÕÔȡ ÉÆ Á ÐÒÏÐÏÓÅÄ ÌÁ× ÏÆ ÎÁÔÕÒÅ ÉÓÎȭÔ ÃÏÍÐÁÔÉÂÌÅ ×ÉÔÈ ÔÈÅ ÐÏÓÔÕÌÁÔÅÄ ÃÏÏÒÄÉÎÁÔÅ 

ÔÒÁÎÓÆÏÒÍÁÔÉÏÎȟ ÔÈÅÎ ÉÔ ÉÓÎȭÔ Á ÌÁ× ÏÆ ÎÁÔÕÒÅȢ33 

Using this technique, we have shown that the law of conversation of Newtonian momentum can-

not be valid (other than approximately) in relativity, for it is not compatible with the Lorentz 

transformation. We also proposed an alternative law, the law of conversation of relativistic mo-

mentum. Although we cannot prove this, we can verify that it ɀ contrary to the law of conserva-

tion of Newtonian momentum ɀ is compatible with the Lorentz transformation. This we will do 

in a later section. In fact, we cannot prove it right now, because the proof requires an additional 

hypothesis, namely, the fact that ÁÌÓÏ ÔÈÅ ȬÒÅÌÁÔÉÖÉÓÔÉÃ ÅÎÅÒÇÙȭ ÉÓ ÃÏÎÓÅÒÖÅÄ ÉÎ ÔÈÅ ÏÒÉÇÉÎÁÌ ÆÒÁÍÅ 

(that is, in the frame in which we postulate the conservation of relativistic momentum). In other 

words, the ÃÏÎÃÅÐÔÓ ÏÆ ÍÏÍÅÎÔÕÍ ÁÎÄ ÅÎÅÒÇÙ ÓÅÅÍ ÔÏ ÂÅ ȬÅÎÔÁÎÇÌÅÄȭ ÉÎ ÓÐÅÃÉÁÌ ÒÅÌÁÔÉÖÉÔÙȢ 

Anyhow, we now state 

Postulate NN 

The total (relativistic) momentum is a fundamentally conserved quantity in any isolated system. 

"Ù ȬÔÏÔÁÌ ÒÅÌÁÔÉÖÉÓÔÉÃ ÍÏÍÅÎÔÕÍȟ ×Å ÍÅÁÎ ɉÁÔ ÌÅÁÓÔ ÓÏ ÆÁÒɊ ÔÈÅ ÓÕÍ В ‎ό άἽᶰ  if the isolated 

system consists only of a set of discrete matter particles with index set ὢ. We do not yet dare to 

speak about kinds of systems. Also, fÒÏÍ ÎÏ× ÏÎȟ ÂÙ ȬÍÏÍÅÎÔÕÍȭ ×Å ÍÅÁÎ relativistic momen-

tum. 

3.4.3 Proper Force 

7ÈÁÔ ÄÏ ×Å ÍÅÁÎ ÂÙ ȬÆÏÒÃÅȭȩ Classically, if an object is found to have acceleration Ἡ in an inertial 

frame, and is known to have (rest) mass ά, we deduce that the net force on the object is ἐ άἩ. 

Now, in relativity theory, since in any frame ꞈ  we can measure the components of the accelera-

tion, and we know the (rest) mass of the object, we could easily compute the components of άἩ 

ÁÎÄ ÃÁÌÌ ÔÈÁÔ ÔÈÅ ȬÆÏÒÃÅȭ ÏÎ ÔÈÅ ÏÂÊÅÃÔȢ "ÕÔ ×Å ×ÉÌÌ ÓÅÅ ÔÈÁÔ ÔÈÉÓ ÉÓÎȭÔ Á ÈÅÌÐÆÕÌ ÃÏÎÃÅÐÔȢ 

Assume that a particle travels along the ὼ axis of some inertial system ꞈ 1 ɴ  ᴕꞈ 1. The accelera-

tion is measured to be ὥȟ ÁÎÄ ÓÏ ÔÈÅ ȬÆÏÒÃÅȭ ÉÓ deduced to be 

                                                             
33 In this terminology, we proved in Proposition NN that the law of conservation of Newtonian momentum 
is compatible with the Galilean transformation. 
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Ὂ άὥȢ 

Now, let ꞈ 2 ɴ  ᴕꞈ 2 be another frame in standard configuration relative to 1ꞈ and with relative 

speed ὺ. In this frame, the acceleration is found to be 

ὥ
ρ

‎ ὺ ρ όὺὧϳ
ὥ 

according to Proposition 14. Hence, a ꞈ 2-ÂÏÕÎÄ ÏÂÓÅÒÖÅÒ ×ÉÌÌ ÄÅÄÕÃÅ ÔÈÁÔ ÔÈÅ ȬÆÏÒÃÅȭ ÏÎ ÔÈÅ ÐÁr-

ticle is 

Ὂ
άὥ

‎ ὺ ρ όὺὧϳ
άὥ 

(unless ὺ π, ὺ ό, or ὥ π). This is in contrast with  the Newtonian case, where the accelera-

tion (geometrically) is the same in any inertial frame, and so the force is the same; in standard 

configuration, even the components agree. It also entirely contradicts the usual idea that the 

force itself is a geometric, frame-independent, object. Intuitively, we would like to define some 

Ȭproper ÆÏÒÃÅȭ ÁÓ ÔÈÅ ÐÒÏÄÕÃÔ ÏÆ ÍÁÓÓ ÁÎÄ ÁÃÃÅÌÅÒÁÔÉÏÎ ÁÓ ÍÅÁÓÕÒÅÄ ÉÎ ÔÈÅ ÒÅÓÔ ÆÒÁÍÅ ÏÆ ÔÈÅ Ïb-

ÊÅÃÔȢ 4ÈÉÓ ×ÁÙ ÔÈÅ Ȭproper ÆÏÒÃÅȭ would be the same in any frame of reference. One problem with 

this approach, however, is that the rest frame of the object is not an inertial frame if the object is 

acceleratingȟ ÁÎÄ ÓÏ ×Å ÄÏ ÎÏÔ ËÎÏ× ÈÏ× ÔÏ ×ÏÒË ÉÎ ÉÔȢ &ÏÒ ÅØÁÍÐÌÅȟ %ÉÎÓÔÅÉÎȭÓ ÐÏÓÔÕÌÁÔÅÓ only 

concerns inertial frames. We will avoid this difficulty by doing some Ȭtrickeryȭ. 

Definition 17 

Let A be any object travelling through space. At any proper time ὸ as measured by a clock travel-

ling with A, let Ꞌꞈד , the instantaneous physical rest frame of A at time ὸ, be the physical frame 

containing all inertial  mathematical frames relative to which A is stationary (that is, momentari-

ly at rest) at time ὸ. Any mathematical frame ꞈ ᶰꞋꞈד  is called an instantaneous rest frame 

(IRF) of A at time ὸ. A standard instantaneous rest frame is an instantaneous rest frame 

ꞈᶰꞋꞈד  such that A is located at the origin of ꞈ at time ὸ. 

Notice that for every ὸ, every ꞈᶰꞋꞈד  is an inertial frame, and so we can do computations in it. 

If A travels with constant velocity relative to some inertial frame, then Ꞌꞈד Ꞌꞈד  for every 

pair ὸȟὸ . If, on the other hand, A has a non-zero acceleration at a time ὸ, there exists an ‭ π 

such that Ꞌꞈד Ꞌꞈד  for all π ȿɝὸȿ ‭. [Assuming that the acceleration is a continuous 

function of proper time.] 

Now we are ready to talk about forces. We will start with one ȬÉÍÁÇÉÎÁÂÌÅȭ definition of the con-

cept: 

Definition 18 

Let A be any object travelling through space. The proper acceleration Ἡ on A at time ὸ is the ac-

celeration as measured in an instantaneous rest frame ꞈᶰꞋꞈד . The proper force ἐ on A at 

time ὸ is the product of rest mass and proper acceleration at this time, that is, 

ἐ άἩȢ 

.ÏÔÉÃÅ ÔÈÁÔ ÉÔ ÄÏÅÓÎȭÔ ÍÁÔÔÅÒ which mathematical instantaneous rest frame we use to measure 

the acceleration, since it is a geometric vector independent of the coordinate system employed 

inside any given physical frame. This definition resembles the definition of the rest mass. In that 
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discussion, we saiÄ ÓÏÍÅÔÈÉÎÇ ÌÉËÅ ȰÄÅÆÉÎÅÄ ÔÈÉÓ ×ÁÙȟ ÔÈÅ ÒÅÓÔ ÍÁÓÓ ÉÓ ÔÈÅ ÓÁÍÅ ÉÎ ÁÎÙ ÉÎÅÒÔÉÁÌ 

ÆÒÁÍÅ ÏÆ ÒÅÆÅÒÅÎÃÅȱȢ "Ù that, we mean that any inertial observer can confirm that the rest mass 

has a particular value, ά say, simply by moving to an (instantaneous) rest frame and measuring 

the mass. The situation is more complicated here (when talking about the proper force), because 

the proper force is a vector, and in order to specify a vector (using its components), you need to 

agree on a basis, and there is generally no obvious choice of such a basis in the IRF. Nevertheless, 

there is nothing wrong with Definition 18 per se, but one needs to realise that it is awkward to 

talk about the proper force if you do not live inside an IRF of the object being under considera-

tion. 

AssÕÍÅ ÔÈÁÔ ÙÏÕ ÌÉÖÅ ÉÎÓÉÄÅ Á ÐÈÙÓÉÃÁÌ ÆÒÁÍÅ ᴕ1ꞈ, and that you are observing an object A with 

velocity Ἵ and (physical) instantaneous rest frame Ꞌꞈד  at some particular instance of time. 

Assume that the object is not at rest, that is, assume that ᴕ ρꞈ Ꞌꞈד . We are going to agree on 

a choice of mathematical frames 1ꞈ ɴ  ᴕꞈ 1 and ςꞈɴ Ꞌꞈד  in each of these two physical frames. 

We require that 

Á 2ꞈ is a standard IRF, and that 

Á 1ꞈ and ꞈ 2 are in standard configuration. 

Since ꞈ 2 is an IRF of A, the origin of ꞈ2 is moving with velocity Ἶ Ἵ relative to 1ꞈ, where Ἵ is 

the velocity of A relative to 1ꞈ. But the second requirement above implies Ἶ ὺὀ. Thus Ἵ όὀ, 

that is, A is moving (momentarily, at least) along the ὼ axis at the chosen instance of time. Pick 

any convenient spatial (ὖ) and temporal origin of ꞈ 1. Then we have determined the mathemati-

cal frames ꞈ 1 and ꞈ 2 up to a rotation of the basis vectors about the ὀ direction. 

&ÒÏÍ ÎÏ× ÏÎȟ ÅÖÅÒÙ ÔÉÍÅ ×Å ÔÁÌË ÁÂÏÕÔ Á ÖÅÃÔÏÒ ÉÎ ᴕ1ꞈ or Ꞌꞈד , the components are under-

stood to be relative to the respective bases. 

 

Figure 30. An inertial frame and an instantaneous rest frame . 

.Ï×ȟ ÌÅÔȭÓ ÓÔÁÒÔ ÄÏÉÎÇ ÓÏÍÅ ÃÁÌÃÕÌÁÔÉÏÎÓȢ Let the components of the geometric proper accelera-

tion vector Ἡ be ὥȟȟὥȟȟὥȟ  relative to the basis of ꞈ 2. Then the components of the acceler-

ation with respect to ꞈ 1 are 

ὥ ‎ὺ ὥȟ 

ὥ ‎ὺ ὥȟ 

ὀ 

ὁ ὀ 

ὁ 

ὖ 

ρꞈ 

ςꞈ 
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ὥ ‎ὺ ὥȟ 

as deduced by applying [the inverse of the transformation in] Proposition 14 [since 

όȟόȟό ]. Here ὺ, the relative speed between ꞈ1 and ꞈ 2, is equal to the speed of the ob-

ject as measured in ꞈ 1. Let us therefore call it ό instead. Multiplication by the (rest) mass ά then 

yields 

άὥ ‎ό άὥȟ ‎ό Ὂȟ 

άὥ ‎ό άὥȟ ‎ό Ὂȟ 

άὥ ‎ό άὥȟ ‎ό Ὂȟ 

where  ὊȟȟὊȟȟὊȟ  are the components of the proper force. Hence, 

Ὂȟ ‎ό άὥ 

Ὂȟ ‎ό άὥ 

 Ὂȟ ‎ό άὥȢ 

In the special case of motion along a straight line, we have 

Proposition 19 

Assume that a particle is travelling along the ὼ axis of some frame ꞈ 1 ɴ  ᴕꞈ 1 and that, at some 

point, has speed ό and acceleration ὥ relative to 1ꞈ. Then 

Ὂ ‎ό άὥ 

where Ὂ is the proper force on the particle at that time. 

We conclude this subsection by a beautiful relation. This far we have found a new, relativistic, 

ÄÅÆÉÎÉÔÉÏÎ ÏÆ ÍÏÍÅÎÔÕÍȟ ÁÎÄȟ ÉÎ ÁÄÄÉÔÉÏÎȟ ÉÎÔÒÏÄÕÃÅÄ ÔÈÅ ÃÏÎÃÅÐÔ ÏÆ ȬÐÒÏÐÅÒ ÆÏÒÃÅȭ ÁÓ ÔÈÅ ÆÏÒÃÅ 

ÏÂÓÅÒÖÅÄ ÉÎ ÁÎ )2&Ȣ Ȭ!ÃÃÉÄÅÎÔÁÌÌÙȭȟ ÔÈÅÓÅ ÄÅÆÉÎÉÔÉÏÎÓ ÉÍÐÌÙ 

Proposition 22 

Let  ꞈbe a frame and A an object travelling along the ὼ axis of ꞈ . Suppose that the proper force 

on A is Ὂ and that, as measured in ꞈ, the momentum of A is ὴ. Then 

Ὂ
Ὠὴ

Ὠὸ
Ȣ 

Thus, the one-dimensional momentum-ÄÅÒÉÖÁÔÉÖÅ ÆÏÒÍ ÏÆ .Å×ÔÏÎȭÓ ÓÅÃÏÎÄ ÌÁ× ÈÁÓ ÔÈÅ ÅØÁÃÔ 

same form in special relativity! Notice that the scalar proper force Ὂ is independent of the frame 

of reference, whereas both the coordinate time ὸ and momentum ὴ depend on the frame ꞈ . Ap-

parently, these dependencies cancel as to make ὨὴὨὸϳ  frame-independent. 

Proof of Proposition 22  

According to Proposition 19, Ὂ ‎ όάὥ. On the other hand, Definition 16 states that 

ὴ ‎όάό so that 

Ὠὴ

Ὠὸ
ά
Ὠ‎ό

Ὠό

Ὠό

Ὠὸ
ό ‎ό

Ὠό

Ὠὸ
ά
Ὠ‎ό

Ὠό
ό ‎ό ὥ ά‎ όὥ Ὂ 



ANDREAS REJBRAND D R A F T http://english.rejbrand.se 

 127/314 

since the rest mass ά is a constant.  ʉ

3.4.4 The Relativistic Force 

It is natural to ask what the meaning of the vector ὨἸὨὸϳ  (which certainly is well-defined) is in-

side any given frame. Of course, a priori , we have to assume that this quantity is frame-

dependant. We have already seen that, in the special case where the particle is confined to the ὼ 

axis, ὨὴὨὸϳ Ὂ, and so, in this case, 

ὨἸ

Ὠὸ

Ὠὴ

Ὠὸ
ȟ
Ὠὴ

Ὠὸ
ȟ
Ὠὴ

Ὠὸ

Ὠ

Ὠὸ
‎όάό ȟ

Ὠ

Ὠὸ
‎όάό ȟ

Ὠ

Ὠὸ
‎όάό Ὂȟπȟπ 

since the functions ὸm ό ὸ and ὸm όὸ are identical, and since ό ό π at all times. We 

will now investigate the general case, where the particle is not restricted to a straight line. In full 

generality, 

ὨἸ

Ὠὸ

Ὠ

Ὠὸ
‎όάἽ ά

Ὠ‎ό

Ὠὸ
Ἵ ‎ό

ὨἽ

Ὠὸ
ά
‎ό

ὧ
ό
Ὠό

Ὠὸ
Ἵ ά‎όἩȢ 

It may come as a surprise, but in general (and this is nothing else than Newtonian mechanics), 

Ὠό

Ὠὸ
ὥ 

where όḰȿἽȿ and ὥḰȿἩȿḰȿὨἽὨὸϳ ȿ.34 Therefore, in general, 

ἽẗἩ ό
Ὠό

Ὠὸ
ÃÏÓ᷁ἽȟἩȢ 

Instead, 

Ὠό

Ὠὸ

Ὠ

Ὠὸ
ȿἽȿ

Ὠ

Ὠὸ
ό ό ό

όὥ

ό ό ό

όὥ

ό ό ό

όὥ

ό ό ό

ρ

ό
 ◊ẗ╪Ƞ 

thus 

ἽẗἩ ό
Ὠό

Ὠὸ
Ȣ 

5ÓÉÎÇ ÔÈÉÓ ÉÄÅÎÔÉÔÙȟ ɉᴻɊ ÒÅÁÄÓ 

ὨἸ

Ὠὸ
ά
‎ό

ὧ
ἽẗἩἽ ά‎όἩȢ 

Let 

Ἡ Ἡ᷆ Ἡ  

where the parallel acceleration 

Ἡ᷆ḧ
ἩẗἽ

ȿἽȿ
Ἵ Ἵ᷆ 

and the orthogonal acceleration 

                                                             
34 Think of the case of circular motion with constant speed (cf. 1.4.3). Here Ἵ is constantly changing. In-
deed, Ἡ  is constant and points to the centre of the orbit. However, the speed ό ȿἽȿ is constant; thus 
ὨόὨὸϳ π. On the other hand, since Ἡ , the vector length ὥ ȿἩȿ π. Hence ὨόὨὸϳ ὥ. 
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Ἡ ḧἩ Ἡ᷆ṶἽȢ 

Then 

ὨἸ

Ὠὸ
ά
‎ό

ὧ
όἩ᷆ ά‎ό Ἡ᷆ Ἡ ά

‎ό

ὧ
ό ά‎ό Ἡ᷆ ά‎όἩ

ά‎ό Ἡ᷆ ά‎όἩȢ 

We now make 

Definition NN 

The relativistic force on a particle is 

ἐ
ὨἸ

Ὠὸ
 

where Ἰ is the (relativistic) momentum of the particle 

and conclude 

Proposition NN 

Let ἐ be the relativistic force on a particle with mass ά, velocity Ἵ, and acceleration Ἡ. Then 

ἐ ά
‎ό

ὧ
ἽẗἩἽ ά‎όἩ

ά‎ό Ἡ᷆ ά‎όἩ  

where Ἡ Ἡ᷆ Ἡ , Ἡ᷆ Ἵ᷆, and Ἡ ṶἽ. 

3.4.5 Comparison between Proper Force and Relativistic Force 

Assume the setup of Figure 30, where ꞈ 2 is an IRF of a particle that momentarily is moving in the 

ὀ direction relative to 1ꞈ. Let ἐ ὊȟȟὊȟȟὊȟ  be the proper force and let ἐ ὊȟὊȟὊ  be 

the relativistic force relative to ꞈ 1. Let the acceleration of the particle be 

Ἡ ὥὀ ὥὁ ὥὂ Ἡ᷆ Ἡ  

relative to 1ꞈ. Then the proper force components are 

Ὂȟ ‎ό άὥ 

Ὂȟ ‎ό άὥ 

 Ὂȟ ‎ό άὥ 

ɉÃÆȢ ᴻɊ while the relativistic  force components are 

Ὂ ‎ό άὥ 

Ὂ ‎όάὥ 

Ὂ ‎όάὥ 

using Proposition NN. Clearly the proper force and the relativistic force are two different con-

cepts. In addition, since the components of the proper force are Lorentz scalars (frame-

independent), it is clear that the components of the relativistic force are not, that is, they do de-
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pend upon the frame of reference.35 The ὼ component, however, coincides with the ὼ component 

of the proper force. Thus 

Observation NN 

The proper force and the relativistic force are two different concepts. However, in the special 

case of rectilinear motion, they coincide. In particular, while the components of the proper force 

are Lorentz scalars, the components of the relativistic force are not. 

Of course, an IRF of an object is equivalent to any other inertial frame, and so we can compute 

the relativistic force inside this frame. Since the object is at rest relative to this frame, ό π 

which implies ‎ό ρ and so the relativistic force is 

Ὂ άὥ 

Ὂ άὥ 

Ὂ άὥ 

which, by definition, are the components of the proper force. Thus 

Observation NN 

Inside an IRF of an object, the relativistic force on the object equals the proper force on it. 

We should also state the obvious: 

Observation NN 

Both the proper and the relativistic force tends to the Newtonian force in the Newtonian (low-

ÓÐÅÅÄɊ ÌÉÍÉÔȟ ×ÈÅÒÅ ÔÈÅ Ȭ.Å×ÔÏÎÉÁÎ ÆÏÒÃÅȭ ÉÓ ÄÅÆÉÎÅÄ ÁÓ ÔÈÅ ÐÒÏÄÕÃÔ ÏÆ ɉÒÅÓÔɊ ÍÁÓÓ ÁÎÄ ÁÃÃÅÌÅÒa-

tion. 

Finally, we have to point out, once again, that we have merely defined two quantities, the proper 

ÆÏÒÃÅ ÁÎÄ ÔÈÅ ÒÅÌÁÔÉÖÉÓÔÉÃ ÆÏÒÃÅȢ 4ÈÁÔȭÓ ÉÔȢ )Î ÐÁÒÔÉÃÕÌÁÒȟ ÔÈÉÓ ÍÅÁÎÓ ÔÈÁÔȟ ÅÖÅÒÙ ÔÉÍÅ ×Å ÔÁÌË ÁÂÏÕÔ Á 

ȬÆÏÒÃÅȭȟ ×Å ÎÅÅÄ ÔÏ ÓÐÅÃÉÆÙ ×ÈÁÔ ×Å ÍÅÁÎ ÂÙ ȬÆÏÒÃÅȭ ÉÎ ÔÈÁÔ ÃÁÓÅȢ 

3.4.6 Constant Force 

.ÏÔ ÏÎÌÙ ÉÓ ÔÈÅ ÃÏÎÃÅÐÔ ÏÆ ȬÐÒÏÐÅÒ ÆÏÒÃÅȭ Ãonvenient because it is frame-independent, but it is 

also a very natural  ÄÅÆÉÎÉÔÉÏÎ ÏÆ ÔÈÅ ȬÆÏÒÃÅȭ ÉÎ ÇÅÎÅÒÁÌȢ To appreciate this, think of a spaceship that 

is accelerating. At any time, there is an instantaneous rest frame of the ship. It is relative to this 

frame that the engines operate. [Which other frame could it possibly be?] Therefore, if the en-

                                                             
35 This follows from the definition of the proper force, and the difference between the exprÅÓÓÉÏÎÓ ɉᴻɊ ÁÎÄ 
ɉᴻɊȢ 3ÔÉÌÌȟ ÔÈÅÓÅ ÃÌÁÉÍÓ ÃÁÎ ÂÅ ÖÅÒÉÆÉÅÄ ÂÙ ÆÁÒ ÍÏÒÅ ÎÁāÖÅ ÍÅÔÈÏÄÓȢ )ÎÄÅÅÄȟ ÌÅÔ 1ꞈ and ꞈ 2 be two frames in 

standard configuration with any relative speed ὺ, and choose the velocity όȟόȟό  of a particle relative 

to 1ꞈ and the acceleration ὥȟὥȟὥ , also relative to ꞈ 1. Compute the numbers ὊȟȟὊȟȟὊȟ
‎ό άὥȟ‎ό άὥȟ‎ό άὥ  of the proper force. Now, use the Lorentz transformations to determine 

the components όȟόȟό  and ὥȟὥȟὥ  of the velocity and acceleration, respectively, with respect to 

2ꞈ. Then compute the proper force ὊȟȟὊȟȟὊȟ ‎ό άὥȟ‎ό άὥȟ‎ό άὥ  in 2ꞈ. You 

should get ὊȟȟὊȟȟὊȟ ὊȟȟὊȟȟὊȟ  for every choise of the parameters ὺ, όȟόȟό , and 

ὥȟὥȟὥ Ȣ 4ÈÉÓ ÃÏÎÆÉÒÍÓ ÔÈÁÔ ÔÈÅ ÐÒÏÐÅÒ ÆÏÒÃÅ ÉÓ Á ,ÏÒÅÎÔÚ ÉÎÖÁÒÉÁÎÔ ÖÅÃÔÏÒȟ ×ÈÅÎ ÃÏÍÐÕÔÅÄ ÕÓÉÎÇ ɉᴻɊȢ 

Then redo the same calculations using the relativistic force instead of the proper force, using the similar, 
but different, expressions in Proposition NN. You will find that the components, except for the ὼ compo-
nent, depend upon the frame. 
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gines have a fixed power ὖ, they will produce a constant force Ὂ relative to the Ꞌꞈד . This is the 

ȬÐÒÏÐÅÒ ÆÏÒÃÅȭȢ 

However, as we saw in the last section, ÁÎÏÔÈÅÒ ȬÒÅÁÓÏÎÁÂÌÅȭ ÃÏÎÃÅÐÔ ÏÆ ÆÏÒÃÅ ÉÓ ÔÈÅ ÒÅÌÁÔÉÖÉÓÔÉÃ 

force. In this section, we will investigate the case of a constant force acting on an object. Hence, it 

might seem like we have to choose either one of the concepts. Indeed, our goal is to find the ac-

celeration, and, via integration, the velocity and displacement formulae. Thus, we need to know 

if it is the proper force 

‎ό άὥȟ‎ό άὥȟ‎ό άὥ  

or the relativistic force 

‎ό άὥȟ‎όάὥȟ‎όάὥ  

that is constant. Fortunately, however, we will only be interested in long-distance, galactic trav-

el, and such journeys occur along straight lines. Hence, we will only be moving along the ὼ axis of 

some inertial coordinate system, and ɀ lucky us ɀ the ὼ ÃÏÍÐÏÎÅÎÔÓ ÁÇÒÅÅȢ Ȭ0ÒÏÂÌÅÍ ÓÏÌÖÅÄȦȭ 

Now, let us investigate this more thoroughly. Let the constant (proper, say) force on the ship be 

Ὂ. Then, according to an observer in an inertial frame ꞈ1 that is in standard configuration with 

every Ꞌꞈד ᶰꞋד,ꞈ the coordinate acceleration is 

ὥ
Ὂ

‎ όά
 

from Proposition 19. This is 

Ὠό

Ὠὸ

Ὂ

ά
ρ
ό

ὧ

ϳ

ȟ 

that is, a first-order non-linear ODE in the coordinate speed ό. It is clearly separable, for 

Ὢό
Ὠό

Ὠὸ
ḧ ρ

ό

ὧ

ϳ
Ὠό

Ὠὸ

Ὂ

ά
Ȣ 

Integration yields 

ό‎ό
Ὂ

ά
ὸ ὅ 

for some constant ὅ, as is verified by differentiation. Assume that the ship starts from rest at the 

Earth (the spatial origin) at time ὸ π; then ὅ π. Solve for όὸ and find 

όὸ
Ὂὸ

ά ὧ Ὂὸ
 

assuming all quantities positive. This is trivial to integrate: 

ὼὸ
ὧ

Ὂ
ά ὧ Ὂὸ ὈȢ 

Recalling that Ὂ άὥ, where ὥ is the proper acceleration, we find 

ὼὸ
ὧ

ὥ
ὧ ὥὸ

ὧ

ὥ
Ȣ 



ANDREAS REJBRAND D R A F T http://english.rejbrand.se 

 131/314 

where we also have chosen Ὀ ὧ ὥϳ  as is required by ὼπ π. The inverse relation is 

ὸὼ
ὼ

ὧ

ςὼ

ὥ
Ȣ 

For future use, we ÁÌÓÏ ÎÏÔÉÃÅ ÔÈÁÔ ɉᴻɊ ÁÎÄ ɉᴻɊ ÃÏÍÂÉÎÅ ÔÏ ÇÉÖÅ 

όὼ
ὥὼ ςὧὥὼ

ὧ
ὥὼ

ὧ
ςὥὼ

Ȣ 

Let us now pause for a few observations. 

Observation 20 

As seen from an inertial frame ,ꞈ the speed of an object accelerating along the ὼ axis due to a 

constant proper force can never exceed the speed of light, but will approach it indefinitely. 

Proof  

As seen from ꞈ , the speed of the object is 

όὸ
Ὂὸ

ά ὧ Ὂὸ

ρ

ά
Ὂὸ

ρ
ὧ

ὧ ὸᶅ π
ᴼὧ ÁÓ ὸO Њ

 

  ʉ

We are now interested in how an observer on board the spaceship perceives the journey. Due to 

time dilation/length contraction, an on-board passenger should not think that the journey is as 

long as an observer at rest on Earth would. Let Ὠὸ be a short interval of Earth time, and Ὠ† the 

corresponding short moment of proper time inside the ship [by which we really mean inside an 

instantaneous rest frame]. Then Ὠὸ‎ὺὨ† where ὺ is the current speed of the ship. Let ὸ ὸǿ 

be the time of the arrival at Vega, say, relative to Earth, and let ὸ ὸǿ be the proper time inside 

the ship of the very same event. ὸ ὸ π at Earth. Then 

ὸǿ Ὠ†
ρ

‎ὺ
Ὠὸ ρ

ὺ

ὧ
Ὠὸ ρ

Ὂὸ

ὧά Ὂὸ
Ὠὸ 

ÕÓÉÎÇ ɉᴻɊȢ 3ÏÍÅ ÁÌÇÅÂÒa yields 

ὸǿ
ρ

ρ
ὥ

ὧ
ὸ

Ὠὸ
ὧ

ὥ
ÁÒÃÓÉÎÈ

ὥ

ὧ
ὸǿȢ 

Example 21 

The (proper) distance between the Earth and Vega is ὼ ςυ light-years. We assume a constant 

proper acceleration of ὥ ωȢψ Í Óϳ  which is optimal for the human musculoskeletal system. 

Then ɉᴻɊ ÇÉÖÅÓ the duration ὸǿ ςφ ÙÅÁÒÓ. But a passenger will (according to herself) be there 

already in ὸǿ σȢω ÙÅÁÒÓ. 
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Armed with the tremendous power of special relativity, we should really not be this modest. Let 

us instead travel to the Andromeda galaxy. The proper distance is now ὼ ςȢυ million light -

years. This journey will take 2.5 million years of Earth time. But a passenger will (again, accord-

ing to herself) be there in only 15 years! 

The diameter of the observable universe is ὼ ωσ billion light -years. A journey of this distance 

takes 93 billion years, but a passenger will only age 25 years. 

Exercise: The above computations all assume that the traveller accelerates with 

constant proper acceleration the entire journey. A more realistic case is that the 

journey ends with zero speed. Assuming that the spaceship accelerates during the 

first half of the journey and slows down during the second half, how long would 

the above journeys take? 

3.4.7 Energy 

In addition to the kinematical surprises [an upper speed limit, time dilation, length contraction, 

ÒÅÌÁÔÉÖÉÔÙ ÏÆ ÓÉÍÕÌÔÁÎÅÉÔÙȟ ÅÔÃȢɎ ÔÈÁÔ ÆÏÌÌÏ× ÉÍÍÅÄÉÁÔÅÌÙ ÆÒÏÍ %ÉÎÓÔÅÉÎȭÓ ÐÏÓÔÕÌÁÔÅÓȟ Á ÍÁÊÏÒ ȬÒe-

ÓÕÌÔȭ ÉÎ 3ÐÅÃÉÁÌ 2ÅÌÁÔÉÖÉÔÙ ÉÓ ÔÈÅ ÏÆÔÅÎ-ÍÉÓÕÎÄÅÒÓÔÏÏÄ ȬÅÑÕÉÖÁÌÅÎÃÅȭ ÂÅÔ×ÅÅÎ ÍÁÓÓ ÁÎÄ ÅÎÅÒÇÙȟ ÁÓ 

quantified by the easy-to-write but hard-to-explain relation Ὁ άὧ. This is indeed a subject 

ÓÕÒÒÏÕÎÄÅÄ ÂÙ ÇÒÅÁÔ ÃÏÎÆÕÓÉÏÎȢ )Ô ÉÓ ÅÁÓÙ ÔÏ ÔÈÉÎË ÔÈÁÔ ÏÎÅ ȬÕÎÄÅÒÓÔÁÎÄÓȭ ÔÈÅ ȬÅÑÕÉÖÁÌÅÎÃÅȭ ÊÕÓÔ 

because one has memorized the extremely well-known formula Ὁ άὧ, but this is utterly 

×ÒÏÎÇȢ ! ÆÏÒÍÕÌÁ ÉÓ ÎÏÔÈÉÎÇ ×ÉÔÈÏÕÔ Á ÃÏÎÔÅØÔȟ ÁÎÄȟ ÉÎ ÔÈÉÓ ÃÁÓÅȟ ÔÈÅ ÃÏÎÔÅØÔ ÉÓ ÆÁÒ ÆÒÏÍ ȬÅØÔÒÅÍe-

ly well-ËÎÏ×ÎȭȢ 

First of all, the context need to explain what Ὁ and ά really stand for in the formula. When it 

comes to ά, from a classical point of view, we might want to specify what kind of mass we are 

talking about: the inertial mass, the active gravitational mass, or the passive gravitational mass. I 

do not think this is the main issue, because these masses are identical in essentially all estab-

lished theories. Yet ά is not unproblematic, because we need to specify if ά is the rest mass or 

the relativistic mass. Even worse, if we start to speak about the mass of non-material fields, such 

ÁÓ ÔÈÅ ȬÍÁÓÓȭ ÏÆ ÁÎ %- ÆÉÅÌÄȟ ÁÓ ÉÎÄÅÅÄ ÏÎÅ ÏÆÔÅÎ ÄÏÅÓ ×ÈÅÎ ÏÎÅ ÓÐÅÁËÓ ÁÂÏÕÔ ÔÈÅ ÍÁÓÓ-energy 

ÅÑÕÉÖÁÌÅÎÃÅȟ ÔÈÅÎ ×ÈÁÔ ÉÎ ÔÈÅ ×ÏÒÌÄ ÄÏ ×Å ÍÅÁÎ ÂÙ ȬÍÁÓÓȭȩ 

When we have settled for a definition of ά, we need to decide on what Ὁ quantifies. Is it the ki-

netic energy? The total mechanical energy? The total  energy? In fact, just as we defined a new 

expression for the momentum in special relativity, we will define a new expression for the ener-

gy, both kinetic and total. There are several ways of doing this, and, whatever way we choose, we 

have to remember that we have only made a definition. We have postulated an expression (mo-

tivated by some rather weak ideas), and given it a special name. A priori, there is no reason to 

believe that this quantity should have any physical significance. It is interesting, however, that 

ÏÎÅ ÏÆ ÔÈÅ ÍÏÓÔ ÎÁÔÕÒÁÌ Ȭ×ÅÁË ÉÄÅÁÓȭ ÁÃÔÕÁÌÌÙ ÇÉÖÅÓ ÒÉÓÅ ÔÏ ÔÈÅ ÆÁÍÏÕÓ Ὁ άὧ formula rather 

ÑÕÉÃËÌÙȢ )Î ÔÈÉÓ ×ÁÙȟ ÓÐÅÃÉÁÌ ÒÅÌÁÔÉÖÉÔÙ ȬÓÕÇÇÅÓÔÓȭ ÔÈÅ ÍÁÓÓ-ÅÎÅÒÇÙ ȬÅÑÕÉÖÁÌÅÎÃÅȭȟ ÂÕÔ ÉÔ ÓÁÙÓ ÎÏÔh-

ÉÎÇ ÁÂÏÕÔ ÉÔÓ ÐÈÙÓÉÃÁÌ ÍÅÁÎÉÎÇȟ ÁÔ ÌÅÁÓÔ ÎÏÔ ×ÈÅÎ ÄÅÒÉÖÅÄ ÉÎ ÔÈÅ ÕÓÕÁÌ ×ÁÙȟ ÆÒÏÍ ÔÈÅ Ȭ×ÅÁË ÉÄÅÁȭȢ 

Finally, if we have somehow settled for a precise definition of ά and Ὁ, we need to specify under 

what circumstances Ὁ άὧ holds. Overall, Ὁ άὧ is easy-to-state but very hard to explain. 

Let us now go into the details. We will start by deriving Ὁ άὧ ÆÒÏÍ ÔÈÅ ÕÓÕÁÌ Ȭ×ÅÁË ÉÄÅÁȭȢ 
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We first define relativistic work on a particle as the line integral of proper force. For simplicity, 

we will restrict the analysis to the one-dimensional case. Therefore, you can equally well think of 

the proper force as being the relativistic force, if you prefer so. The spatial variables used in the 

line integral are not those of an instantaneous rest frame of the particle, but rather those of an 

observer in a frame relative to which we are interested in the ȬÒÅÌÁÔÉÖÉÓÔÉÃ kinetic energyȭ [which 

we define as the relativistic work required to obtain it]. Let the position of the particle be ὼὸ at 

time ὸ. Then the relativistic work done between ὸ π and ὸ ὸǿ is 

ὡḧ ὊὨὼ
Ὠ

Ὠὸ
‎όάόόὨὸά ό

Ὠ

Ὠὸ
‎ό ‎όὥόὨὸ

ά όẗ
ό‎ ό

ὧ
ὥ ‎όὥ όὨὸά

ό‎ ό

ὧ
ρ‎όὥόὨὸ

ά ‎ όὥόὨὸȢ 

Restrict attention to the schoolbook case where ὸm όὸ is a strictly increasing function. Then 

we can change variable of integration from ὸ to ό. Assume also that όπ π and όὸǿḨό. Since 

Ὠό ὥὨὸ, 

ὡ ά ‎ όόὨό ά‎όὧ ά‎όὧ άὧȢ 

This motivates36 

Definition 23 

The relativistic kinetic energy of a particle of (rest) mass ά and speed ό is 

Ὁ ‎όάὧ άὧ ‎ό ράὧȢ 

Taylor expansion yields 

‎όάὧ άὧ
ρ

ς
άό ὕό  

and so we have 

Proposition 24 

Let a particle of rest mass ά and speed ό have relativistic kinetic energy Ὁ. Then 

Ὁͯ
ρ

ς
άόȟ όḺὧȢ 

Thus, the Newtonian kinetic energy is the low-speed limit of the relativistic kinetic energy. The 

expression in $ÅÆÉÎÉÔÉÏÎ ςσ ÌÏÏËÓ Á ÂÉÔ ÆÕÎÎÙȢ )Ô ȬÓÏÒÔ ÏÆȭ ÓÕÇÇÅÓÔÓ 

Definition 24 

The total energy of a particle of (rest) mass ά and speed ό is 

                                                             
36 Notice that, although the speed of a particle is bounded from above by the speed of light, there is no 
limit on the kinetic energy; indeed, Ὁ ᴼЊ as όᴼὧ. 
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Ὁ ‎όάὧȢ 

The rest energy of such a particle is 

Ὁ άὧȢ 

Notice that Ὁ Ὁ Ὁ. In the rest frame of the particle, ό π and so Ὁ π and Ὁ Ὁ. That 

is, the rest energy is the total energy of the particle in its rest frame, where it has no kinetic en-

ergy. In a frame in which the particle is moving, the total energy is the sum of its rest energy and 

its kinetic energy. Hence, the rest energy is an invariant scalar ɀ it is the same in every frame. 

The subscript zero reminds us of this. It is not uncommon that texts on special relativity at this 

ÐÏÉÎÔ ÓÁÙÓ ÓÏÍÅÔÈÉÎÇ ÓÅÅÍÉÎÇÌÙ ÓÔÕÐÉÄ ÌÉËÅ ȰÔÈÕÓȟ 3ÐÅÃÉÁÌ 2ÅÌÁÔÉÖÉÔÙ ÒÅÑuires an object at rest to 

have a non-zero energy equal to άὧȱȢ 4ÈÉÓ ÉÓ ÎÏÎÓÅÎÓÅȢ &ÉÒÓÔȟ $ÅÆÉÎÉÔÉÏÎ ςτ ÉÓ ÎÏÔÈÉÎÇ ÂÕÔ Á ÄÅÆi-

nition, so the Ὁ άὧ  ȬÒÅÓÕÌÔȭ ÉÓ Á ÄÅÆÉÎÉÔÉÏÎȟ ÎÏÔ Á ÔÈÅÏÒÅÍȢ )Î ÁÄÄÉÔÉÏÎȟ ×Å ÈÁÖÅ ÎÏ a priori 

ÒÅÁÓÏÎ ÔÏ ÂÅÌÉÅÖÅ ÔÈÁÔ ÔÈÅ ȬÅÎÅÒÇÙȭ ÄÅÆÉÎÅÄ ÂÙ $ÅÆÉÎÉÔÉÏÎ ςτ ÈÁÓ ÁÎÙ ÐÈÙÓÉÃÁÌ ÓÉÇÎÉÆÉÃÁÎÃÅȟ ÓÕÃÈ ÁÓ 

conservation. In addition, from a classical (or, rather, Newtonian) point of view, should there be 

any rest energy, it should not be physically detectable in any way, for it is a constant, namely, 

άὧ, and we are always free to shift the zero of potential energy without altering any of the 

physics. 

From now on, when we talk about total energy and kinetic energy, we mean total relativistic 

energy and relativistic kinetic energy, respectively. We also postulate 

Postulate 

The total (relativistic) energy is a fundamentally conserved quantity in any isolated system. 

"Ù ȬÔÏÔÁÌ ÒÅÌÁÔÉÖÉÓÔÉÃ ÅÎÅÒÇÙȭȟ ×Å ÍÅÁÎ (at least so far) the sum В ‎ό άὧᶰ  if the isolated sys-

tem consists only of a set of discrete matter particles with index set ὢ. We do not yet dare to 

speak about kinds of systems. 

3.4.8 Relativistic Mass 

Before continuing our investigation of the physics of special relativity, we will introduce a spe-

cial name for the product ‎όά between the Lorentz factor and the mass of a particle of mass ά 

and speed ό. 

Definition 26 

Let ꞈ  be an inertial frame. The relativistic mass in  ꞈof a particle with mass ά moving with speed 

ό relative to  ꞈis 

ά ‎όά 

where ά is the rest mass of the particle. 

Note that the relativistic mass is the same as the rest mass in the inertial  rest frame of the parti-

cle [should such a frame exist]. This is a rather nice frame-dependant quantity, for we have 

Corollary 27 

The momentum ὴ and total energy Ὁ of a particle with relativistic mass ά  and speed ό are 
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ὴ άόȟ Ὁ άὧȢ 

The proper force is 

Ὂ
Ὠ

Ὠὸ
άόȢ 

Notice in particular that ὴ άό has the exact same form as the Newtonian form of momentum, 

and, of course, ά άͯ in the Newtonian limit όḺὧ since ‎όᴼρ as όᴼπ. We will always use 

Á ÓÕÂÓÃÒÉÐÔ Ȭὶȭ ×ÈÅÎ ÄÅÎÏÔÉÎÇ Á ÒÅÌÁÔÉÖÉÓÔÉÃ ÍÁÓÓȢ )Î ÁÄÄÉÔÉÏÎȟ ×ÈÅÎ ×Å ÓÐÅÁË ÏÆ ȬÍÁÓÓȭȟ ×Å ×ÉÌÌ 

mean the rest mass, and not the relativistic mass. If we wish to speak about the relativistic mass, 

thus, we will always say so explicitly. 

3.4.9 Compatibility of Conservation Laws with the Lorentz transformation 

We can now prove the promised ɀ and very important ɀ result that the relativistic law of mo-

mentum conservation is compatible with the Lorentz transformation. As remarked in section XX 

above, in order to prove this, we need the additional hypothesis that also the total relativistic 

energy is conserved in the original frame. In addition, it turns out that, as a bonus, we will also be 

able to prove that the relativistic law of energy conservation is compatible with the Lorentz 

transformation. .Ï×ȟ ÌÅÔȭÓ ÔÕÒÎ ÔÏ ÔÈÅ ÐÒÏÏÆȢ 

Theorem NN 

The laws of conservation of (relativistic) momentum and (relativistic) total energy are compati-

ble with the Lorentz transformation. 

Proof 37 

Assume that the total relativistic momentum ἸḧВ ‎ό άἽᶰ  of some system is conserved 

in one inertial frame 1ꞈ ɴ  ᴕꞈ 1, and let ꞈ 2 ɴ  ᴕꞈ 2 be any other inertial frame in standard con-

figuration relative to 1ꞈ with relative speed ὺ π, in which the total momentum is Ἰḧ

В ‎ό άἽᶰ . Now let an arbitrary amount of time pass, after which the momenta are 

ἸḧВ ‎ό άἽᶰ  and ἸḧВ ‎ό άἽᶰ  in 1ꞈ and 2ꞈ, respectively. Our assumption is 

thus 

Ἰ ἸȢ 

We will consider one of the particles, the Ὥth, say, but for the sake of notational simplicity, we 

×ÉÌÌ ÄÒÏÐ ÔÈÅ ÓÕÂÓÃÒÉÐÔ ȬὭȭȢ ,ÅÔ ÔÈÅ ÖÅÌÏÃÉÔÙ ÏÆ ÔÈÅ ÐÁÒÔÉÃÌÅ ÂÅ Ἵ όȟόȟό  in 1ꞈ. In 2ꞈ the 

mass of the particle is still ά, since the rest mass is frame-independent. The velocity, however, is 

Ἵ
ό ὺ

ρ όὺὧϳ
ȟ

ό

‎ὺ ρ όὺὧϳ
ȟ

ό

‎ὺ ρ όὺὧϳ

ρ

ρ όὺὧϳ
ό ὺȟ

ό

‎ὺ
ȟ
ό

‎ὺ
Ȣ 

In 1ꞈ, the initial  and final momenta of this particle are 

‎όάἽ ‎όάόȟόȟό ȟ   ÁÎÄ 

                                                             
37 Throughout this proof, we assume that the rest mass of each particle is a constant of motion before, 
during, and after the collision, since at this point it would not seem natural to assume anything else. How-
ever, notice that the proof remains valid even if the pre-collision and post-collision rest masses of each 
particle are allowed to be different. 
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‎όάἽ ‎όά όȟόȟό  

(which, of course, might differ) while in ꞈ 2 the initial  momentum is 

‎ό άἽ
ά

ρ
όὺ
ὧ

ρ
ό
ὧ

ό ὺȟ
ό

‎ὺ
ȟ
ό

‎ὺ
 

where 

ό ḰȿἽȿ
ό ὺ

ρ όὺὧϳ

ό

‎ὺ ρ όὺὧϳ

ό

‎ὺ ρ όὺὧϳ
 

so that (this takes a few lines to check) 

ρ
ό

ὧ

ὧ ὺ ὧ ό ό ό

ὧ όὺ

ὧ ὺ ὧ ό

ὧ όὺ
 

and (this is immediate, though!) 

ρ
όὺ

ὧ
ρ
ό

ὧ

ὧ ό ὧ ὺ

ὧ
Ȣ 

4ÈÕÓ ÔÈÅ ÐÁÒÔÉÃÌÅȭÓ initial  momentum ɉᴻɊ ÉÓ 

‎ό άἽ
άὧ

ὧ ό ὧ ὺ
ό ὺȟ

ό

‎ὺ
ȟ
ό

‎ὺ

‎όά‎ὺ ό ὺȟόȟό Ȣ 

Similarly, the final momentum is found to be 

‎ό άἽ ‎όά ‎ὺ ό ὺȟόȟό Ȣ 

Thus the change of momentum, as seen from ꞈ2, is 

ɝἸḧἸ Ἰ ‎ό ά ‎ὺ όȟ ὺȟόȟȟόȟ
ᶰ

 ‎ό ά ‎ὺ όȟ ὺȟόȟȟόȟ
ᶰ

Ἥ

‎ὺ ά‎ό όȟ ά‎ό όȟ ά‎ό ὺ ά‎ό ὺ

ά‎ό όȟ ά‎όόȟ
ά‎ό όȟ ά‎όόȟᶰ

Ἥ

‎ὺ ά‎ό όȟ ά‎ό όȟ
ά‎ό όȟ ά‎όόȟ
ά‎ό όȟ ά‎όόȟᶰ

‎ὺ ά‎ό ὺ ά‎ό ὺ ὀ

ᶰ

Ȣ 

The first sum is obviously zero by virtue of Ἰ Ἰ. The second sum is zero if and only if 

‎ὺ ά‎ό ὺ ά‎ό ὺ ὀ

ᶰ

‎ὺὺὀ ά‎ό ά‎ό

ᶰ

‎ὺὺ

ὧ
ὀ ‎ό άὧ ‎ό άὧ

ᶰ

‎ὺὺ

ὧ
ὀ ‎ό άὧ

ᶰ

‎ό άὧ

ᶰ

‎ὺὺ

ὧ
ὀẗɝὉ π 
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that is, if and only if we assume that the change in total energy 

ɝὉḧ ‎ό άὧ

ᶰ

‎ό άὧ

ᶰ

π 

in 1ꞈ. We finally show that the total energy is conserved in ꞈ2 too. The initial total energy in 2ꞈ 

is 

Ὁḧ ‎ό άὧ

ᶰ

άὧ ὧ όȟὺ

ὧ ὺ ὧ όᶰ

 

while the final total energy is 

Ὁḧ ‎ό άὧ

ᶰ

άὧ ὧ όȟὺ

ὧ ὺ ὧ όᶰ

Ȣ 

Thus, the change in total energy is 

ɝὉḧὉ Ὁ
άὧ ὧ όȟὺ

ὧ ὺ ὧ όᶰ

άὧ ὧ όȟὺ

ὧ ὺ ὧ όᶰ

ὧ

ὧ ὺ
ụ
Ụ
Ụ
ợ
άὧ ὧ όȟὺ

ὧ όᶰ

άὧ ὧ όȟὺ

ὧ όᶰ
Ứ
ủ
ủ
Ủ

‎ὺ ά‎ό ὧ όȟὺ

ᶰ

ά‎ό ὧ όȟὺ

ᶰ

‎ὺ ά‎ό ὧ ά‎ό όȟὺ ά‎ό ὧ ά‎ό όȟὺ

ᶰ

‎ὺ ά‎ό ὧ ά‎ό ὧ

ᶰ

ὺ‎ὺ ά‎ό όȟ ά‎ό όȟ
ᶰ

Ȣ 

The first sum is 

ά‎ό ὧ ά‎ό ὧ

ᶰ

ḰɝὉ π 

and the second is 

ά‎ό όȟ ά‎ό όȟ
ᶰ

ά‎ό ό ά‎ό ό

ᶰ

ẗὀ ɝἸẗὀ πȢ 

Therefore, ɝὉ π and total energy is also conserved in ꞈ2. Thus, we have shown 

ɝἸ π
ɝὉ π

ᵼ
ɝἸ π

ɝὉ π
 

for any primed inertial frame and at any later time, which is a precise statement of the theorem. ʉ

It is interesting that the concepts of momentum and energy ɍÃÏÎÓÅÒÖÁÔÉÏÎɎ ÁÒÅ ȬÅÎÔÁÎÇÌÅÄȭ ÉÎ 

ÓÐÅÃÉÁÌ ÒÅÌÁÔÉÖÉÔÙȢ 4ÈÉÓ ÒÅÍÉÎÄÓ ÏÆ ÔÈÅ ÆÁÃÔ ÔÈÁÔ ÓÐÁÃÅ ÁÎÄ ÔÉÍÅ ÁÒÅ ȬÅÎÔÁÎÇÌÅÄȭ ÂÙ ÔÈÅ ,ÏÒÅÎÔÚ 

transformation. It is an amazing fact that the momentumɀenergy entanglement is of the exactly 

same form as the spaceɀtime entanglement, as is evident from 
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Theorem NN 

Let 1ꞈ ɴ  ᴕꞈ 1 and ꞈ 2 ɴ  ᴕꞈ 2 be two inertial frames in standard configuration and with relative 

speed ὺ. Let a particle have momentum Ἰ ὴȟὴȟὴ  and energyὉ as seen from ꞈ 1, and 

Ἰ ὴȟὴȟὴ  and Ὁ as seen from ꞈ 2. Then 

Ὁ ‎ὺ Ὁ ὺὴ  

ὴ ‎ὺ ὴ ὺὉὧϳ  

ὴ ὴ 

ὴ ὴ 

where ‎ὺ ρ ὺ ὧϳ ϳ  is the Lorentz factor. 

Proof  

Let the particle have mass ά and velocity Ἵ όȟόȟό  in 1ꞈ. Then it has momentum 

ὴ ‎όάό 

ὴ ‎όάό  

ὴ ‎όάό 

and total energy 

Ὁ ‎όάὧȢ 

In 2ꞈ, the rest mass is naturally the same, but the velocity is ÃÈÁÎÇÅÄ ÔÏ ɉᴻɊȟ ÔÒÁÎÓÆÏÒÍÉÎÇ ÔÈÅ 

ÍÏÍÅÎÔÕÍ ÉÎÔÏ ɉᴻɊ. But this can be written 

ὴ ‎ό‎ὺάό ὺ

‎ὺ ‎όάό ‎όάὺ

‎ὺ ὴ ὺὉὧϳ  

ὴ ‎όάό Ḱὴ 

ὴ ‎όάόḰὴȢ 

&ÒÏÍ ɉᴻɊȟ ×Å ÒÅÃÁÌÌ ÔÈÁÔ Ôhe energy is transformed to 

Ὁ
άὧ ὧ όὺ

ὧ ὺ ὧ ό
ά‎ὺ‎ό ὧ όὺ ‎ὺ ‎όάὧ ‎όάόὺ

‎ὺ Ὁ ὴὺȢ 

 ʉ

3.4.10 The MassςEnergy Equivalence 

Let us recapitulate on what we have done in SR dynamics so far. 

Á The law of conservation of Newtonian momentum is incompatible with the postulates of 

special relativity.38 

Á The law of conservation of relativistic momentum is compatible with the postulates of 

special relativity. This does not prove that the law is valid; only experimental verification 

can make us certain of this. Just as experimental verification made Newton postulate the 

                                                             
38 We have shown that the law is incompatible with the Lorentz transformation, but since the latter fol-
lows immediately from the postulates of the theory, the law is actually incompatible with the postulates. 
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.Å×ÔÏÎÉÁÎ ÌÁ× ÏÆ ÍÏÍÅÎÔÕÍ ÃÏÎÓÅÒÖÁÔÉÏÎ ɉÖÉÁ .Å×ÔÏÎȭÓ ÔÈÉÒÄ ÌÁ×Ɋȟ ÅØÐÅÒÉÍÅÎÔÁÌ ÖÅÒi-

fication make us certain enough to postulate the relativistic law of momentum conserva-

tion. In addition, an important theoretical fact suggesting this law is that it reduces to the 

Newtonian law (which we are far more familiar with) in the low -speed limit. 

 

In addition, but on a slightly less rigorous, and almost poetical level, we can make a sim-

ple observation. Let the phrase ȬÒÅÌÁÔÉÖÉÓÔÉÃ ÇÅÎÅÒÁÌÉÓÁÔÉÏÎ ÏÆ .Å×ÔÏÎÉÁÎ ÍÏÍÅÎÔÕÍȭ Äe-

note a new expression that (1) tends to the expression for the Newtonian momentum in 

the low-speed limit (2) and is compatible the postulates of special relativity (in particu-

lar with the Lorentz transformation) . Then we also have the encouraging fact that the 

relativistic expression ‎όάἽ ÉÓ ÐÒÏÂÁÂÌÙ ÔÈÅ ȬÓÉÍÐÌÅÓÔȭ ÒÅÌÁÔÉÖÉÓÔÉÃ generalisation of 

Newtonian momentum άἽ there is. 

Á We have found a new expression for the kinetic and total energy such that the law of to-

tal energy conservation is compatible with the Lorentz transformation. This law also re-

duces to the Newtonian law in the low-speed limit, and encouraged by experimental ver-

ification we postulate this new law. In fact, we have to postulate this law if we wish to 

postulate the law of conservation of momentum, because of the entanglement. That is, ei-

ther we postulate none of the conversation laws, or we postulate both. Encouraged by 

both theoretical suggestions (such as the low-speed limits) and experimental verification 

(especially the latter), we feel little shame in postulating both. 

3.4.10.1 An Inelastic Collision: The Rest Mass 

We will now consider a simple inelastic collision. Let A and B be two billiard balls of equal rest 

mass ά and pre-collision velocities Ἵ όὀ and Ἵ όὀ. Assume that their post-collision ve-

locities are Ἵ ‗όὀ and Ἵ ‗όὀ  for some ‗ɴ πȟρ. If ‗ ρ the collision is totally elastic, 

but for all other such ‗, the collision is inelastic. 

In Newtonian physics, every possible case is well familiar to us. Irrespective of ‗, the total mo-

mentum of the system A + B is a constant of motion. The simplest case is ‗ ρ in which there 

ÉÓÎȭÔ ÒÅÁÌÌÙ ÍÕÃÈ ÔÏ ÓÁÙ ÁÔ ÁÌÌȟ ÆÏÒ ÅÖÅÎ ÔÈÅ ÔÏÔÁÌ ÅÎÅÒÇÙ ÉÓ ÃÏÎÓÔÁÎÔȢ )Æ ‗ ρ then kinetic (and total 

mechanical) energy is clearly lost. The lost mechanical energy has been converted into other 

forms of energy, for instance into thermal energy inside the balls. If the collision took place in 

vacuum, that should account for the majority of the lost kinetic energy. If the collision takes 

place on a pool table in a room filled with air, then the surrounding air and the table should get 

some thermal energy, too. In addition, a pressure (sound) wave would be produced, both inside 

the table and in the air. In any realistic collision between typical billiard balls, ‗Ṃρ39, but if we 

instead use soft and deformable balls, we can get far lower values of ‗, even ‗ π. 

We will now investigate the same collision considering the relativistic corrections. The total pre-

collision momentum is 

Ἰḧ‎όάόὀ ‎όάόὀ  

and the total post-collision momentum is 

Ἰḧ ‎‗όά‗όὀ ‎‗όά‗όὀ Ȣ 

Thus, momentum is conserved. The total pre-collision energy is 

                                                             
39 Here, ‗Ṃρᵾ ‗ ρ᷈‗ ρ. 
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Ὁḧ‎όάὧ ‎όάὧ ς‎όάὧ 

while the total post-collision energy is 

Ὁḧ‎‗όάὧ ‎‗όάὧ ς‎‗όάὧȢ 

That is, total energy is not conserved if ‗ ρ. But according to our postulate of energy conserva-

tion, total energy is conserved. Hence, we have a contradiction. 

One might feel that the problem is due to our postulating the conversation of the total relativistic 

energy. Indeed, the Newtonian analogue (and limit) of the total relativistic energy ‎όάὧ

άὧ ὉȟÒÅÌ is the sum of a constant potential and the (Newtonian) kinetic energy, that is, essen-

tially, kinetic energy. But we all know that the mechanical (that is, macroscopic) kinetic energy is 

not a constant of motion in an inelastic collision (or if there are other non-conservative forces 

present, such as friction) . Indeed, there are other forms of energy, such as thermal and electro-

magnetic energy. That is, from a Newtonian point of view, Ὁ Ὁ is not a contradiction, but what 

is to be expected, because we neglect the non-mechanical forms of energy produced in the colli-

sion. 

Notice, however, that Postulate NN talks strictly about isolated systems. That is, if the system 

exchanges momentum or energy with the surroundings, then the postulate do not apply to the 

system. In this case, this means that we have to speak only of the case when the billiard balls 

collide in vacuum, so that no table and no air can steal any energy from the balls. But this still 

ÄÏÅÓ ÎÏÔ ÒÅÓÏÌÖÅ ÏÕÒ ȬÐÁÒÁÄÏØȭȟ ÂÅÃÁÕÓÅ ÔÈÅ ÓÙÓÔÅÍ ! + B clearly contains the thermal energy 

inside the balls, and this increases if ‗ ρ. Hence, even if the system is perfectly isolated, Postu-

late NN seems to be violated. 

There are basically just two ways to resolve this paradox. One is to abandon Postulate NN, and 

the other is to let the rest mass of each ball change during the collision. From a Newtonian point 

of view, the latter is absurd, but by now we are used to the fact that special relativity forces us to 

abandon our old perceptions of ÐÈÙÓÉÃÁÌ ȬÃÏÍÍÏÎ ÓÅÎÓÅȭȢ )Ô ÁÌÓÏ ÔÕÒÎÓ ÏÕÔ ÔÈÁÔ ÔÈÅ ÌÁÔÔer ap-

proach is the one that agrees with experiments. 

Admittedly, our treatment of relativistic energy was not quite as careful as our treatment of rela-

tivistic momentum, so the reader might object to the fact that we challenge the Newtonian con-

cept of mass just in order to save the conservation of relativistic total energy. However, if we 

would accept to invalidate the law of energy conservation, we would also have to reject the law 

of momentum conservation, because the proof of compatibility of the law of momentum conser-

vation requires that the energy be conserved too in the first frame (and vice versa) due to the 

ȬÅÎÔÁÎÇÌÅÍÅÎÔȭ ÏÆ ÍÏÍÅntum and energy [conservation]. Indeed, insist on the conservation of 

rest mass, and consider a second frame ꞈ 2 in standard configuration relative to the frame ꞈ 1 

used in the experiment above. Let the relative speed be ὺ ό, so that ꞈ 2 is the pre-collision rest 

frame of A. Then, as seen from ꞈ2, the ὼ component of the total momentum changes from 

ὴ ÂÅÆÏÒÅάẗ
ρ

ρ
ρ
ὧ

ό ὺ

ρ
όὺ
ὧ

ẗ
ό ὺ

ρ
όὺ
ὧ

άẗ
ρ

ρ
ρ
ὧ

ό ὺ

ρ
όὺ
ὧ

ẗ
ό ὺ

ρ
όὺ
ὧ
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and 

ὴ ÁÆÔÅÒάẗ
ρ

ρ
ρ
ὧ

‗όὺ

ρ
‗όὺ
ὧ

ẗ
‗ό ὺ

ρ
‗όὺ
ὧ

άẗ
ρ

ρ
ρ
ὧ

‗όὺ

ρ
‗όὺ
ὧ

ẗ
‗όὺ

ρ
‗όὺ
ὧ

 

and it is easy to prove that ὴ ÂÅÆÏÒÅὴ ÁÆÔÅÒ. 

We therefore accept the fact that the rest mass of a particle, although invariant  (that is, frame-

independent at any given time), is not a constant of motion. Let us return to our initial inelastic 

collision. Now we have to let ά be the pre-collision rest mass of the particles, and introduce ά as 

the post-collision mass [due to symmetry, the post-collision masses need to be equal]. 

Hence, the pre-collision total momentum is 

Ἰḧ‎όάόὀ ‎όάόὀ  

and the total post-collision momentum is 

Ἰḧ ‎‗όά‗όὀ ‎‗όά‗όὀ Ȣ 

Thus, momentum is necessarily conserved. The total pre-collision energy is 

Ὁḧ‎όάὧ ‎όάὧ ς‎όάὧ 

while the total post-collision energy is 

Ὁḧ‎‗όάὧ ‎‗όάὧ ς‎‗όάὧ 

and our postulate Ὁ Ὁ makes sure that the total energy is conserved (which is no longer an 

impossibility) and some trivial algebra yields 

ά
‎ό

‎‗ό
άȢ 

Notice in particular that ‗ ρᵼ‎ό ‎‗όᵼά ά. That is, every time I said something 

ÌÉËÅ Ȱ×ÉÔÈ ÆÏÒÅÓÉÇÈÔȟ ×Å ×ÉÌÌ ÁÖÏÉÄ ÉÎÅÌÁÓÔÉÃ ÃÏÌÌÉÓÉÏÎÓ ÉÎ ÔÈÉÓ ÄÉÓÃÕÓÓÉÏÎȱ ÉÎ ÔÈÅ ÐÒÅÃÉÏÕÓ ÓÅÃÔÉÏÎÓȟ 

×ÈÁÔ ) ÒÅÁÌÌÙ ÍÅÁÎÔ ÔÏ ÓÁÙ ×ÁÓ Ȱ×Å ÁÓÓÕÍÅ ÔÈÁÔ ÔÈÅ ÒÅÓÔ ÍÁÓÓ ÏÆ ÅÖÅÒÙ ÐÁÒÔÉÃÌÅ ÉÓ Á ÃÏÎÓÔÁÎÔ ÏÆ 

ÍÏÔÉÏÎȱȢ 

Although total energy is conserved in the collision, the kinetic energy is reduced by an amount 

ɝὉ ḧὉ Ὁ ς‎‗ό ράὧ ς‎ό ράὧ ςɝάὧ 

where 

ɝάḧά ά 

is the change in rest mass of either of the balls. At any time, the total energy is split equal be-

tween the two balls (by symmetry), and so we can conclude: 

Á  The total energy as defined by Ὁ ‎ό ράὧ  άὧ ‎όάὧ is conserved. 

o Notice that ‎ό is decreased while ά ÉÓ ÉÎÃÒÅÁÓÅÄȢ ɍ4ÈÉÓ ÉÓ ÔÈÅ ÃÏÎÔÅÎÔ ÏÆ ɉᴻɊȢɎ 

Á At the collision, a ball gains thermal energy and gains rest energy as defined by άὧ. 

o Thus, its rest mass ά is increased. 
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Á At the collision, a ball loses kinetic energy as defined by ‎ό ράὧ. 

Á The change in rest energy ɝὉ due to the change of rest mass ɝά is ɝὉ ɝάὧ. 

The above example suggests that the mysterious Ȭrest energyȭ of an object is a measure of the 

internal (such as thermal) energy of the object. Since the rest energy Ὁ Ḱάὧ where ὧ is a 

fundamental constant of nature, rest energy is essentially the same thing as mass (but with a 

different unit). Therefore, if the rest energy is a measure of the internal energy, so is the mass. 

Observation NN 

The rest energy, and so the rest mass, of a body is a measure of the total internal energy of the 

body. 

We will use this observation as a postulate. 

Now that we have constructed a theory in which the mass of a particle does not behave like in 

the Newtonian theory, it is a very valid question to ask, Ȱ×ÈÁÔ is ȬÍÁÓÓȭ ÉÎ ÔÈÉÓ ÎÅ× ÔÈÅÏÒÙȩȱ In 

Newtonian physics, mass is equal to the inertial, active gravitational, and passive gravitational 

masses, which are fairly  well-defined from an experimental point of view. Experimental verifica-

tion supports the fact, however, that the (rest) mass of particle retains its Newtonian identity. 

For example, a hot billiard ball is heavier than a cold (otherwise identical) billiard ball, and it is 

more resistant to a change in velocity. )Î ÆÁÃÔȟ ÔÈÅ ÔÉÔÌÅ ÏÆ ÏÎÅ ÏÆ %ÉÎÓÔÅÉÎȭÓ ÆÁÍÏÕÓ ρωπυ ÐÁÐÅÒÓ ÉÓ 

Ȱ)ÓÔ ÄÉÅ 4ÒßÇÈÅÉÔ ÅÉÎÅÓ +ĘÒÐÅÒÓ ÖÏÎ ÓÅÉÎÅÍ %ÎÅÒÇÉÅÉÎÈÁÌÔ ÁÂÈßÎÇÉÇȩȱ ɉȰ$ÏÅÓ ÔÈÅ )ÎÅÒÔÉÁ ÏÆ Á "ÏÄÙ 

$ÅÐÅÎÄ 5ÐÏÎ )ÔÓ %ÎÅÒÇÙ #ÏÎÔÅÎÔȩȱɊȢ 

Example NN 

Consider the two balls above. Put ά ρ ËÇ, ό σÍ Óϳ, and ‗ πȢω. Then the pre-collision rest 

energy of either ball is 

Ὁ άὧ ψω ψχυ υρχ ψχσ φψρ χφτ * 

while the pre-collision kinetic energy is 

Ὁ ‎ό ράὧ τȢυππ πππ πππ πππȣ*Ȣ 

so that the total energy is 

Ὁ Ὁ Ὁ ψω ψχυ υρχ ψχσ φψρ χφψȢυππȣ*Ȣ 

Clearly the rest mass Ȭdominatesȭ ɍÔÏ ÓÁÙ ÔÈÅ ÌÅÁÓÔȦɎ. After the collision, 

ά
‎ό

‎‗ό
ά ρȢπππππππππππππππππωυρȣËÇȢ 

Thus, the mass has increased by 

ɝάḧά ά ωȢυρẗρπ  ËÇ ωȢυρ ÆÇȢ 
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Example NN + 1 

Same setup but ‗ π. The pre-collision energies are the same, that is, 

Ὁ ψω ψχυ υρχ ψχσ φψρ χφτ * 

Ὁ τȢυππ πππ πππ πππȣ* 

Ὁ ψω ψχυ υρχ ψχσ φψρ χφψȢυππȣ*Ȣ 

!ÃÃÏÒÄÉÎÇ ÔÏ ɉᴻɊȟ ÔÈÅ ÐÏÓÔ-collision rest mass is 

ά
‎ό

‎‗ό
ά ‎όά ρȢππππππππππππππππυππφȣËÇȢ 

with a difference 

ɝάḧά ά υπȢπ ÆÇȢ 

Hence, the post-collision energies are 

Ὁ ψω ψχυ υρχ ψχσ φψρ χφψȢυππȣ* 

Ὁ π 

Ὁ ψω ψχυ υρχ ψχσ φψρ χφψȢυππȣ*Ȣ 

/ÂÖÉÏÕÓÌÙȟ ×Å ÄÉÄÎȭÔ ÈÁÖÅ ÔÏ ÕÓÅ ɉᴻɊȟ ÓÉÎÃÅ ÔÈÅ ËÉÎÅÔÉÃ ÅÎÅÒÇÙ ÉÓ ÚÅÒÏ ÁÆÔÅÒ ÔÈÅ ÃÏÌÌÉÓÉÏÎȟ ×ÈÉÌÅ ÔÈÅ 

total energy is the same as it was prior to the collision. Hence, we get the rest energy, that is, the 

mass by 

Ὁ άὧ Ὁ ὉȢ 

Thus 

ά Ὁ ὧ ‎όάὧ ὧ ‎όάȢ 

3.4.10.2 Some Notes on Additivity 

The total relativistic energy, and so the relativistic mass, is an additive property, just as energy 

and mass are additive in Newtonian mechanics. However, the rest energy, and so the rest mass, 

is in general not additive, and you already know that. 

Consider a space colony built inside a huge spherical shell. Assume that there are a lot of shuttles 

flying around inside it. There might also be trains running on the inside surface of the shell, but 

no automobile cars (why?). The rest energy (mass) of the colony is the energy (mass) of the col-

ony as measured in a frame of reference, relative to which the colony as a whole (that is, the 

shell) is stationary. Had the colony been empty, this would only have been due to the shell alone, 

but now the shuttles and trains inside it will contribute to its rest energy (mass). They will do so 

using their rest energies (masses), of course, but since the rest energy (mass) of the colony is a 

measure of its internal energy, it clearly has to include the kinetic energy of the shuttles and 

trains as well (relative to the shell). Thus, the rest mass of the colony is greater than the sum of 

the rest masses of the empty shell, shuttles, and cars, individually. 
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Similarly, a container of gas has a rest mass greater than the sum of the rest masses of the empty 

container and all the constituent molecules, since the molecules are not at rest relative to the 

container of the gas, and so has kinetic energy relative to the container, and thus are contrib-

uting to the internal energy of it. 

I said you already knew this, and you did. When considering the inelastic billiard-ball collisions 

above, we concluded that the rest energy (mass) of each ball increased at the collision, due to the 

ÉÎÃÒÅÁÓÅ ÉÎ ÔÈÅÒÍÁÌ ÅÎÅÒÇÙȢ "ÕÔ ÔÈÅÒÍÁÌ ÅÎÅÒÇÙ ÉÓ ȬÓÉÍÐÌÙȭ40 kinetic (and potential) energy of the 

ÃÏÎÓÔÉÔÕÅÎÔ ÐÁÒÔÉÃÌÅÓ ÏÆ ÔÈÅ ÂÏÄÙȢ (ÅÎÃÅȟ ÉÆ ÙÏÕ ÃÏÍÐÁÒÅ ÔÈÅ ÂÁÌÌȭÓ ÃÏÎÓÔÉÔÕÅÎÔ ÐÁÒÔÉÃÌÅÓ ×ÉÔÈ ÔÈÅ 

ÓÈÕÔÔÌÅÓ ɉÁÎÄ ÔÒÁÉÎÓɊ ÏÆ ÔÈÅ ÃÏÌÏÎÙȭÓ ÓÈÅÌÌȟ then they are moving slowly before the collision, and 

are moving rapidly afterwards.  

3.4.10.3 Other Forms of Energy 

Thus far we have concluded that Ὁ άὧ for a stationary body and Ὁ άὧ for any (station-

ary or non-stationary) body, where Ὁ is the total energy and ά the rest mass (ά  the relativistic 

mass) of the body. This is a restrictive form, or a special case, of the massɀenergy equivalence. 

The full form of the equivalence, that we will simply postulate, states that Ὁ άὧ applies to 

every system of total energy Ὁ or total relativistic mass ά . For instance, it applies to the elec-

tromagnetic field in empty space. Hence, this field has mass! 

The MassτEnergy Equivalence 

Let a region in space have total relativistic mass ά . Then the total energy in the region is 

Ὁ άὧ. Conversely, if a region in space has total relativistic energy Ὁ, then the total relativ-

istic mass in the region is ά ὧ Ὁ. 

As an example, consider a box the inside walls of which are ideal mirrors. If there is light in the 

box, the box is heavier than it would be if there were not as much light in the box. 

Notice that we already have concluded the massɀenergy equivalence in the case where the sys-

tem contains only of material bodies. We can now shed some additional light on the relativistic 

mass. In fact, the relativistic mass of a body is equal to the rest mass plus the mass associated41 

with the kinetic energy of the body. Indeed, this statement is 

ά ά Ὁ ὧ ά ‎ό ράὧὧ ά ‎όά ά ‎όά 

which is true by definition. 

Combining Postulate NN with the MassɀEnergy Equivalence, we have 

Corollary NN 

The total relativistic mass of an isolated system is a fundamentally conserved quantity. 

Indeed, if mass and energy is the same thing (up to the unit), then conservation of either one 

implies conservation of the other one. 

                                                             
40 We neglect all quantum effects. 
41 If Ὁ is some quantity with the dimension of energy, and ά is some quantity with the dimension of mass, 
we say that the quantities are associated /with one another/ iff Ὁ άὧ. Thus, it is always true, by defini-
tion, that the rest (or relativistic) mass of an object is associated with the rest (or total) energy of the same 
object. 
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As an example, consider the annihilation of an electron and a positron. In the centre of mass 

frame, they both approach each other with equal speed. Before the annihilation, they have both 

relativistic mass and total energy, related by Ὁ άὧ. Since they are in motion, the total energy 

is equal to the rest energy plus the non-zero kinetic energy, and the relativistic mass is greater 

than the rest mass. When they meet, they both disappear and two photons are created. These are 

receding from each other. Indeed, since the momentum was zero before the annihilation, it has 

to be zero afterwards as well. [Compton scattering shows that photons do have momentum.] The 

total relativistic energy is conserved, so the frequency of the photons is determined. But the rela-

tivistic mass is also conserved: the photons have energy, and therefore they have relativistic 

mass. In fact, the total relativistic mass of the two photons equals the total relativistic mass of 

the two leptons. 

A common misconception is that Ὁ άὧ states that mass can be converted into energy and vice 

versa. This is wrong. Both (total relativistic) energy and (relativistic) mass are conserved; in fact, 

they are essentially the same thing. When the electron and positron annihilate, mass is not de-

stroyed and energy created. The energy of the photons did already exist in the energy 

(rest + kinetic) of the leptons, and the (relativistic) mass of the leptons is later on associated 

with the photons. Moreover, this is not only a way of seeing things; recall that a box full of pho-

tons is heavier (as shown by a hypothetical, unreasonably high-accuracy laboratory scale) than a 

dark box. 

However, although (relativist ic) mass cannot be destroyed or created, matter can, if you define 

the term properly. For instance, if you consider leptons to be matter, but not photons, then mat-

ter was clearly destroyed in the annihilation. Conversely, in pair production, matter is created. 

The conversion factor ὧ in Ὁ άὧ if a huge number, namely, 

ὧ ψωψχυυρχψχσφψρχφτÍ Óϳ Ȣ 

If one gram of matter was converted to some useful form of energy (such as electrical energy), 

we would thus obtain an amount 

Ὁ άὧ ωπ 4* 

of useful energy. If you loaded this amount of energy into a battery or capacitor of some sort, it 

would become one gram heavier. 

As a final example, let one body emit a beam of photons, which are absorbed by another body. If 

the total energy Ὁ is transmitted, that is, moved from the first body to the latter one, then the rest 

mass of the first body will decrease by an amount Ὁὧ  while the rest mass of the second will 

increase by the same amount.42 During the process, a volume in space between the bodies that is 

containing photons with a total energy of ɝὉ will have relativistic mass ɝὉὧ . Einstein himself 

wrote in his 1905 paper (Einstein, 1905), 

Wenn die Theorie den Tatsachen entspricht, so iibertragt die Strahlung Trtigheit 

zwischen den emittierenden und absorbierenden Korpern. 

(If the theory corresponds to the facts, radiation conveys inertia between the emit-

ting and absorbing bodies.) 

                                                             
42 Notice that, if you only consider one of the objects in its rest frame, the first one, say, then its total ener-
gy (its rest mass=its relativistic mass) will decrease. But this does not contradict Corollary NN, of course, 
because if the system emits radiation to the surroundings, then clearly it is not isolated. 
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3.4.11 The Energy Triangle 

Consider a matter particle of mass ά and velocity Ἵ. Then the momentum is 

Ἰ ‎όάἽ 

and the energy is 

Ὁ ‎όάὧȢ 

Therefore 

ὴὧ άὧ ‎ό ά όὧ ά ὧ
ά όὧ

ρ
ό
ὧ

ά ὧ
ά όὧ

ὧ ό
ά ὧ

ό

ὧ ό
ρά ὧ

ὧ

ὧ ό
ά ὧ ‎ό ά ὧ Ὁ  

and we have 

Proposition NN 

Let a matter particle have rest mass ά and velocity Ἵ. Let Ὁ and ὴ be its total energy and mo-

mentum, respectively. Then 

Ὁ άὧ ὴὧ Ȣ 

Notice that the first term is due to the rest energy and the second is due to the kinetic energy. 

[But Ὁ ὴὧ because Ὁ Ὁ Ὁ Ὁ Ὁ .]. If the particle is at rest relative to the ob-

server, ὴ π ÁÎÄ ÓÏ ×Å ÒÅÃÏÖÅÒ %ÉÎÓÔÅÉÎȭÓ Ὁ άὧ. 

In the spirit of relativity theory, we now generalise this to apply to any ÐÁÒÔÉÃÌÅȟ ÉÎÃÌÕÄÉÎÇ ȬÍÁÓÓ-

ÌÅÓÓȭ ÐÁÒÔÉÃÌÅÓ ÓÕÃÈ ÁÓ ÐÈÏÔÏÎÓȢ [Thus, we postulate it.] We need to explain why we put quotation 

ÍÁÒËÓ ÁÒÏÕÎÄ ȬÍÁÓÓ-ÌÅÓÓȭȢ #ÌÁÓÓÉÃÁÌÌÙȟ Á ÐÈÏÔÏÎ ÉÓ ÓÁÉÄ ÔÏ ÂÅ ÍÁÓÓÌÅÓÓȟ ÁÎÄ ÅÖÅÎ ÉÎ ÒÅÌÁÔÉÖÉÔÙ ÔÈÅo-

ry, we say that the photon has zero rest mass. But a photon has energy, and so, by the Massɀ

Energy equivalence, it has relativistic mass. But how is this possible? Indeed, ά πᵼά

‎όά πᵼὉ πȩ 4ÈÅ ȬÅØÐÌÁÎÁÔÉÏÎȭ is that a photon travels with the speed of light. Hence 

‎ό is not defined. However, it might seem Ȭplausibleȭ that ά ά‎ό is finite if ά is Ȭinfinitely 

smallȭ and ‎ό is Ȭinfinitely bigȭ. Anyhow, we postulate that a photon travels with the speed of 

ÌÉÇÈÔ ɉÔÈÉÓ ÉÓ ÔÈÅ ÓÅÃÏÎÄ ÏÆ %ÉÎÓÔÅÉÎȭÓ ÐÏÓÔÕÌÁÔÅÓɊȟ ÈÁÓ ÚÅÒÏ ÒÅÓÔ ÍÁÓÓ ÁÎÄ ÆÉÎÉÔÅ ÅÎÅÒÇÙ 

(=relativistic mass). Also, we postulate ɉᴻɊ ÆÏÒ ÐÈÏÔÏÎÓȟ ÔÏÏȟ ×ÈÉÃÈ ÉÎ ÔÈÅ ÃÁÓÅ ÏÆ ά π reads 

Ὁ ὴὧȢ 

Notice that the massɀenergy equivalence dictates 

Ὁ άὧ 

and so 

ὴ Ὁὧ άὧ 

which is the same relation between momentum, relativistic mass, and speed, as holds for mate-

rial particles. We end this section by remarking that 

ᴙᶳὉ ‎όάὧ 

by our non-stringent discussion above implies 
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Observation NN 

A particle with finite (and non-zero) energy has zero rest mass if and only if it travels with the 

speed of light. 

By the kinematics of special relativity, if a speed is found to be equal to the speed of light in one 

frame, then the speed is equal to the speed of light in any frame. In particular, a photon has the 

speed of light in any frame, and so Observation NN tells us that the rest mass of a photon is the 

same in any frame, which is consistent with the frame-independent nature of the rest mass as 

known from the dynamics of matter particles. 

By the way, the title of this subsection is the name of a simple and self-explanatory mnemonic: 

 

Figure 31. The Energy Triangle . 

3.4.12 Summary 

This long section has been concerned about the dynamics of special relativity. We have devel-

oped the standard theory for special relativity, and I have tried to do it in such a careful way as 

possible. We have shown which laws of conservation are compatible ×ÉÔÈ %ÉÎÓÔÅÉÎȭÓ ÐÏÓÔÕÌÁÔÅÓȟ 

and then we have postulated these laws. We have then seen that at least a weak form of the 

massɀenergy result follows from these postulates, and then we generalised this result in a way 

ÔÈÁÔ ÓÅÅÍÅÄ ȬÎÁÔÕÒÁÌȭȢ 4ÈÅ ÄÙÎÁÍÉÃÁÌ ÔÈÅÏÒÙ ÔÈÕÓ ÏÂÔÁÉÎ ÈÁÓ ÔÏ ÂÅ ÔÅÓÔÅÄ ÁÇÁÉÎÓÔ ÅØÐÅÒÉÍÅÎÔÁÌ 

observation. We have suggested a dynamical theory, many major results of which have not been 

entirely proven from more fundamental postulates, and therefore, only experimental verifica-

tion can make us certain of the validity of the theory. Fortunately, the special theory of relativity 

is used in every-day physical experiments and consumer electronics, and so we are fairly confi-

dent on its validity. 

The Energy Triangle 

άὧ 

ὴὧ 
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3.5 Relativistic Electrodynamics 

We will now continue the discussion on electrodynamics. Recall that -ÁØ×ÅÌÌȭÓ ÅÑÕÁÔÉÏÎÓ ÁÒÅ 

not invariant under a Galilean transformation, and that this was a major theoretical problem in 

Newtonian mechanics, and, therefore, a motivation for special relativity. We will now show that 

the Lorentz transformation comes to rescue. Consider the same experimental setup as we used 

when discussing the Galilean transformation, that is, Figure 27. For convenience, we repeat it 

here: 

 

We will perform the same kind of analysis as we did in the Newtonian case, but we will now in-

clude relativistic effects, that is, we will use the Lorentz transformation instead of the Galilean 

transformation when switching between ꞈ 1 and ꞈ 2. The situation in 1ꞈ is the same now as in 

the Newtonian case; there is only the electrostatic field 

Ἇ
”

ς“‭Ὠ
ὂ 

at the test particle. Thus, the Lorentz force law yields the force 

ἐ
ή”

ς“‭Ὠ
ὂ 

ÏÎ ÔÈÅ ÐÁÒÔÉÃÌÅȢ "ÕÔ ×ÈÁÔ ÄÏÅÓ ȬÆÏÒÃÅȭ ÍÅÁÎȩ )Î ÔÈÉÓ ÓÅÃÔÉÏÎȟ ×Å ×ÉÌÌ ÕÓÅ ÔÈÅ ÃÏÎÃÅÐÔ ÏÆ ÒÅÌÁÔÉÖÉÓÔÉÃ 

force (cf. Section 3.4.4). "ÕÔ ÉÎ ÔÈÉÓ ÃÁÓÅ ÉÔ ÄÏÅÓÎȭÔ ÒÅÁÌÌÙ ÍÁÔÔÅÒȟ ÆÏÒ ό π and so ‎ό ρ. 

Hence, 

Ἡ
ή”

ς“‭άὨ
ὂȢ 

,ÅÔ ÕÓ ÎÏ× ÉÎÖÅÓÔÉÇÁÔÅ ÔÈÅ ÓÅÔÕÐ ÆÒÏÍ ÔÈÅ ÐÏÉÎÔ ÏÆ ÖÉÅ× ÏÆ ᴕ2ꞈ. Length contraction will increase 

the linear charge density [unit C/m] by a factor of ‎ὺ. Thus, the observed charge density is 

”ḧ‎ὺ”Ȣ 

The electrostatic field is now 

Ἇ
”

ς“‭Ὠ
ὂ

‎ὺ”

ς“‭Ὠ
ὂ 

since the vertical distance Ὠ is unaffected by the standard-configuration Lorentz transformation. 

)Î ᴕ2ꞈ, the wire is observed to carry a constant current 

ἔ ”Ἶ ‎ὺ”Ἶ 

corresponding to a scalar current of 

Ὅ ȿἔȿ ‎ὺ”ὺ 

1ꞈ 

ὀ ὁ 

ὂ 

ὕ 

2ꞈ 

ὀ ὁ 

ὂ 

ὕ 

Ἶ 

ή 
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and thus producing a non-vanishing magnetic field 

Ἄ
‘Ὅ

ς“Ὠ
ὀȢ 

The Lorentz force is therefore 

ἐ ήἏ ή Ἶ Ἄ
ή‎ὺ”

ς“‭Ὠ
ὂ

ÅÌÅÃÔÒÉÃ ÆÏÒÃÅ

ήὺ‘Ὅ

ς“Ὠ
ὂ

ÍÁÇÎÅÔÉÃ ÆÏÒÃÅ

ή”

ς‎ὺ“‭Ὠ
ὂȢ 

Using ÔÈÅ ÒÅÌÁÔÉÏÎ ÂÅÔ×ÅÅÎ ÔÈÅ ÒÅÌÁÔÉÖÉÓÔÉÃ ÆÏÒÃÅ ÁÎÄ ÔÈÅ ÁÃÃÅÌÅÒÁÔÉÏÎ ɉᴻɊȟ 

ά
‎ό

ὧ
ἾẗἩ Ἶ ά‎όἩ

ή”

ς‎ὺ“‭Ὠ
ὂ 

where Ἡ is the acceleration relative to ꞈ 2. Since Ἶ πȟὺȟπ 

ἾẗἩ ὺὥ 

and so 

ά
‎ό

ὧ
ὺὥ ὺὁ ά‎όἩ

ή”

ς‎ὺ“‭Ὠ
ὂ 

which is solved to yield 

Ἡ
ή”

ς‎ὺ “‭άὨ
ὂ

‎ό

ὧ
ὺὥὺὁȢ 

In components, 

ὥ π 

ὥ
‎ό

ὧ
ὺὥὺ 

ὥ
ή”

ς‎ὺ “‭άὨ
Ƞ 

clearly, 

ὥ πȢ 

Thus, 

ὥ π 

ὥ π 

ὥ
ή”

ς‎ὺ “‭άὨ
Ȣ 

.Ï× ×Å ÈÁÖÅ ÆÏÕÎÄ ÔÈÅ ÁÃÃÅÌÅÒÁÔÉÏÎ ÏÆ ÔÈÅ ÐÁÒÔÉÃÌÅ ÂÏÔÈ ÁÓ ÓÅÅÎ ÆÒÏÍ ᴕρꞈ ÁÎÄ ÆÒÏÍ ᴕ2ꞈ. When 

we did this within the framework of Newtonian mechanics, we found the result incompatible 

with the Newtonian transformation of acceleration (the Galilean, which is simply Ἡ Ἡ). We 

will now see if our relativistic result is compatible with the relativistic (Lorentz) transformation 

of acceleration, that is, with Proposition NN. 

4ÒÁÎÓÆÏÒÍÉÎÇ ɉᴻɊ ÂÁÃË ÔÏ 1ꞈ, we find 

ὥ π 

ὥ π 
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ὥ

ή”
ς‎ὺ “‭άὨ

‎ὺ ρ
ὺ
ὧ

ή”
ς‎ὺ “‭άὨ

‎ὺ

ή”

ς“‭άὨ
Ȣ 

#ÏÍÐÁÒÅ ÔÈÉÓ ×ÉÔÈ ÔÈÅ ÅØÐÅÃÔÅÄ ÒÅÓÕÌÔ ɉᴻɊ ÁÂÏÖÅ; they are identical. Thus, we see that special 

relativity does resolve this paradox. Special relativity, and not Newtonian mechanics, seems per-

fectly compatible with the theory of electromagnetism. 

3.5.1 The Rise of Magnetism 

In this section, we will show that electric and magnetic forces are in fact not two different kinds 

of forces. Instead, we will find that, in a sense, there are only electric forces, and that the magnet-

ic Ȭforcesȭ ÁÒÅ ÎÏÔÈÉÎÇ ÍÏÒÅ ÔÈÁÎ ȬÒÅÌÁÔÉÖÉÓÔÉÃ ÃÏÒÒÅÃÔÉÏÎÓȭ ÏÆ them. 

Even though we have shown electrodynamics to be incompatible with Newtonian physics, it 

does not require special relativity to appreciate the fact that an electromagnetic field that some 

observer considers purely electric might be considered purely magnetic, or electric + magnetic, 

by some other observer. In fact, this follows immediately from the Maxwell theory, and we saw it 

already in that chapter. However, now we will be able to show this without  ÔÈÅ ÕÓÅ ÏÆ -ÁØ×ÅÌÌȭÓ 

theory. 

More precisely, we will assume that there are only electric forces, that is, we forget about every-

thing related to magnetisÍȢ 4ÈÅ ÅÌÅÃÔÒÉÃ ÆÏÒÃÅÓ ÁÒÅ ÄÅÓÃÒÉÂÅÄ ÂÙ #ÏÕÌÏÍÂȭÓ ÌÁ× ÏÒ ÔÈÅ ÖÅÃÔÏÒ-

ÁÎÁÌÙÔÉÃÁÌ ÆÏÒÍ ÏÆ ÉÔȟ ÎÁÍÅÌÙȟ 'ÁÕÓÓȭ law (the Maxwell equation): 

ẗɳἏ
”

‭
Ȣ 

We will then show that there cannot exist any electric force at all, unless there exists also some 

new kind of force, which we will identify with the magnetic force. We will take a slight detour, 

however: To point out that magnetism is really a relativistic correction, we will first do the anal-

ysis using mere Newtonian mechanics. We will see that, within the Newtonian theory, electric 

forces can indeed live by themselves. 

Consider so once again an infinitely long wire along the ώ axis. Let its linear charge density 

[C/m] be ”, and let it carry no current relative to ꞈ 1 ɴ  ᴕꞈ 1. A single charge (initially) at rest a 

distance Ὠ below the wire will thus experience the electric force 

ἐ
ή”

ς“‭Ὠ
ὂ 

giving it an acceleration (recall that we are using the Newtonian concept of force) 

Ἡ
ρ

ά
ἐ

ή”

ς“‭άὨ
ὂȢ 

Now consider again the frame ꞈ 2 ɴ  ᴕꞈ 2, moving with velocity Ἶ ὺὁ relative to 1ꞈ, just as be-

fore. In this frame (recall that there is no length contraction in the Newtonian theory, and that 

we are neglecting the magnetic force!), the force is still 

ἐ
ή”

ς“‭Ὠ
ὂȢ 

Needless to say, the acceleration Ἡ ράϳ ἐ is also the same. Thus, there is no problem with a 

lone electric force [in this case, at least]. .Ï×ȟ ÌÅÔ ÕÓ ÄÏ ÔÈÉÓ ȬÆÏÒ ÒÅÁÌȭȟ ÃÏÎÓÉÄÅÒÉÎÇ ÔÈÅ ÆÕÌÌ ÓÅÔ ÏÆ 



ANDREAS REJBRAND D R A F T http://english.rejbrand.se 

 151/314 

relativistic effects. In ꞈ 1, the expression for the electric force is still the same. The acceleration is 

ÎÏ× ÇÉÖÅÎ ÂÙ ÔÈÅ ÒÅÌÁÔÉÖÉÓÔÉÃ ÆÏÒÃÅ ÅÑÕÁÔÉÏÎ ɉᴻɊȟ ÂÕÔȟ ÁÓ ×Å ÓÁ× ÅÁÒÌÉÅÒȟ ÓÉÎÃÅ ‎ό ρ, no relativ-

istic effects reveal themselves, so still 

Ἡ
ή”

ς“‭άὨ
ὂȢ 

From the point of view of ᴕ 2ꞈ, however, the linear charge density is ” ‎ὺ” so that the elec-

tric force 

ἐ
ή‎ὺ”

ς“‭Ὠ
ὂȢ 

This (we think) ÉÓ ÁÌÓÏ ÔÈÅ ÔÏÔÁÌ ÆÏÒÃÅȟ ÆÏÒ ×Å ÁÒÅ ÎÏÔ Á×ÁÒÅ ÏÆ ÁÎÙÔÈÉÎÇ ÃÁÌÌÅÄ ȬÍÁÇÎÅÔÉÓÍȭȢ How-

ever, since the particle is now moving relative to the frame, we need to be careful when using the 

relativistic force equation. This is literally 

ά
‎ὺ

ὧ
ἾẗἩ Ἶ ά‎ὺἩ

ή‎ὺ”

ς“‭Ὠ
ὂȢ 

Working out the components as we did in the last section, we end up with 

ὥ π 

ὥ π 

ὥ
ή”

ς“‭άὨ
Ȣ 

This is the (instantaneous) acceleration of the particle relative to ꞈ2. But considering the accel-

eration relative to ꞈ 1 and applying Proposition NN, we know that the acceleration relative to ꞈ 2 

has to be 

ὥ π 

ὥ π 

ὥ
ή”

ς‎ὺ “‭άὨ
 

×ÈÉÃÈ ÃÌÅÁÒÌÙ ÃÏÎÔÒÁÄÉÃÔÓ ɉᴻɊȢ 4ÈÕÓȟ ×ÈÅÎ ÆÕÌÌ ÒÅÌÁÔÉÖÉÓÔÉÃ ÅÆÆÅÃÔÓ ÁÒÅ ÃÏÎÓÉÄÅÒÅÄȟ ×Å see that 

there cannot exist electric forces, unless (for instance) ÔÈÅÙ ÁÒÅ ÁÌÓÏ ÁÃÃÏÍÐÁÎÉÅÄ ÂÙ ÓÏÍÅ ȬÎÅ×ȭ 

type of force. Apparently (as we saw in the last section), the force of magnetism fits just perfect-

ly, but perhaps there are other possibilities? To rule them out, we will continue our discussion 

by deriving the expression for the magnetic force (in this case). 

The acceleration relative to ꞈ 2 has to be 

Ἡ
ή”

ς‎ὺ “‭άὨ
ὂȢ 

5ÓÉÎÇ ÔÈÅ ÒÅÌÁÔÉÖÉÓÔÉÃ ÆÏÒÃÅ ÅÑÕÁÔÉÏÎ ɉᴻɊȟ ÔÈÉÓ ÉÍÐÌÉÅÓ ÔÈÁÔ ÔÈÅ ÒÅÌÁÔÉÖÉÓÔÉÃ ÆÏÒÃÅ ÏÎ ÔÈÅ ÐÁÒÔÉÃÌÅ ÉÓ 

necessarily 
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ἐ ά
‎ό

ὧ
ἽẗἩἽ ά‎όἩ

ά
‎ὺ

ὧ
ὺὥ ὺὁ ά‎ὺἩ

ά
‎ὺ

ὧ
ὺẗπ ὺὁ ά‎ὺ

ή”

ς‎ὺ “‭άὨ
ὂ

ή”

ς‎ὺ“‭Ὠ
ὂȢ 

Of course, we can write this as 

ἐ
ή”

ς‎ὺ“‭Ὠ
ὂ

ή”

ς“‭Ὠ

ρ

‎ὺ
ὂ

ή”

ς“‭Ὠ
‎ὺ

ρ

‎ὺ
‎ὺ ὂ

ή‎ὺ”

ς“‭Ὠ
ὂ

ὺή‎ὺ”

ς“ὧ‭Ὠ
ὂḨἐÅÌÅÃÔÒÉÃἐÕÎËÎÏ×ÎȢ 

The first term we ÒÅÃÏÇÎÉÚÅ ÁÓ ÔÈÅ ÅÌÅÃÔÒÉÃ ÆÏÒÃÅȟ ÂÕÔ ×Å ÁÒÅ ȬÁÓÔÏÎÉÓÈÅÄȭ to find a second term. 

But, if we define 

‘ḧ
ρ

ὧ‭
 

then the second term reads 

ἐÕÎËÎÏ×Î
‘ὺή‎ὺ”

ς“Ὠ
ὂ

ήὺ‘Ὅ

ς“Ὠ
ὂ 

which is precisely the magnetic force on the charge, as seen in ɉᴻɊ, where the constant ‘ is also 

equal to ρὧ‭ϳ . 

With some ingenuity and effort, the reader can probably himself construct further examples of 

electric systems in which special relativity requires the electric forces to be accompanied by 

magnetic forces that agree with the Maxwell theory. 

You could possibly say that the force of magnetism, which was known empirically during the 19th 

century, has now been derived using the special theory of relativity. However, this is not entirely 

the case, since tÈÅ ÔÈÅÏÒÙ ÏÆ ÒÅÌÁÔÉÖÉÔÙ ÉÓ ÂÁÓÅÄ ÏÎ %ÉÎÓÔÅÉÎȭÓ ÐÏÓÔÕÌÁÔÅÓȟ ÔÈÅ ÆÉÒÓÔ ÏÆ ×ÈÉÃÈ ɉÔÈÅ 

constancy of the speed of light) was to a big extent suggested by the Maxwell theory of electro-

magnetism. Nevertheless, it is not unimaginable that one can appreciate the axioms of special 

relativity without prior knowledge of magnetism. 
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3.6 Four-Vector Formulation and Spacetime Geometry 

In the previous sections, we have in great detail investigated the physical basis of special relativ-

ity, and the transition from Newtonian physics to special relativity. Although transparent, the 

investigation was at times messy and gave rise to rather awkward formulae. We also had to 

work a lot with the issue of compatibility; for instance, we spent quite some time investigating 

whether or not the relativistic law of momentum conservation is compatible with the axioms of 

special relativity. This we had to do, for the result is nontrivial, and, in addition, should we have 

found the law not to be compatible with the axioms, then we would have had to abandon it alto-

gether. 

Put differently, we were given an equation 

Ἰ Ἰ 

between two vectors relative to some inertial frame ꞈ 1 ɴ  ᴕꞈ 1. In this case, the vectors are mo-

menta. Since the momentum is a frame-dependent quantity, there is no a priori  reason to believe 

that the vector equation 

Ἰ Ἰ 

should hold in some other frame 2ꞈ ɴ  ᴕꞈ 2, where Ἰ and Ἰ are the corresponding momenta 

relative to 2ꞈ. It took quite some effort to show this, as we did in Theorem NN. 

In this chapter, we will reformulate the special theory of relativity using spacetime and four-

vectors, a new kind of mathematical object. Just as we describe nature using numbers and three-

component spatial vectors in the Newtonian theory, in special relativity, we describe nature us-

ing numbers and four-vectors. This new formulation will generally be more succinct, and ɀ most 

importantly ɀ will resolve the problem of compatibility entirely. Indeed, if two four-vectors are 

equal in some inertial frame, then they will be equal in any other inertial frame connected to the 

first frame by a Lorentz transformation. 

3.6.1 Spacetime 

The entanglement of space and time suggests that we should treat space and time not as two 

separate objects, but rather as a single entity, which we will call spacetime. By definition, 

spacetime ὓ is the set (with the structure of a differentiable manifold ɀ ×ÅȭÌÌ ÇÅÔ ÔÈÅÒÅɊ of all 

possible events, an event being a Ȭplaceȭ in spacetime where a particle can exist. In the general 

theory of relativity, we will pursue this idea very far, but in both Newtonian physics and special 

relativity,  you can introduce a coordinate system in ὓ such that an event is a pair ὸȟὀ of a time 

coordinate ὸ (in the physical sense) and three spatial coordinates ὀ ὼȟώȟᾀ. In other words, 

ὓ ᴙ ᴙ ᴙ  

is a real vector space, but the remarks of Section Fel! Hittar inte referenskälla.  still apply. We 

eed a coordinate system in spacetime. We will therefore assume that we have settled for some 

inertial frame 1ꞈ of reference. In particular, this means that have chosen to identify some point 

in spacetime with the origin πȟπȟπȟπ of ᴙ . We have also chosen some unit of time to corre-

spond to a unit change in the first (time) coordinate, and we have chosen three geometric spatial 

vectors to correspond to the directions ὀ πȟρȟπȟπ, ὁ πȟπȟρȟπ, and ὂ πȟπȟπȟρ of ᴙ . 

Of course, since we consider spacetime as a four-dimensional space (essentially ᴙ ), we could 

ÉÎÔÒÏÄÕÃÅ Á ȬÐÁÔÈÏÌÏÇÉÃÁÌȭ ÂÁÓÉÓ ÔÈÁÔ ÉÎÔÅÒÍÉØ ÔÈÅ ÔÅÍÐÏÒÁÌ ÃÏÏÒÄÉÎÁÔÅ ×ÉÔÈ ÔÈÅ ÓÐÅÃÉÁÌ ÃÏÏÒÄi-

nates. This is an obvious mathematical idea ÁÎÄ ÅÖÅÎ ÔÈÅ ÃÁÓÅ ÉÎ .Å×ÔÏÎÉÁÎ ȬÓÐÁÃÅÔÉÍÅȭȢ )ÎÄÅÅÄȟ 
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assume pure Newtonian physics, and consider spacetime ὓ ᴙ ᴙ ᴙ . Choose to identify 

the direction ἼǶ ρȟπȟπȟπ with the direction of time, and let ὀ πȟρȟπȟπ, ὁ πȟπȟρȟπ, and 

ὂ πȟπȟπȟρ be an orthogonal spatial basis in the Newtonian sense. Thus, at each time ὸ, space 

is the subset 

ɫ ὸ ÓÐÁÎὀȟὁȟὂȢ 

Let Ἥ ἼǶὀ ὁ ὂ be the full spacetime basis. 4ÈÉÓ ÉÓ Á ȬÎÏÒÍÁÌȭȟ ÏÒ ȬÎÏÎ-ÐÁÔÈÏÌÏÇÉÃÁÌȭȟ ÂÁÓÉÓȢ 

Then define a new basis Ἦ ἼǶ ὀ ὁ ὂ  by 

Ἦ Ἥ

ρ ρ π π
π ρ π π
π π ρ π
π π π ρ

Ƞ 

this is also a basis for ᴙ . However, now the new first coordinate, ὸ, does not correspond to the 

physical concept of time, and the new basis vectors ὀ, ὁ, and ὂ does not form a Newtonian spa-

tial basis. For example, consider the two events πȟρȟςȟσ and πȟςȟρȟς ÒÅÌÁÔÉÖÅ ÔÏ ÔÈÅ ȬÎÏÒÍÁÌȭ 

basis. These occur at the same time [and time is absolute in Newtonian physics]. But their coor-

ÄÉÎÁÔÅÓ ÒÅÌÁÔÉÖÅ ÔÏ ÏÕÒ ÎÅ× ÁÎÄ ȬÐÁÔÈÏÌÏÇÉÃÁÌȭ ÂÁÓÉÓ ÁÒÅ ρȟρȟςȟσ and ςȟςȟρȟς, respectively. 

Thus, of the four coordinates in our new coordinate system, clearly none represents time by it-

self. From now on, and for the remainder of the chapter on special relativity, we will only be us-

ing coordinate systems in spacetime such that the first coordinate, by itself, represents time, and 

the remaining three coordinates are purely spatial. Such a coordinate system, if the frame is in-

ertial, and the spatial coordinates are Cartesian, will be called a Minkowski system (or frame). 

3.6.1.1 ¢ƘŜ aƛƴƪƻǿǎƪƛ ΨLƴƴŜǊ tǊƻŘǳŎǘΩ 

We will now introduce a function ἂẗȟẗἃȡὓ ὓᴼᴙ by 

ἂόȟὺἃḧ όȟόȟόȟό ȟὺȟὺȟὺȟὺ ḧόὺ όὺ όὺ όὺȢ 

Clearly, ἂẗȟẗἃ is not an inner product on ᴙ  in the usual sense, because ἂόȟόἃ might be negative, 

and might be zero even if ό π. Nevertheless, we will still call it an inner product. This is stand-

ard, and very convenient, in relativity theory.  We will also use this inner product to form a norm-

square in the usual way. However, one must remember that all of these objects are defined using 

the relaxed condition on the inner product. In particular, this means that the norm-square of a 

vector might be negative, and a non-zero vector might be of zero norm. 

Definition NN 

On spacetime, we introduce the inner product 

ἂόȟὺἃḧἂόȟόȟόȟό ȟὺȟὺȟὺȟὺ ἃḧόὺ όὺ όὺ όὺ 

and the norm-square 

ᴁόᴁḧἂόȟόἃȢ 

Notice that this inner product is not an inner product in the usual sense, since it violates the re-

quirements ἂόȟόἃ π ᶅόᶰὓ and ἂόȟόἃ πᵾ ό πȟπȟπȟπ. 

The inner-product space ὓȟἂẗȟẗἃ is known as Minkowski space or Minkowski spacetime. If 

ἂόȟὺἃ π, then ό and ὺ are said to be orthogonal. If ᴁόᴁ ὧ, then ό is a unit vector. 



ANDREAS REJBRAND D R A F T http://english.rejbrand.se 

 155/314 

We make 

Definition NN 

Let 

–ḧÄÉÁÇρȟρȟρȟρ

ρ π π π
π ρ π π
π π ρ π
π π π ρ

 

be the Minkowski metric.43 

as to obtain 

Proposition NN 

Let ό and ὺɴ ὓ. Then 

ἂόȟὺἃ ὺ–ό ὺ ὺ ὺ ὺ

ρ π π π
π ρ π π
π π ρ π
π π π ρ

ό
ό
ό
ό

Ȣ 

3.6.1.2 The Worldline of a Particle 

Consider a particle. During its existence, it will trace out a curve in spacetime. This curve, which 

is called the worldline ɜ  of the particle, is precisely defined by 

ɜ ὸȟὼȟώȟᾀᶰὓȡ   ÔÈÅ ÐÁÒÔÉÃÌÅ ÉÓ ÌÏÃÁÔÅÄ ÁÔ ὼȟώȟᾀ ÁÔ ÔÉÍÅ ὸȢ 

The worldline can clearly be parameterised with the coordinate time ὸ, that is, there exists func-

tions ὸm ὼὸ, ὸm ώὸ, and ὸm ᾀᾀ such that the particle is located at ὸȟὼὸȟώὸȟᾀὸ  at 

coordinate time ὸ. However, every coordinate time ὸ corresponds to a proper time †, as recorded 

by a clock attached to the particle. It will turn out to be convenient to use the proper time as the 

parameter, and not the coordinate time. (It is not important what the origin of the proper time 

is.) 

3.6.2 The Lorentz transformation, Four-Vector, and Lorentz Scalars 

We first make 

Definition NN 

Assume that ὸȟὼȟώȟᾀ are the coordinates of some event relative to a Minkowski frame ꞈ 1. Then 

the four-coordinates of the event are ὧὸȟὼȟώȟᾀ. 

There is an obvious bijection between the set of possible coordinates and the set of possible 

four-coordinates. Hence, in principle, they are the same. However, it will turn out that the four-

coordinates are neater to work with formally compared with the ordinary coordinates, so from 

now on we will mainly use this new concept. 

                                                             
43 4ÈÅ ×ÏÒÄ ȬÍÅÔÒÉÃȭ ×ÉÌÌ ÂÅ ÅØÐÌÁÉÎÅÄ ÉÎ ÔÈÅ ÃÈÁÐÔÅÒ ÏÎ ÇÅÏÍÅÔÒÙȢ 5ÎÔÉÌ ÔÈÅÎȟ ÙÏÕ ÍÉÇÈÔ ÃÁÌÌ – ÔÈÅ Ȭ-Én-
ËÏ×ÓËÉ ÍÁÔÒÉØȭȢ 
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Now, let 1ꞈ ɴ  ᴕꞈ 1 and ꞈ 2 ɴ  ᴕꞈ 2 be two inertial frames in standard configuration with relative 

speed ὺ. Assume that a particle has four-coordinates ὧὸȟὼȟώȟᾀ relative to 1ꞈ, and four-

coordinates ὧὸȟὼȟώȟᾀ  relative to 2ꞈ. Then 

ὧὸ

ὼ
ώ

ᾀᴂ

‎ὺ ‎ὺὺὧϳ π π

‎ὺὺȾὧ ‎ὺ π π
π π ρ π
π π π ρ

ὧὸ
ὼ
ώ
ᾀ

 

according to the Lorentz transformation (Theorem NN). 

Definition NN 

The Lorentz transformation ɤȡὓᴼὓ has the matrix 

ɤ

‎ὺ ‎ὺὺὧϳ π π

‎ὺὺȾὧ ‎ὺ π π
π π ρ π
π π π ρ

Ȣ 

Notice that the Lorentz transformation ɤ is an endomorphism on spacetime, given by a symmet-

ric matrix.44 Recall that ɤ connects two inertial frames in standard configuration. Hence, it is not 

the case that ɤ connects an arbitrary  ÐÁÉÒ ÏÆ ÉÎÅÒÔÉÁÌ ÆÒÁÍÅÓȢ !ÌÔÈÏÕÇÈ ×ÈÅÎ ×Å ÓÐÅÁË ÏÆ Ȭthe Lo-

ÒÅÎÔÚ ÔÒÁÎÓÆÏÒÍÁÔÉÏÎȭ ×Å ÒÅÆÅÒ ÔÏ ɤ as given above, in the most general sense of the word, a Lo-

rentz transformation is, by definition, a function connecting any pair of inertial reference frames 

with the same origin in spacetime. The set of all Lorentz transformations form a group under 

composition, called the Lorentz group. The set of transformations connecting any pair of inertial 

reference frames also forms a group, called the Poincaré group. Clearly, the Lorentz group is a 

proper subgroup of the Poincaré group. 

From a physical point of view, it should be enough to investigate the theory by only considering 

the standard-configuration Lorentz transformation ɤ. Indeed, any transformation in the Poinca-

ré group can be written as a composition of spacetime translations, spatial rotations, and ɤ, and 

of these three types of transformations, only the last one should be of any non-trivial physical 

significance. For simplicity, we will therefore restrict our analysis to the case of frames connect-

ed via ɤ. 

Definition NN 

Let ὢᶰᴙ  be a 4-tuple of numbers relative to an inertial frame ꞈ 1, and let ὢᶰᴙ  be the corre-

sponding 4-tuple relative to any other inertial frame ꞈ 2 in standard configuration with ꞈ 1. If 

ὢ ɤὢ 

where ɤ is the Lorentz transformation between ꞈ 1 and ꞈ 2, then ὢ is called a four-vector, and is 

written ὢᴆ. 

                                                             
44 We can already now appreciate the reason why the four-ÃÏÏÒÄÉÎÁÔÅÓ ÁÒÅ ÍÏÒÅ ȬÎÁÔÕÒÁÌȭ ÔÈÁÎ ÔÈÅ ÕÓÕÁÌ 
coordinates. For one thing, every component of the four-coordinates has the same unit, namely, the metre. 
)Î ÁÄÄÉÔÉÏÎȟ ÉÔ ÉÓ ÃÌÅÁÒ ÆÒÏÍ 4ÈÅÏÒÅÍ .. ÔÈÁÔ ÔÈÅ Ȭ,ÏÒÅÎÚ ÔÒÁÎÓÆÏÒÍÁÔÉÏÎȭ ÂÅÔ×ÅÅÎ ÔÈÅ ÕÓÕÁÌ ÃÏÏÒÄÉÎÁÔÅÓ ÉÓ 
not given by a symmetric matrix. 
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That is, the arrow above a 4-tuple reminds us that the 4-ÔÕÐÌÅ ÔÒÁÎÓÆÏÒÍÓ ÁÃÃÏÒÄÉÎÇ ÔÏ ɉᴻɊ Âe-

tween two inertial frames in standard configuration. We will often denote a four-vector 

ὥᴆ ὥȟἩḧ ὥȟὥȟὥȟὥ  

where Ἡ is an ordinary spatial vector in ᴙ , that is, Ἡ ὥȟὥȟὥ . We will also call Ἡ ÔÈÅ ȬÓÐÁÔÉÁÌ 

ÐÁÒÔȭ ÏÆ ὥᴆ. The reason why this is convenient will reveal itself in just a few lines of text. From 

Definition NN we immediately have 

Corollary NN 

The four-coordinates 

ὼᴆ ὧὸȟὀ ὧὸȟὼȟώȟᾀ 

of an event (relative to some frame ꞈ 1) make up a four-vector. 

Notice that the spatial part ὀ ὼȟώȟᾀ is the ordinary spatial position vector relative to ꞈ 1. We 

also make 

Definition NN 

The four-momentum of a particle with speed ὺ, total energy Ὁ, and momentum Ἰ ὴȟὴȟὴ  is 

ὴᴆ
Ὁ

ὧ
ȟἸ

Ὁ

ὧ
ȟὴȟὴȟὴ Ȣ 

Theorem NN then reveals that 

Corollary NN 

The four-momentum of a particle is a four-vector. 

Thus, from now on, we will write the four-coordinates as ὢᴆ and the four-momentum as ὴᴆ. Notice 

that the spatial part of the four-momentum is the classical momentum. 

Definition NN 

A scalar quantity that is invariant under a Lorentz transformation (in other words, has the same 

value in any inertial frame of reference), is called a Lorentz scalar. 

Examples of Lorentz scalars include the rest mass ά and charge ή of a particle and the speed of 

light ὧ. However, ὴ, ὴ, ὴ, Ὁ, ὼ, ώ, ᾀ, ό, ό, όȟ ȣ ÁÒÅ ÃÌÅÁÒÌÙ ÄÅÐÅÎÄÅÎÔ ÕÐÏÎ ÔÈÅ ÆÒÁÍÅ ÏÆ ÒÅÆÅr-

ence, and are therefore not examples of Lorentz scalars. It is clear from the definition that any 

function of any number of Lorentz scalars is again a Lorentz scalar. For instance, the quantity 

ά ÓÉÎÈή is a Lorentz scalar, as is the rest energy Ὁ άὧ. 

For future needs, we make 

Proposition NN 

ɤ– –ɤ Ȣ 
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Proof  

ɤ–

‎ὺ ‎ὺὺὧϳ π π

‎ὺὺȾὧ ‎ὺ π π
π π ρ π
π π π ρ

ρ π π π
π ρ π π
π π ρ π
π π π ρ

‎ὺ ‎ὺὺὧϳ π π

‎ὺὺȾὧ ‎ὺ π π
π π ρ π
π π π ρ

 

while (notice that ɤ  is trivially found from ɤ by making the substitution ὺO ὺ) 

–ɤ

ρ π π π
π ρ π π
π π ρ π
π π π ρ

‎ὺ ‎ὺὺὧϳ π π

‎ὺὺȾὧ ‎ὺ π π
π π ρ π
π π π ρ

‎ὺ ‎ὺὺὧϳ π π

‎ὺὺȾὧ ‎ὺ π π
π π ρ π
π π π ρ

Ȣ 

 ʉ

Corollary NN 

ɤ–ɤ –Ȣ 

3.6.3 Properties of Four-Vectors 

The whole point of four-vectors is contained in the following result, which is almost immediate. 

Theorem NN 

Equality between four-vectors does not depend on the inertial frame of reference. That is, if ὢᴆ 

and ὣᴆ are four-vectors relative to ꞈ 1, and ὢᴆ and ὣᴆ are the corresponding four-vectors relative 

to 2ꞈ, then 

ὢᴆ ὣᴆᵼὢᴆ ὣᴆȢ 

Let ꞈ 1 and ꞈ 2 be two different frames in standard configuration. Then the hypothesis 

ὢᴆ ὣᴆᵼɤὢᴆ ɤὣᴆ 

where ɤ is the Lorentz transformation connecting ꞈ 1 to ꞈ 2. But since ὢᴆ is a four-vector, 

ὢᴆ ɤὢᴆ 

and similarly for ὣᴆ. Thus 

ὢᴆ ὣᴆᵼὢᴆ ὣᴆȢ 

  ʉ 

Notice in particular how it is now obvious that the four-momentum conservation law 

ὴᴆ ὴᴆ 
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is compatible with the axioms of special relativity. Indeed, being an equality of four-vectors, if it 

is valid in some frame, then it is valid in any other frame. Since the components of the four-

momentum are the energy (divided by a constant) and the relativistic momentum Ἰ, it is clear 

that both the law of energy conservation and the law of relativistic momentum conservation are 

compatible. 

Notice also that is not a coincidence that we found out that ὴᴆ is a four-vector (in Theorem NN, 

essentially) while trying to display the compatibility of the aforementioned laws of conservation. 

&ÉÎÁÌÌÙȟ ÎÏÔÉÃÅ ÔÈÁÔ ÔÈÅ ȬÅÎÔÁÎÇÌÅÍÅÎÔȭ ÂÅÔ×ÅÅÎ ÓÐÁÃÅ ÁÎÄ ÔÉÍÅ ÁÓ ÉÌÌÕÓÔÒÁÔÅÄ ÂÙ ÔÈÅ ÔÒÁÎÓÆÏr-

mation of the four-coordinates is identical to the entanglement between energy and momentum 

as illustrated by the transformation of the four-momentum. 

At this point, the reader might object that the introduction of four-ÖÅÃÔÏÒÓ ÄÏÅÓÎȭÔ ÒÅÁÌÌÙ ÙÉÅÌÄ 

anything. Indeed, so far it has only given us a more fancy way of saying that a law of conservation 

is compatible with the Lorentz transformation. However, there is more than that to it. We will 

see that we can combine four-vectors into new four-vectors, and this will help us obtain many 

more results. In addition, this new language will help to bridge the gap to more advanced physi-

cal theories, such as the general theory of relativity  

The following simple result will take us to the former benefit of four-vectors: 

Proposition NN 

Let ὥᴆ and ὦᴆ be four-vectors, and let Ὧ be a Lorentz scalar. Then 

(1) ὧᴆ ὥᴆ ὦᴆ is a four-vector, 

(2) Ὠᴆ Ὧὥᴆ is a four-vector, and 

(3) ἂὥᴆȟὦᴆἃ is a Lorentz scalar. 

If … is a Lorentz scalar that may depend on time, and ὥᴆ is a four-vector that may depend on time 

too, then 

(4) 
ᴆ
 is a four-vector. 

Proof  

Assume that ὥᴆ and ὦᴆ are four-vectors relative ꞈ 1, and let ὥᴆ and ὦᴆ be the corresponding four-

vectors in ꞈ 2. 

(1) and (2) are simple: 

ɤὧᴆ ɤὥᴆ ὦᴆ ɤὥᴆ ɤὦᴆ ὥᴆ ὦᴆ ὧᴆȟ 

ɤὨᴆ ɤὯὥᴆ Ὧɤὥᴆ Ὧὥᴆ ὨᴆȢ 

When it comes to (3), we have 

ὥᴆȟὦᴆ ɤὥᴆȟɤὦᴆ ɤὦᴆ –ɤὥᴆ ὦᴆɤ–ɤὥᴆ ὦᴆɤ–ɤὥᴆ ὦᴆ–ὥᴆ ὥᴆȟὦᴆ 

using Corollary NN. Finally, 
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ɤ
Ὠὥᴆ

Ὠ…
ɤ ÌÉÍ

ᴼ

ὥᴆ… ɝ… ὥᴆ…

ɝ…
ÌÉÍ
ᴼ

ɤὥᴆ… ɝ… ɤὥᴆ…

ɝ…
ÌÉÍ
ᴼ

ὥᴆ… ɝ… ὥᴆ…

ɝ…

Ὠὥᴆ

Ὠ…
Ȣ 

  ʉ

Corollary NN 

Any linear combination of four-vectors is a four-vector. In addition, the norm of any four-vector 

is a Lorentz scalar. 

3.6.4 The Four-Vectors of SR Dynamics 

We have seen that the four-coordinates ὼᴆ of an event (such as the spacetime position of a parti-

cle) is a four-vector. The four-coordinates generalise the radius (position) vector of Euclidean 

space ᴙ  to spacetime. The analogue of the displacement vector ɝἺ Ἲ Ἲ is the spacetime 

interval  four-vector: 

Definition NN 

Let 1ꞈ be some inertial frame, and consider two events ὼᴆ ὧὸȟὼȟώȟᾀ and ὼᴆ ὧὸǿȟὼȟώȟᾀǿ. 

The (spacetime) separation between the two events is the four-vector 

ɝὼᴆḧὼᴆ ὼᴆ ὧɝὸȟɝὼȟɝώȟɝᾀȢ 

The spacetime separation is clearly a four-vector, since it is a linear combination of two four-

vectors. Now, let us return to the four-coordinates of a single particle. The worldline is the image 

of the parameterisation function †m ὼᴆ†, where † is the proper time of the particle. By Proposi-

tion NN, the derivative 
ᴆ
 is too a four-vector. This is the four-velocity of the particle. 

Definition NN 

Let ὼᴆ be the four-coordinates of a particle, and let † be the proper time parameter of the parti-

ÃÌÅȭÓ ×ÏÒÌÄÌÉÎÅȢ 4ÈÅÎ 

όᴆḧ
Ὠὼᴆ

Ὠ†
 

is the four-velocity of the particle. 

 

Corollary NN 

Let ὼᴆ ὧὸȟὀ be the four-coordinates relative to some Minkowski frame 1ꞈ. Then the four-

velocity, relative to this frame, is 

όᴆ ‎ό ὧȟἽ 

where Ἵ όȟόȟό  is the usual three-velocity. 
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Proof  

όᴆḰ
Ὠὼᴆ

Ὠ†

Ὠ

Ὠ†
ὧὸȟὼȟώȟᾀ

Ὠ

Ὠ†
ὧὸȟ

Ὠὼ

Ὠ†
ȟ
Ὠώ

Ὠ†
ȟ
Ὠᾀ

Ὠ†
ὧ
Ὠὸ

Ὠ†
ȟ
Ὠὼ

Ὠὸ
ẗ
Ὠὸ

Ὠ†
ȟ
Ὠώ

Ὠὸ
ẗ
Ὠὸ

Ὠ†
ȟ
Ὠᾀ

Ὠὸ
ẗ
Ὠὸ

Ὠ†

ὧ‎όȟό‎όȟό‎όȟό‎ό ‎ό ὧȟόȟόȟό ‎ό ὧȟἽ 

  ʉ

Notice that the spatial part of the four-velocity is not the classical three-velocity Ἵ, but rather 

‎όἽ. Nevertheless, as one might almost expect, we have 

Proposition NN 

Let όᴆ be the four-velocity and ὴᴆ the four-momentum of a particle. Then 

ὴᴆ άόᴆ 

where ά is the rest mass of the particle. 

Proof  

Let ꞈ 1 be Minkowski coordinates. Then, 

ὴᴆḰ
Ὁ

ὧ
ȟἸȢ 

On the other hand, 

άόᴆ ά‎ό ὧȟἽȢ 

But 

ὉḰ‎όάὧȟ ἸḰ‎όάἽ 

and so the proposed equality in ꞈ 1 is immediate. But since both the right-hand side and the left-

hand side are four-vectors, equality holds in any inertial frame, and so the four-vector equation 

holds.  ʉ

We could have defined the four-momentum as άόᴆ. Had we done so, we would have been given 

the fact that the 4-tuple of numbers ȟἸ  is a four-vector for free, by Proposition NN, because 

ά is a Lorentz scalar. In other words, the compatibility of the (relativistic) energy and momen-

tum conservation laws would have been trivial. By now, it is irresistible to make 

Definition NN 

The four-acceleration of a particle with four momentum ὴᴆ is 

ὥᴆḧ
Ὠόᴆ

Ὠ†
Ȣ 

The four-force on such a particle is 

Ὂᴆ
Ὠὴᴆ

Ὠ†
Ȣ 
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For a moment, restrict attention to the common case where the rest mass of the particle remains 

constant (at least for the duration of the investigation of it). Since 

ὴᴆḰάόᴆ 

where ά is a constant, we have, trivially, 

ὊᴆḰ
Ὠὴᴆ

Ὠ†

Ὠ

Ὠ†
άόᴆ ά

Ὠόᴆ

Ὠ†
άὥᴆ 

precisely as in Newtonian mechanics, where ἸḰάἽ with constant ά, too. 

Corollary NN 

Let ꞈ 1 be a Minkowski frame. Then 

ὥᴆ
‎ό ἽẗἩ

ὧ
ȟ‎ό Ἡ

‎ό ἽẗἩ

ὧ
Ἵ  

and, assuming the rest mass ά is constant, 

Ὂᴆ
‎ό

ὧ
ἐẗἽȟ‎όἐ  

where ἐ is the relativistic force. 

Proof  

ὥᴆ
Ὠόᴆ

Ὠ†

Ὠ

Ὠ†
‎ό ὧȟἽ

Ὠ

Ὠ†
‎όẗὧȟἽ ‎ό

Ὠ

Ὠ†
ὧȟἽ

Ὠ

Ὠό
‎όẗ

Ὠό

Ὠὸ
ẗ
Ὠὸ

Ὠ†
ẗὧȟἽ ‎όẗ

Ὠ

Ὠὸ
ὧȟἽẗ

Ὠὸ

Ὠ†
ό

ὧ ρ
ό
ὧ

ϳ
ẗ
ἽẗἩ

ό
ẗ‎όẗὧȟἽ ‎όẗπȟἩẗ‎ό

‎ό ἽẗἩ

ὧ
ẗὧȟἽ ‎ό πȟἩ

‎ό ἽẗἩ

ὧ
ȟ‎ό Ἡ

‎ό ἽẗἩ

ὧ
Ἵ  

since 

Ὠό

Ὠὸ

Ὠ

Ὠὸ
ȿἽȿ

Ὠ

Ὠὸ
ό ό ό

ρ

ς
ό ό ό

ϳ
ẗςόὥ ςόὥ ςόὥ

ἽẗἩ

ό
Ȣ 

Thus 

ὊᴆḰ
Ὠὴᴆ

Ὠ†

Ὠ

Ὠ†
άόᴆ ά

Ὠόᴆ

Ὠ†

ά‎ό ἽẗἩ

ὧ
ȟά‎ό Ἡ

ά‎ό ἽẗἩ

ὧ
Ἵ

‎ό

ὧ
ά‎ό όὥ᷆ ȟ‎ό ά‎όἩ

ά‎ό ἽẗἩ

ὧ
Ἵ

‎ό

ὧ
ἐẗἽȟ‎όἐ  

according to Proposition NN. 

  ʉ
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3.6.5 The Lorentz Scalars 

According to Proposition NN and its corollary, the scalar product between any two four-vectors, 

and thus, in particular, the norm of a four-vector, is a Lorentz scalar. In the last subsection, we 

found a set of four-vectors, and so it is interesting to find out about the Lorentz scalars we can 

obtain from them. 

3.6.5.1 The Four-Coordinates 

Let us start with the four-coordinates, 

ὼᴆ ὧὸȟὼȟώȟᾀȢ 

Its norm-square is 

ᴁὼᴆᴁ ὧὸ ὼ ώ ᾀ 

and has to be a Lorentz scalar. That is, if relative to some other inertial frame 2ꞈ with the same 

origin, the four-coordinates are 

ὼᴆ ὧὸȟὼȟώȟᾀ  

then the norm-square in this frame is 

ὼᴆ ὧὸ ὼ ώ ᾀ  

and 

ᴁὼᴆᴁ ὼᴆȢ 

3.6.5.2 The Spacetime Separation 

Similarly, the spacetime separation 

ɝὼᴆ ὧɝὸȟɝὼȟɝώȟɝᾀ 

has norm-square 

ɝὼᴆ ὧ ɝὸ ɝὼ ɝώ ɝᾀ  

which is a Lorentz scalar. This is given a name of its own: 

Definition NN 

Let ɝὼᴆ ὼᴆ ὼᴆ be a spacetime separation. Then 

ɝὛḧ ɝὼᴆ ὧ ɝὸ ɝὼ ɝώ ɝᾀ  

is called the spacetime interval between the two events ὼᴆ and ὼᴆ. 

That is, all observers agree on the spacetime interval between two events, even if they do not 

agree, in general, on the coordinates of the two events, or on the coordinates of their separation. 

3.6.5.3 The Four-Velocity 

The four-velocity is 

όᴆ ‎ό ὧȟἽ 

with norm -square 
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ᴁόᴆᴁ ‎ό ὧ ‎ό ό ό ό ‎ό ὧ ‎ό ό
ὧ

ρ
ό
ὧ

ό

ρ
ό
ὧ

ὧ ό

ρ
ό
ὧ

ὧ

ρ
ό
ὧ

ρ
ό
ὧ

ὧȢ 

That is, the speed of light is a Lorentz scalar, but ɀ of course ɀ we already knew that! Notice in 

ÐÁÒÔÉÃÕÌÁÒ ÔÈÁÔ ÔÈÅ ȬÆÏÕÒ-ÓÐÅÅÄȭȟ ÔÈÁÔ ÉÓȟ ÔÈÅ ÎÏÒÍ ÏÆ ÔÈÅ ÆÏÕÒ-velocity, ÉÓÎȭÔ ÊÕÓÔ Á ,ÏÒÅÎÔÚ ÓÃÁÌÁÒ: it 

is also constant! That is, any particle travels through spacetime with constant four-speed (name-

ly, the speed of light). Therefore, by Section 3.6.1.2 and Definition NN, όᴆ is a unit tangent vector 

to the worldline of the particle. 

3.6.5.4 The Four-Momentum 

By definition, the four-momentum 

ὴᴆ
Ὁ

ὧ
ȟἸ  

so that 

ᴁὴᴆᴁ
Ὁ

ὧ
ὴ

‎ό ά ὧ

ὧ
‎ό ά ό ‎ό ά ὧ ‎ό ά ό ὧ ό ‎ό ά

ὧά Ȣ 

Thus, the norm of the four-momentum is 

ᴁὴᴆᴁ ὧά 

which is a Lorentz scalar (again, as we already knew). 

3.6.6 The Light Cone 

In this subsection, we will introduce the important concepts of the light cone and causality. Con-

sider an object located at a point ὀ ὼȟώȟᾀ  in space emitting a flash of light in all direc-

tions at a time ὸ. Thus, at any later time ὸ ὸ ɝὸ ὸ, the flash of light will make up a sphere 

Ὓ centred at ὀ with radius ὧɝὸ. At this time, every observer inside Ὓ will know that the object 

has emitted a flash of light, while no observer outside Ὓ could possibly know this. Indeed, they 

have not yet been hit by the flash of light, and since no traveller can travel through space with a 

speed greater than ὧ, no one could possibly outrun the flash and warn an outside observer. This 

implies a very fundamental statement about causality in spacetime: 

Observation NN 

No information can travel through space at a speed greater than ὧ. In particular, given any ob-

server in space, any event taking place a time ɝὸ ago will be completely hidden to the observer if 

the distance Ὀ ɝὼ ɝώ ɝᾀ  from the observer ὼȟώȟᾀ  to the spatial position 

ὼȟώȟᾀ of the event is greater than ὧɝὸ. 

In the above, ὼ ὼ ɝὼ and similarly for ώ and ᾀ. The equation for Ὓ in space is 

ɝὼ ɝώ ɝᾀ ὧ ɝὸ  
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which is a sphere of radius ὧɝὸ centred about ὼȟώȟᾀ . Thus, in spacetime, Ὓ has equation 

ὧ ɝὸ ɝὼ ɝώ ɝᾀ π 

which is a hypercone centred at the event ὧὸȟὼȟώȟᾀ . Since it has codimension 1, it is a 

hypersurface of spacetime. Notice that the spacetime interval between the four-coordinates 

ὼᴆ ὧὸȟὼȟώȟᾀ  and any point ὼᴆ ɝὼᴆ ὧ ὸ ɝὸȟὼ ɝὼȟώ ɝώȟᾀ ɝᾀ ὧὸȟὼȟώȟᾀ 

on Ὓ is 

ɝὛḰ ɝὼᴆ ὧ ɝὸ ɝὼ ɝώ ɝᾀ πȢ 

Clearly, this is immediate from the fact that light travels with the speed of light, and serves as the 

motivation for the Minkowski inner product. Indeed, any spacetime separation four-vector ɝὼᴆ 

belongs to exactly one of the following three classes: 

Á Iff ɝὛ π, the separation ÉÓ ÃÁÌÌÅÄ ȬÔÉÍÅÌÉËÅȭȢ 

Á Iff ɝὛ π, the separation ÉÓ ÃÁÌÌÅÄ ȬÌÉÇÈÔÌÉËÅȭȟ ÏÒ ȬÎÕÌÌȭȢ 

Á Iff ɝὛ π, the separation ÉÓ ÃÁÌÌÅÄ ȬÓÐÁÃÅÌÉËÅȭȢ 

It follows immediately that we have 

Observation NN 

The separation ɝὼᴆ between two points on the worldline of a material particle is timelike. 

The separation ɝὼᴆ between two points on the worldline of a photon is lightlike. 

If the separation between two spacetime events is spacelike, then any one of the events cannot 

affect the other event. In particular, it is impossible for any one of the events to be the cause of 

the other. 

The hypercone 

Ὓȡ ὧ ɝὸ ɝὼ ɝώ ɝᾀ πȟ 

where ɝὸ ὸ ὸ, ɝὼ ὼ ὼ, and so on, centred about the event ὼᴆ ὧὸȟὼȟώȟᾀ  is called 

the light  cone, or the null cone, at ὼᴆ. Its interior contains of all timelike separations starting at ὼᴆ, 

its surface consists of all lightlike separations starting at ὼᴆ, and its exterior consists of all space-

like separations starting at ὼᴆ. We will now divide each of these three classes into two subclasses. 

Let ɝὼᴆ be a separation, and let ὸᴆ ρȟπȟπȟπ be the direction of time, which is a four-vector 

(check that). Then:  

Á Iff ɝὼᴆȟὸᴆ π, then ɝὼᴆ ÉÓ ȬÆÕÔÕÒÅ-ÐÏÉÎÔÉÎÇȭȢ 

Á Iff ɝὼᴆȟὸᴆ π, then ɝὼᴆ ÉÓ ȬÐÁÓÔ-ÐÏÉÎÔÉÎÇȭȢ 

Notice that the projection ɝὼᴆȟὸᴆ is simply the first (time) component of ɝὸᴆ, just as if ἂẗȟẗἃ has 

been the standard inner product on ᴙ . 

Human beings generally find it difficult to visualise subsets of ᴙȢ 4ÈÅÒÅÆÏÒÅȟ ÉÎ ÏÒÄÅÒ ÔÏ ȬÖÉÓÕÁl-

ÉÓÅȭ ÔÈÅ ÌÉÇÈÔ ÃÏÎÅȟ ×Å ×ÉÌÌ ȬÓÕÐÐÒÅÓÓȭ ÏÎÅ ÏÆ ÔÈÅ ÔÈÒÅÅ ÓÐÁÔÉÁÌ ÄÉÍÅÎÓÉÏÎÓ; that is, we will pretend 
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that space is two-dimensional instead of three-dimensional. Then spacetime, ὓ ᴙ ᴙ ᴙ  

becomes three-dimensional, and the hypercone reduces to a 2-cone 

ὧ ɝὸ ɝὼ ɝώ Ȣ 

Since, from a qualitative point of view, the Euclidean plane and three-space are very similar in 

nature, this is actually a very fruitful technique of visualisation. Choose therefore any point ὼᴆ in 

spacetime, such as the event that represent you right now. Below is the light cone at ὼᴆ with one 

spatial dimension suppressed. For simplicity, we have set ὧ ρ (alternatively, you can consider 

the vertical axis as being scaled). 

 

Figure 32. The light cone . 

4ÈÅ ÖÅÒÔÉÃÁÌ ÁØÉÓȟ ÃÏÒÒÅÓÐÏÎÄÉÎÇ ÔÏ ÔÈÅ ÒÅÄ ÂÁÓÉÓ ÖÅÃÔÏÒȟ ÉÓ ÔÈÅ ÔÉÍÅ ÁØÉÓȢ 4ÈÁÔ ÉÓȟ ÁÎÙ ȬÓÌÉÃÅȭ 

ὸ ÃÏÎÓÔ of spacetime, corresponding to a fixed time, is really the three-dimensional space at 

that time (that is, a hyperplane (and, of course, a hypersurface) in spacetime), but since we have 

suppressed one spatial dimension, it appears like a two-dimensional plane in the diagram above. 
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In particular, the slice ὸ ὸ is space at the current time of the event, indicated by the green 

plane in the diagram. The two green basis vectors are spatial basis vectors. 

4ÈÅ ÕÐÐÅÒ ȬÈÁÌÆȭ ÏÆ ÔÈÅ ÃÏÎÅ ÉÓ ÔÈÅ future light cone, consisting of all events that a photon emitted 

at the vertex of the cone (that is, at the event ὼᴆ). The intersection of the future light cone with 

any spatial slice ὸ ÃÏÎÓÔȢ is a circle in the diagram above, but a sphere in reality. It is simply Ὓ 

that we met before. The interior of the future light cone is called the future of ὼᴆ. The future con-

sists of all points in spacetime that an observer located at ὼᴆ has a chance to visit. The union of 

the future light cone and the future of ὼᴆ is the set of spacetime events that could possible by 

affected by the event ὼᴆ. Similarly, we define the past light cone ÁÓ ÔÈÅ ÌÏ×ÅÒ ȬÈÁÌÆȭ ÏÆ ÔÈÅ ÌÉÇÈÔ 

cone. This is the set of events ꜡ such that a photon emitted at ꜡  has a chance to reach ὼᴆ (if emit-

ted in the right spatial direction). The interior of the past light cone is called the past of ὼᴆ and 

consists of all in spacetime in which an observer at ὼᴆ might have been at. The union of the past 

light cone and the past of ὼᴆ is the set of spacetime events that could possibly affect ὼᴆ. The com-

plement of ὼᴆ᷾ÌÉÇÈÔ ÃÏÎÅ ÁÔ ὼᴆ᷾ ÆÕÔÕÒÅ  ÏÆ ὼᴆ᷾ ÐÁÓÔ ÏÆ ὼᴆ is called elsewhere. Elsewhere 

(which we will always italicise, due to risk of confusion with the adverb) consists of all 

spacetime events that can have no causal relationship with ὼᴆ whatsoever. This means that 

Á no event in elsewhere can affect ὼᴆ and 

Á ὼᴆ cannot affect any event in elsewhere. 

If you think you have found a misprint in the paragraphs above, this is most likely due to a mis-

ÕÎÄÅÒÓÔÁÎÄÉÎÇ ÏÆ ÔÈÅ ×ÏÒÄ ȬÅÖÅÎÔȭȢ 3ÉÎÃÅ ÔÈÉÓ ÉÓ Á ÒÁÔÈÅÒ ÃÏÍÍÏÎ ÁÎÄ ÅÁÓÙ-to-make mistake, we 

rephrase that 

 An event is a specification of a point in space AND a particular time. 

Say that you are located at ὼᴆ and consider a different event ώᴆ occurring at the same time (rela-

tive to your frame of reference) but a few meters (or even miles) away. Thus, if we draw the light 

cone at ὼᴆ, then ώᴆ might be the event indicated with a red dot in the diagram below: 

 

Figure 33. ! ÌÉÇÈÔ ÃÏÎÅ ÁÎÄ ÁÎ ÅÖÅÎÔ ÉÎ ÔÈÅ ÈÙÐÅÒÓÕÒÆÁÃÅ ÏÆ ȬÔÈÅ ÐÒÅÓÅÎÔȭ. 
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ώᴆ clearly belongs to elsewhere, and, indeed, the spacetime separation between ὼᴆ and ώᴆ is space-

like, since ɝὸ π and ɝὼ ɝὼ ɝώ π. Thus, the event ώᴆ can have no influence on ὼᴆ 

whatsoever. But this does not mean that the happening at ώᴆ can never affect you personally, it 

simply means that it cannot affect you at ὼᴆ, that is, at time ὸ ὸ. Indeed, a gas (nuclear) explo-

sion happening in your kitchen (a town some hundred miles away) will not affect you, in your 

study, until several microseconds (seconds) later. That event, that is, you at that later time, is a 

different spacetime event (even if it is at the same point in space). And this spacetime event 

(which by the way is found in the future of ὼᴆȟ ÉÎÄÅÅÄȟ ÊÕÓÔ ȬÁÂÏÖÅȭ ὼᴆ in the diagram) is a member 

of the future of ώᴆ, the light cone of which is different from the light cone of ὼᴆ. 

3.6.6.1 Transformation Properties of the Light Cone 

Spacetime ὓ is a geometric object, independent of any coordinate system, and so is a point, or 

event, ὼᴆ ÉÎ ÉÔ ɉÅÖÅÎ ÔÈÏÕÇÈȟ ÏÆ ÃÏÕÒÓÅȟ ÉÔÓ ÃÏÏÒÄÉÎÁÔÅÓ ÄÅÐÅÎÄÓ ÕÐÏÎ ÔÈÅ ÏÂÓÅÒÖÅÒȭÓ ÃÏÏÒÄÉÎÁÔÅ 

system). We have introduced the light cone at ὼᴆ, which is a hypersurface of ὓ. The question aris-

ÅÓȟ ȰÄÏÅÓ ÔÈÅ ÌÉÇÈÔ ÃÏÎÅ ÁÔ ὼᴆ ÄÅÐÅÎÄ ÕÐÏÎ ÔÈÅ ÏÂÓÅÒÖÅÒȩȱ )Î ÏÔÈÅÒ ×ÏÒÄs, given a geometric point 

in spacetime (an event), does all possible observers agree upon the light cone at the event? In 

ÓÔÉÌÌ ÏÔÈÅÒ ×ÏÒÄÓȟ ÉÓ ȬÔÈÅ ÌÉÇÈÔ ÃÏÎÅ ÁÔ ὼᴆȭ ×ÅÌÌ-defined as a geometric entity?  

What do we need to show? We need to show that if some (inertial) observer considers an event 

ὼᴆ as a part of the light cone at ὼᴆ, then any other (inertial) observer should agree. (The converse 

should also be true.) We will now show that it is. 

Proof 45 

To this end, consider some inertial frame ꞈ1 of reference, with a Minkowski coordinate system. 

We are interested in the light cone at ὼᴆɴ ὓ. Introduce some other Minkowski frame ꞈ 2 in 

standard configuration relative to ꞈ 1. Let ὼᴆ ɤὼ be the same geometric point as ὼ, but ex-

pressed in ꞈ 2 coordinates. We will consider an arbitrary  event in spacetime, known as ὼᴆ and ὼᴆ 

relative to 1ꞈ and ꞈ 2, respectively. Let the separation four-vectors be ɝὼᴆ and ɝὼᴆ, so that 

ὼᴆ ɝὼᴆ ὼᴆ   ÁÎÄ 

ὼᴆ ɝὼᴆ ὼᴆȢ 

Then it is clear, by the definition of the light cone inside each frame, that 

4ÈÅ ÅÖÅÎÔ ὼᴆ ÂÅÌÏÎÇÓ ÔÏ ÔÈÅ ÌÉÇÈÔ ÃÏÎÅ ÁÔ ὼᴆ ÒÅÌÁÔÉÖÅ ÔÏ ꞈρᵾ ɝὼᴆ π   ÁÎÄ 

4ÈÅ ÅÖÅÎÔ ὼᴆ ÂÅÌÏÎÇÓ ÔÏ ÔÈÅ ÌÉÇÈÔ ÃÏÎÅ ÁÔ ὼᴆ ÒÅÌÁÔÉÖÅ ÔÏ ꞈςᵾ ɝὼᴆ πȢ 

But ɝὼᴆ is a four-vector, and so its norm is a Lorentz scalar. Thus 

ɝὼᴆ πᵾ ɝὼᴆ π 

which trivially implies  

4ÈÅ ÅÖÅÎÔ ὼᴆ ÂÅÌÏÎÇÓ ÔÏ ÔÈÅ ÌÉÇÈÔ ÃÏÎÅ ÁÔ ὼᴆ ÒÅÌÁÔÉÖÅ ÔÏ ꞈρᵾ

ᵾ  4ÈÅ ÅÖÅÎÔ ὼᴆ ÂÅÌÏÎÇÓ ÔÏ ÔÈÅ ÌÉÇÈÔ ÃÏÎÅ ÁÔ ὼᴆ ÒÅÌÁÔÉÖÅ ÔÏ ꞈς 

and we are done.  ʉ

                                                             
45 You could argue that this proof is overly long, but I want it to be both easy-to-read and rigorous. 
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4 Classical Differential Geometry 

 

 

 

 

 

 

 

Figure 34. The Möbius band is a surface with only one side. In 
this chapter, we will explore curves and surfaces in ordinary 
space in order to prepare ourselves for a more general the o-
ÒÙ ÏÆ ȬÍÁÎÉÆÏÌÄÓȭ ÔÈÁÔ ÉÓ ÔÏ ÃÏÍÅ ÉÎ ÔÈÅ ÎÅØÔ ÃÈÁÐÔÅÒȢ 
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4.1 Introduction 

This rather short chapter will be purely mathematical. It is included because the general theory 

of relativity, which we will turn to in the last chapters of the book, is formulated in the language 

of differential geometry. Indeed, we will find that spacetime curves in the presence of gravity, 

and that the curvature and metric properties of spacetime can be described in much the same 

language used to discuss the curvature of surfaces embedded in ordinary Euclidean space, which 

is far easier to understand. 

In this chapter, we need the standard concepts 

Definition NN 

Let ὟṖᴙ  and ὠṖᴙ . 

A continuous bijection ‰ȡ Ὗᴼὠ with a continuous inverse is called a homeomorphism. If such a 

function exists between Ὗ and ὠ, then Ὗ and ὠ are said to be homeomorphic. A differentiable 

bijection ‰ȡ Ὗᴼὠ with a differentiable inverse is called a diffeomorphism. If such a function ex-

ists, Ὗ and ὠ are said to be diffeomorphic. If ɮ is a diffeomorphism and both ɮ and ɮ  are 

smooth, then ɮ is a smooth diffeomorphism. 

and 

Definition NN 

Let 

Ὓ ḧ ὀɴ ᴙȡȿὀȿ ρ 

be the ὲ ρ-dimensional unit sphere in ᴙ . 

In particular, 

ὛḰ ὼȟώᶰᴙȡ ὼ ώ ρ 

is the unit circle and 

Ὓ Ḱ ὼȟώȟᾀᶰᴙȡὼ ώ ᾀ ρ 

is the unit sphere. 

We also make 

Definition NN 

Let 

ὄ ḧ ὀɴ ᴙȡȿὀȿ ρ 

be the ὲ-dimensional (open) unit ball. 

Thus, ὄ  is the usual, three-dimensional, open unit ball, ὄ  is the open unit disk, and 

ὄ ρȟρ. 
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4.2 Curves 

Although we are mainly interested in surfaces, we will start by considering curves.  

4.2.1 What is a Curve? 

It is difficult to give a precise ÄÅÆÉÎÉÔÉÏÎ ÏÆ Á ȬÃÕÒÖÅȭ ÉÎ Á ×ÁÙ ÔÈÁÔ ÐÌÅÁÓÅÓ ÅÖÅÒÙÏÎÅȢ )Î ÆÁÃÔȟ ÉÔ ÉÓ 

hard to give a definition that entirely pleases the current author alone. The problem is that the 

×ÏÒÄ ȬÃÕÒÖÅȭ ÉÓ ÕÓÅÄ ÉÎ ÓÏ ÍÁÎÙ ÄÉÆÆÅÒÅÎÔȟ ÁÌÔÈÏÕÇÈ Òelated, ways, all of which seem highly natu-

ral. From a geometrical point of view, a curve is something you can draw with a pen on a paper. 

More precisely, it is the image ἺὍ of a continuous function ἺȡὍO ᴙ  where Ὅ is an interval, 

probably, but not necessarily, bounded. Such a curve is thus a set of points ἺὍṒᴙ . (For defini-

tiveness, in this introductory  subsection, we will only consider curves in the plane. The generali-

sation to curves in ᴙ  causes almost no problems.) 

From a physical point of view, we might want to consider the function Ἲ ÉÔÓÅÌÆ ÁÓ ÔÈÅ ȬÃÕÒÖÅȭȢ )n-

deed, Ἲὸ might be the position of a particle at time ὸɴ Ὅ. This is a different concept. In particu-

lar, there are generally many different functions ἺȡὍO ᴙ , ἹȡὐO ᴙȟ ȣ ×ÉÔÈ ÔÈÅ ÓÁÍÅ ÉÍÁÇÅ 

ἺὍ Ἱὐ Ễ. This can cause some trouble with the terminology if one is not careful. Say, for 

instance, that a particle moves two laps about the unit circle with unit speed starting at the 

origin of time, that is, its position is Ἲὸ ÃÏÓὸȟÓÉÎὸ where ὸɴ πȟτ“. If you consider the 

curve to be the function, then the length of the curve is τ“. But the length of the Ȭpoint-set curveȬ 

Ἲπȟς“  is clearly only ς“, the same as the length of the Ȭcurveȭ Ἲὸ ÃÏÓὸȟÓÉÎὸ where 

ὸɴ πȟς“. In addition, a curve, as a function, contains information about the speed of the particle 

at each point and the orientation of the curve. This information is not present in the image of the 

curve (the point set). Indeed, if Ἲὸ ÃÏÓὸȟÓÉÎὸ, ὸɴ Ὅḧ πȟς“ and Ἱὸ ÃÏÓςὸȟÓÉÎςὸ, 

ὸɴ ὐḧ πȟ“ then ἺὍ Ἱὐ although ȿἺὸȿḳρ while ȿἹ ὸȿḳς. 

Irrespective if one considers a curve to be a function Ἲ on an interval Ὅ or the image ἺὍ, one 

might want to require Ὅ to be either open or closed. If we demand that Ὅ is open, we can simplify 

many arguments and proofs since every point ὸɴ Ὅ looks like every other point; in other words, 

Ὅ does not contain any boundary points that might require special treatment. On the other hand, 

if we demand that Ὅ is closed, then we obtain many niceties if Ὅ is also bounded. Then Ὅ ὥȟὦ 

and both Ἲὥ and ἺὦᶰἺὍ. Still, if we would require Ὅ to be either open or closed, a lot of 

functions/point sets that certainly looks like curves would not qualify for the term. 

A curve, considered as a point set that you can draw by a pen on a paper, is said to be closed if it 

ȬÓÔÁÒÔÓ ÁÎÄ ÅÎÄÓ ÁÔ ÔÈÅ ÓÁÍÅ ÐÏÉÎÔȭȢ 4ÈÉÓ ÃÁÎ ÂÅ ÍÁÄÅ ÐÒÅÃÉÓÅȟ ÆÏÒ ÉÎÓÔÁÎÃÅȟ ÂÙ ÓÁÙÉÎÇ ÔÈÁÔ ÔÈÅ 

curve is the image of a function Ἲȡὥȟὦᴼᴙ  such that Ἲὥ Ἲὦ. A curve is said to be simple 

if it does not intersect itself, that is, if Ἲ is injective except for the possibility Ἲὥ Ἲὦ if the 

curve is closed. 

/ÎÅ ÍÉÇÈÔ ×ÁÎÔ ÔÏ ÒÅÓÔÒÉÃÔ ÔÈÅ ÔÅÒÍ ȬÃÕÒÖÅȭ ÔÏ ÍÅÁÎ ÏÎÌÙ ÓÉÍÐÌÅ ÃÕÒÖÅÓȢ 4ÈÉÓ ÈÁÓ Á ÎÕÍÂÅÒ ÏÆ 

major advantages. For one thing, it would make the concepts of length of a function ἺȡὍO ᴙ  

and the length of a point set ἺὍ coincide (at the very least if you disregard pathological exam-

ples). Indeed, now Ἲὸ ÃÏÓὸȟÓÉÎὸȟὸɴ πȟτ“ ÉÓ ÎÏ ÌÏÎÇÅÒ Á ȬÃÕÒÖÅȭȢ In addition, we will later 

ÉÎÔÒÏÄÕÃÅ ÔÈÅ ÃÏÎÃÅÐÔ ÏÆ ÃÕÒÖÁÔÕÒÅȟ ×ÈÉÃÈ ÍÅÁÓÕÒÅ ÔÈÅ ÁÍÏÕÎÔ ÂÙ ×ÈÉÃÈ Á ȬÃÕÒÖÅ ÃÕÒÖÅÓȭ ÁÔ 

some point ὸɴ Ὅ. Intuitively, we wish the curvature to be a function ‖ȡ ἺὍᴼᴙ. Indeed, if two 

curves ἺȡὍO ᴙ  and ἹȡὐO ᴙ  has the same image ἺὍ Ἱὐȟ ÔÈÅÎ ÔÈÅ ȬÃÕÒÖÁÔÕÒÅȭ ÓÈÏÕÌÄ ÂÅ 

the same at each point on ἺὍ no matter if we use Ἲ or Ἱ to compute it. However, naturally, we 

do need to compute the curvature using some parameterisation function Ἲ, and, unfortunately, it 
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is easy to see that, although we can define a curvature function ‖ȡ  ὍO ᴙ easily, in general, it is 

impossible to define a curvature function ‖ȡ ἺὍᴼᴙ. The problem is that Ἲ might not be injec-

tive. There might be parameters ὸȟίɴ Ὅ, ὸ ί, such that the curvatures ‖ὸ ‖ί while 

Ἲὸ Ἲί, as illustrated below. 

 

Figure 35. A non-simple curve with ambiguous curvature at the intersection . 

This problem is obviously removed if we demand that the curve is simple, that is, if we demand 

that ἺȡὍO ᴙ  is an injection. Then Ἲ is a bijection from Ὅ to its image ἺὍ, and so ‖ȡἺὍᴼᴙ  is 

certainly well-defined. Another nicety of simple curves is that every simple curve ἺὍ can be 

made into a totally ordered set by defining Ἰ Ἱᵾ ὶ Ἰ ὶ Ἱ where ὶ ȡ ἺὍᴼὍṖᴙ 

is the inverse of ἺȡὍO ἺὍ which exists since Ἲ is injective. Finally, a simple curve has the nice 

property that is has no intersections. Although obvious, this is an important property in its own 

ÒÉÇÈÔ ×ÈÅÎ Á ÃÕÒÖÅ ÉÓ ÃÏÎÓÉÄÅÒÅÄ Á ȬÍÁÎÉÆÏÌÄȭ ɉÁ ÃÏÎÃÅÐÔ ×Å ×ÉÌÌ ÄÅÆÉÎÅ ÉÎ ÌÁÔÅÒ ÓÅÃÔÉÏÎÓɊȢ 

Unfortunatelyȟ ×Å ÓÉÍÐÌÙ ȬÃÁÎÎÏÔȭ ÒÅÓÔÒÉÃÔ ÏÕÒ ÁÔÔÅÎÔÉÏÎ ÔÏ ÓÉÍÐÌÅ ÃÕÒÖÅÓȟ ÓÉÎÃÅ ×Å are interested 

in physics. Indeed, if ἺȡὍO ᴙ  is the position function of a particle, then, of course, we must ac-

cept the possibility that Ἲ is not injective. In addition, even from a purely geometric point of 

view, it is natural to think of non-simple curves as being ȬÃÕÒÖÅÓȭȢ 

With the above discussion in mind, it should be clear that we need to make some compromises 

×ÈÅÎ ×Å ÄÅÆÉÎÅ ÔÈÅ ȬÃÕÒÖÅȭȢ 7Å ×ÉÌÌ ÕÓÅ ÔÈÅ ×ÏÒÄ ȬÆ-ÃÕÒÖÅȭ ɉȬÆȭ ÁÓ ÉÎ ȬÆÕÎÃÔÉÏÎȭɊ ÔÏ ÄÅÎÏÔÅ Á ÆÕÎc-

tion ὍO ᴙ  ȟ ÁÎÄ ÔÈÅ ×ÏÒÄ ȬÃÕÒÖÅȭ ÔÏ ÄÅÎÏÔÅ ÔÈe image of such a function. We will make no re-

quirements on the interval Ὅ, and we will allow non-simple curves. In most cases, problems that 

arise due to non-injective f-curves can be removed by splitting the interval Ὅ into several smaller 

ÉÎÔÅÒÖÁÌÓȟ ÓÕÃÈ ÔÈÁÔ ÔÈÅ ÆÕÎÃÔÉÏÎ ÉÓ ÉÎÊÅÃÔÉÖÅ ÏÎ ÅÁÃÈ ÉÎÔÅÒÖÁÌȢ 4ÈÁÔȭÓ ÉÍÐÏÒÔÁÎÔ ÔÏ ËÅÅÐ ÉÎ ÍÉÎÄȢ 

Definition NN 

A curve parameterisation function, or an f-curve for short, is a continuous function ἺȡὍO ᴙ  

where ὍṖᴙ is an interval of non-finite cardinality . The image ‎ḧἺὍṒᴙ  is called a (para-

metric) curve. 

If Ὅ is an interval, let ‬Ὅ denote the set of boundary points of Ὅ [thus, ȿὍȿɴ πȟρȟς]. Then let 

ὍӶḧὍ᷾ ‬Ὅ be the closure of Ὅ [thus ὍӶ is a closed set], and ÉÎÔὍḧὍʌ ‬Ὅ the interior  of Ὅ [thus 

ÉÎÔὍ is an open set]. 

If ὲ ς (or ὲ σ) we speak of a plane curve (or a space curve). 

 

High or low curvature? 
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4.2.2 Examples of Curves 

Example NN 

The circular (cylindrical) helix of radius ὥ π and pitch ς“ὦ π is the image ‎ Ἲᴙ  of 

Ἲὸ Ἥ
ὥÃÏÓὸ
ὥÓÉÎὸ
ὦὸ

ȟ ὸɴ ᴙȢ 

Obviously, the projection of the helix onto the ὼώ-plane is a circle of radius ὥ. Fix any point Ἰᶰ‎ 

on the helix and consider the smallest number Ὤ π such that Ἰ Ὤὂɴ ‎. Clearly, the ὼ and ώ 

coordinates of Ἰ and Ἰ Ὤὂ are both the same, and so ὸ must be increased by ς“. Thus, the verti-

cal distance between the points is ὦὸς“ὦ, that is, the pitch. Hence, the pitch is the vertical dis-

tance between successive points on the helix above the same point on the projection circle. 

Below is a circular helix with parameters ὥ σ and ὦ ρςϳ . 
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Example NN 

The circular conical helix is the image ‎ Ἲᴙ  of 

Ἲὸ Ἥ
ὥὸÃÏÓὸ
ὥὸÓÉÎὸ
ὦὸ

ȟ ὸɴ ᴙ 

(ὥ πȟὦ π). Below it is drawn for ὥ ὦ ρρπϳ . 

 

 

Example NN 

A (straight) line passing through a point ὀɴ ᴙ  with non-zero directional vector Ἶɴ ᴙ  is the 

image of 
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Ἲὸ ὀ ὸἾȟ ὸɴ ᴙȢ 

Many important curves are plane curves. 

Example NN 

Let ὪȡὈᴼᴙ be a function on ὈṖᴙ. Then, by definition, its graph is 

ὼȟώᶰᴙȡὼɴ Ὀ ᷈ώ Ὢὼ Ȣ 

If Ὢ is continuous and Ὀ is an interval, then the graph is the parametric curve ἺὈ  where 

Ἲὸ Ἥ
ὸ
Ὢὸ ȟ ὸɴ ὈȢ 

 

Example NN 

A circle of radius ὥ is the set of points ὼȟώᶰᴙ  satisfying ὼ ώ ὥ. This is a closed curve 

given by 

Ἲὸ Ἥ
ὥÃÏÓὸ
ὥÓÉÎὸ

ȟ ὸɴ πȟς“Ȣ 

An ellipse with semi axes lengths ὥ and ὦ is the set of points satisfying ρ. This is a 

closed curve given by 

Ἲὸ Ἥ
ὥÃÏÓὸ
ὦÓÉÎὸ

ȟ ὸɴ πȟς“Ȣ 

 

Example NN 

The Archimedean spiral is the set of points satisfying the polar equation 

ὶ ὥ ὦ•ȟ ὥȟὦ πȢ 

The logarithmic spiral has the polar equation 

ὶ ὥὩ ȟ ὥȟὦ πȢ 

Both of these are parametric curves given by 

Ἲὸ Ἥ
ὶὸÃÏÓὸ
ὶὸÓÉÎὸ

 

where ὸ π and ὶὸ ὥ ὦὸ in the first case, and ὸɴ ᴙ and ὶὸ ὥὩ  in the latter case. 

Below is the Archimedean spiral and the logarithmic spiral drawn for ὥȟὦ πȟ ȟὸɴ πȟφ“ 

and ὥ ὦ ȟὸɴ Њȟρς“, respectively. 
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Example NN 

The butterfly curve is the set of points described by the polar equation 

ὶ• Ὡ ςÃÏÓτ• ÓÉÎ
ς• “

ςτ
ȟ •ᶰπȟρππȢ 

This is indeed a parameterised curve, given by 

Ἲὸ Ἥ
ὶὸÃÏÓὸ
ὶὸÓÉÎὸ

ȟ ὸɴ πȟρππ 

(say) where 

ὶὸ Ὡ ςÃÏÓτὸ ÓÉÎ
ςὸ “

ςτ
Ȣ 

The butterfly curve is not a simple curve, as is obvious from the plot below. 
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We have seen examples of both plane curves and space curves. At this time, it is appropriate to 

make 

Definition NN 

Let ‎Ṓᴙ  be a space curve. If there exists a plane ɩṒᴙ  such that ‎᷊ ɩ ‎, then ‎ is planar. 

Let ‎Ṓᴙ  be any plane graph. Then ‎ ὧṒᴙ  is a planar space curve for every ὧɴ ᴙ. More 

generally, let ὃ be any non-singular linear transformation ᴙ ᴼᴙ , and ὄ any spatial translation 

ὀm ὀ Ἤ (Ἤᶰᴙ  constant). Then ὄὃ‎ π  is a planar space curve. 

4.2.3 Some Technical Notes on Parameterisation 

)Î ÏÒÄÅÒ ÔÏ ÄÉÓÔÉÎÇÕÉÓÈ ȬÎÉÃÅȭ f-curves and curves ÆÒÏÍ ȬÐÁÔÈÏÌÏÇÉÃÁÌȭ ÏÎÅÓȟ ×Å ÍÁËÅ 

Definition NN 

An f-curve ἺȡὍO ᴙ  is regular iff  it is smooth and Ἲὸ  for every ὸɴ Ὅ. A curve is smooth (or 

regular) iff it is the image of some smooth (or regular) f-curve. 

 

An f-curve Ἲ might be thought of giving the position of a particle at a given time. Hence, the de-

rivative Ἲὸ might be thought of as the velocity at ὸ. In particular, the magnitude ȿἺὸȿ can be 

thought of as the speed at ὸ. This motivates 

Definition NN 

An f-curve  ἺȡὍO ᴙ  is unit-speed if ȿἺὸȿ ρ for all ὸɴ Ὅ. 

It is obvious that a given curve ‎ in general may be the image of many different f-curves. The unit 

circle, for instance, is the image of infinitely many f-curves. Some traverse the circle once, and 

some traverse it several times. In addition, different f-curves may have different speeds and ori-

entations. For instance, the f-curve 

Ἲὸ Ἥ
ÃÏÓὸ
ÓÉÎὸ

ȟ ὸɴ Ὅ πȟ“ 

has the same image as the f-curve 

Ἱὸ Ἥ
ÃÏÓςὸ
ÓÉÎςὸ

ȟ ὸɴ ὐ πȟ
“

ς
ȟ 

namely, the upper-half unit circle. Notice that Ἲ is unit-speed, while Ἱ is not. Notice also that 

there exists an increasing smooth diffeomorphism ɮȡὍO ὐ such that Ἲὸ Ἱɮὸ  for all ὸɴ Ὅ. 

Indeed, ɮὸ ὸ. Thus, ɮ ÃÁÎ ÂÅ ÕÓÅÄ ÔÏ ÔÒÁÎÓÌÁÔÅ ÔÈÅ ȬὍ-ÃÏÏÒÄÉÎÁÔÅȭ ÏÆ Á ÐÏÉÎÔ ÏÎ ἺὍ Ἱὐ to 

ÔÈÅ ÃÏÒÒÅÓÐÏÎÄÉÎÇ Ȭὐ-ÃÏÏÒÄÉÎÁÔÅȭȢ )Î ÁÄÄÉÔÉÏÎȟ ɮ  exists and Ἱὸ Ἲɮ ὸ  for all ὸɴ ὐ: 

ɮ ὸ ςὸ ÁÎÄ ÔÒÁÎÓÌÁÔÅÓ Ȭὐ-ÃÏÏÒÄÉÎÁÔÅÓȭ ÔÏ ȬὍ-coordinatesȭȢ 4Èis motivates 

Definition NN 

Let ἺȡὍO ᴙ  be an f-curve. An f-curve ἹȡὐO ᴙ  is called a reparameterisation of Ἲ iff there ex-

ists an increasing smooth diffeomorphism ɮȡὍO ὐ such that Ἲὸ Ἱɮὸ  for all ὸɴ Ὅ. ɮ is 

called the reparameterisation map from Ἲ to Ἱ. 
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Lemma NN 

Let ἺȡὍO ᴙ  be an f-curve and let ἹȡὐO ᴙ  be a reparameterisation of Ἲ with reparameterisa-

tion map ɮ. Then 

(1) ɮ ὸ π for every ὸɴ Ὅ. 

(2) Ἲ is a reparameterisation of Ἱ with reparameterisation map ɮ , 

(3) if Ἲ is regular then Ἱ is regular,  

(4) ἺὍ Ἱὐ, 

(5) ȿἺὸȿ ȿἹ ɮὸȿẗɮ ὸ, and 

Proof  

(1)  Since ɮ is a diffeomorphism, ɮ ɮὸ ρɮ ὸϳ  exists for every ὸɴ Ὅ. Thus 

ɮ ὸ π everywhere. 

(2)  Since ɮ is a smooth diffeomorphism, its inverse ɮ  exists and is a smooth dif-

feomorphism, too, and ɮ ȡὐO Ὅ. In addition, pick any ὸɴ Ὅ and let ὸ ɮὸᶰὐ. Then 

the defining equation Ἲὸ Ἱɮὸ  implies Ἲɮ ὸ Ἱὸ , and, since ɮὍ ὐ, 

this holds for every ὸᶰὐ. 

(3)  Assume Ἲ is regular. Then the defining equation Ἱὸ Ἲɮ ὸ  gives Ἱὸ as the 

composition of two smooth functions ɮ ȡ ὐO Ὅ and Ἲȡ ὍO ᴙ . Thus ἹȡὐO ᴙ  is 

smooth. In addition, for every ὸɴ ὐ, Ἱ ὸ Ἲɮ ὸ ẗɮ ὸ where Ἲɮ ὸ

 because Ἲ is regular, and ɮ ὸ π according to (1) and (2). Thus Ἱ is smooth and 

Ἱ ὸ π and so, by definition, Ἱ is regular. 

(4)  The defining equation Ἲὸ Ἱɮὸ  yields ἺὍ Ἱὐ since ὐ ɮὍ. 

(5)  This follows immediately from the defining equation and the chain rule.   ʉ

It should be clear that Ἲ and Ἱ, if they are reparameterisations of each other, have very similar 

properties. Not Ȭonlyȭ do they have the same image, as the following example shows. 

Example NN 

It is not true that every pair of f-curves with the same image are reparameterisations of each 

other. For instance, Ἲὸ ÃÏÓὸȟÓÉÎὸȟὸɴ Ὅḧ πȟτ“ and Ἲὸ ÃÏÓὸȟÓÉÎὸȟὸɴ ὐḧ πȟς“ 

clearly have the same image ἺὍ Ἱὐ Ὓ, but there does not exists a bijection ɮȡὍO ὐ such 

that Ἲὸ Ἱɮὸ  for all ὸɴ Ὅ. Indeed, if there is a function ɮȡὍO ὐ such thatἺὸ Ἱɮὸ  

for all ὸɴ Ὅ, then, since Ἲ“ Ἲσ“ ρȟπ, we must have ɮ“ ɮσ“ “ because only 

“ gets mapped to ρȟπ by Ἱ. But then ɮ is not injective. 

One might say that a reparameterisation Ἱ of an f-curve Ἲ preserves all physical properties of the 

trajectory Ἲ except for its speed ÁÔ ȬÃÏÒÒÅÓÐÏÎÄÉÎÇȭ ÐÏÉÎÔÓ, which is altered according to Lemma 

NN(5). In particular, if Ἲ traverses the unit circle Ὧ times, then so does Ἱ. 
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Lemma NN 

Let ἺȡὍO ᴙ  and ἹȡὐO ᴙ  be two injective regular curves with the same image ‎ ἺὍ Ἱὐ, 

which is a simple regular curve. Assuming that Ἲ and Ἱ are smooth diffeomorphisms to ‎, there 

exists a reparameterisation map ɮȡὍO ὐ from Ἲ to Ἱ. 

Proof  

Since Ἲ is a smooth diffeomorphism, its inverse ὶ ȡ‎O Ὅ exists and is smooth, and the same 

applies for the inverse ή ȡ‎O ὐ of Ἱ. Define ɮὸḧή Ἲὸ  for all ὸɴ Ὅ; then ɮὍ ὐ and 

since both Ἲ and ή  are smooth diffeomorphisms, so is ɮ. In addition, application of Ἱ yields 

Ἱɮὸ Ἲὸ which is the defining equation of a reparameterisation map.  ʉ

4.2.4 The Length of an f-Curve 

We make the obvious 

Definition NN 

The length of a regular f-curve ἺȡὍO ᴙ  is 

ὒḧ ȿἺὸȿὨὸȢ 

The signed length of the part of the curve from ὸ ὥ to ὸ ὦ (where ὥȟὦɴ ὍӶ or possibly Њ) is 

ὒḧ ȿἺὸȿὨὸȢ 

Notice that, by definition, the length is a property of an f-curve, not of a curve. Thus, the f-curve 

Ἲὸ ÃÏÓὸȟÓÉÎὸȟὸɴ Ὅḧ πȟτ“ has length τ“, although the curve ἺὍ Ὓ has length ς“. 

Even though it is essentially apparent from the geometrical ideas that lead to Definition NN 

(which the reader is supposed to know very well), we might want to check some fundamental 

niceties: 

Corollary NN 

Let ἺȡὍO ᴙ  be a regular f-curve and ἹȡὐO ᴙ  a reparameterisation of Ἲ. Then 

ȿἺὸȿὨὸ ȿἹ ὸȿὨὸȢ 

Proof  

By Lemma NN, 

ȿἺὸȿὨὸ Ἱ ɮὸ ẗɮ ὸὨὸ
ὸ ɮὸ
Ὠὸ ɮ ὸὨὸ

ȿἹ ὸȿὨὸᴂȢ 

 ʉ

Slightly more generally, we have 
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Corollary NN 

Let ἺȡὍO ᴙ  and ἹȡὐO ᴙ  be two injective regular f-curves with the same image ‎ ἺὍ

Ἱὐ. Assuming that Ἲ and Ἱ are smooth diffeomorphisms to ‎, the length of Ἲ is the same as the 

length of Ἱ, that is, the length of a simple regular curve ‎ does not depend on its (smooth) pa-

rameterisation. 

Proof  

According to Proposition NN, there exists a reparameterisation map ɮȡὍO ὐ from Ἲ to Ἱ. Thus, 

using Corollary NN, the lengths of Ἲ and Ἱ coinside.  ʉ

If a curve is not simple, but intersects in a finite number of points (such as the butterfly curve 

shown above), the length is still independent of parameterisation, which you can show by parti-

tioning Ὅ into smaller intervals such that the f-curve is injective in each interval. We will not go 

into the details. 

Example NN 

Consider the (circular elliptical) helix ‎ from Example NN: 

Ἲὸ Ἥ
ὥÃÏÓὸ
ὥÓÉÎὸ
ὦὸ

ȟ ὸɴ ᴙȢ 

The restriction of Ἲ to ὸȟὸ ς“ is an f-curve, the image of which is a single ȬÔÕÒÎȭ ÏÆ ÔÈÅ ÈÅÌÉØ 

‎. Since 

Ἲὸ Ἥ
ὥÓÉÎὸ
ὥÃÏÓὸ
ὦ

ȟ ȿἺὸȿ ὥ ὦ 

the length of such a ȬÔÕÒÎȭ ÉÓ 

ὥ ὦὨὸς“ ὥ ὦȢ 

 

Example NN 

We want to find the lengths of the spirals drawn in Example NN. The Archimedean spiral is pa-

rameterised by 

Ἲὸ
ρ

υ
Ἥ
ὸÃÏÓὸ
ὸÓÉÎὸ

ȟ ὸɴ πȟφ“ 

Thus 

Ἲὸ
ρ

υ
Ἥ
ÃÏÓὸ ὸÓÉÎὸ
ÓÉÎὸ ὸÃÏÓὸ

ȟ ȿἺὸȿ
ρ

υ
ρ ὸ 

so that the length 
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ὒ
ρ

υ
ρ ὸὨὸσυȢωȢ 

The logarithmic spiral is parameterised by 

Ἲὸ
ρ

ρπ
ἭὩ

ϳ ÃÏÓὸ
Ὡϳ ÓÉÎὸ

ȟ ὸɴ Њȟρς“ 

and so 

Ἲὸ
ρ

ρπ
Ὡϳ Ἥ

ρ

ρπ
ÃÏÓὸ ÓÉÎὸ

ρ

ρπ
ÓÉÎὸ ÃÏÓὸ

ȟ ȿἺὸȿ
ρ

ρπ
Ὡϳ

ρπρ

ρππ
 

and 

ὒ
Ѝρπρ

ρππ
Ὡϳ ὨὸτσȢφȢ 

Consider a regular f-curve ἺȡὍO ᴙ . Fix any ὸᶰὍ and consider the signed distance ίὸ from 

ὸᶰὍӶ to ὸɴ ὍӶ. Intuitively, ί assigned a unique number to each point on ‎ ἺὍ, namely, the 

signed distance from Ἲὸ  along the curve, and so can be used as a parameter, called an arc-

length parameter. Quantitatively, 

ίὸ ȿἺὸȿὨὸ 

so that 

Ὠί

Ὠὸ
ȿἺὸȿ πȟ ὸᶅɴ Ὅ 

because Ἲ is regular. Hence ί is a strictly  increasing function and a diffeomorphism ὍO ὐ ίὍ 

where ὐ is also an interval. Thus, ίm ὸ is a reparameterisation map, and ί is a valid parameter. 

The arc-length parameter is not unique, however. If ί and ί are two arc-length parameters, then 

ί ί Ὧ for some constant Ὧ. Indeed, if ί measures arc length from ὸ and ί measures arc 

length from ὸ, then 

ίὸ ίὸ ȿἺὸȿὨὸ ȿἺὸȿὨὸ ȿἺὸȿὨὸ ÃÏÎÓÔȢ 

Definition NN 

Let ‎ be a curve given by a regular ἺȡὍO ᴙ . Choose any ὸᶰὍ and introduce the arc-length 

parameter 

ίὸ ȿἺὸȿὨὸ 
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that measures the signed arc length from ὸ. Then any parameter ί ί Ὧ, where Ὧᶰᴙ is ar-

bitrary, is also called an arc-length parameter. 

We state now the important relation between the arc-length parameter and the unit-speed pa-

rameterisation: 

Proposition NN 

Let ἺȡὍO ᴙ  be a regular f-curve. Then Ἲ is unit-speed if and only if the parameter is an arc-

length parameter. 

Proof  

Suppose that the parameterisation is unit-speed. Then the arc-length from ὸᶰὍ to ὸɴ Ὅ is 

ίὸ ȿἺὸȿὨὸ Ὠὸ ὸ ὸȟ 

that is, ὸ is an arc-length parameter. Conversely, if ὸ is an arc-length parameter, then the signed 

distance from ὸᶰὍ to ὸɴ Ὅ is 

ȿἺὸȿὨὸ ὸ Ὧ 

for some constant Ὧ. Differentiation with respect to ὸ yields 

ȿἺὸȿ ρ 

and so Ἲ is unit-speed.  ʉ

Since every regular function has an arc-length parameter, we have 

Corollary NN 

Every regular curve has a unit-speed reparameterisation function. 

In what follows, we will need 

Lemma NN 

Let ‎ be the image of a regular, unit-speed parameterisation function ἺȡὍO ᴙ . Then 

ἺὸṶἺ ὸȟ ὸᶅɴ ὍȢ 

Proof  

By hypothesis, 

Ἲὸ ρȢ 

Differentiation w.r.t. ὸ yields 

ἺὸẗἺ ὸ πȢ 

 ʉ
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4.2.5 Curvature 

We wish to introduce a quantity that measures how much an f-curve ἺȡὍO ᴙ  ȬÃÕÒÖÅÓȭȟ ÔÈÁÔ ÉÓȟ 

how much it deviates from a straight line. Intuitively, we wish this quantity to be a non-negative 

number defined at every ὸɴ Ὅ, and a line should have zero curvature everywhere, while a circle 

of radius ὥ should have the same curvature at every point, and this should be a decreasing func-

tion of ὥ. Essentially, we would like the curvature to be a function on the curve, that is, on the set 

ἺὍ. However, if the curve is not simple, that is, if Ἲ is not injective, and this might be a slight 

problem as discussed in the introduction of this section. Nevertheless, we require that the curva-

ture be independent on parameterisation as far as possible. For instance, in a simple curve, the 

curvature should be a function defined on the curve, irrespective of parameterisation. 

A natural approach would be to use the magnitude of the second derivative of the parameterisa-

tion function. However, such a concept would not be suitable at all: it would not only depend on 

the curve ‎, but also on the parameterisation function Ἲ, even if we only take simple curves and 

injective functions into account. For example, the circle parameterisations ÃÏÓὸȟÓÉÎὸȟὸɴ

πȟς“ and ÃÏÓςὸȟÓÉÎςὸȟὸɴ πȟ“ would yield two different curvatures. If we demand that the 

parameterisation be unit-speed, however, then it will work. 

Definition NN 

Let ἺȡὍO ᴙ  be a unit-speed regular f-curve. Then the curvature of Ἲ at ὸɴ Ὅ is 

‖ḧȿἺ ὸȿȢ 

Let ἺȡὍO ᴙ  be any regular f-curve with a unit-speed reparameterisation ἹȡὐO ᴙ  and repa-

rameterisation map ɮȡὍO ὐ. Then the curvature of Ἲ at ὸɴ Ὅ is defined as the curvature of Ἱ at 

ɮὸᶰὐ. 

We need to check that the latter concept is well-defined, that is, that the curvature of Ἲ does not 

depend upon which unit -speed reparameterisation function Ἱ you choose to use for the curva-

ture computation. 

Proposition NN 

Let ἺȡὍO ᴙ  be a regular f-curve with two unit -speed reparameterisation functions ἹȡὐO ᴙ  

and Ἰȡὑᴼᴙ  with corresponding reparameterisation maps ɮȡὍO ὐ and ɰȡὍO ὑ. Then 

Ἱ ɮὸ Ἰ ɰὸ ȟ ὸᶅɴ ὍȢ 

Proof  

We have 

Ἲὸ Ἱɮὸ Ἰɰὸȟ 

but since both ɮὸ and ɰὸ are arc-length parameters, 

ɰὸ ɮὸ Ὧ 

for some Ὧɴ ᴙ. Thus 

Ἱɮὸ Ἰɮὸ ὯȢ 

Differentiation with respect to ὸ yields 
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Ἱ ɮὸɮ ὸ Ἰ ɮὸ Ὧɮ ὸ 

and, since ɮ ὸ π, 

Ἱ ɮὸ Ἰ ɮὸ ὯȢ 

Differentiating again, 

Ἱ ɮὸ ẗɮ ὸ Ἰ ɮὸ Ὧẗɮ ὸ 

and 

Ἱ ɮὸ Ἰ ɮὸ Ὧ Ἰ ɰὸȢ 

Thus 

Ἱ ɮὸ Ἰ ɰὸ Ȣ 

 ʉ

Example NN 

Let ‎ be a straight line given by 

Ἲὸ ὀ ὸἾȟ ὸɴ ᴙ 

where ὀȟἾɴ ᴙȟȿἾȿ ρ. Then ȿἺὸȿ ȿἾȿ ρ so that Ἲ is unit-speed. Since Ἲ , the curva-

ture 

‖ḰȿἺ ὸȿ πȟ ὸᶅɴ ὍȢ 

 

Example NN 

Let ‎ be a part of a circle of radius ὥ, given by 

Ἲὸ Ἥ
ὥÃÏÓὸὥϳ

ὥÓÉÎὸὥϳ
ȟ ὸɴ ὍȢ 

Since 

Ἲὸ Ἥ
ÓÉÎὸὥϳ

ÃÏÓὸὥϳ
ȟ ȿἺᴂὸȿ ρȟ 

Ἲ is unit-speed. Furthermore, 

Ἲ ὸ
ρ

ὥ
Ἥ

ÃÏÓὸὥϳ

ÓÉÎὸὥϳ
 

so that the curvature 

‖ḰȿἺ ὸȿ
ρ

ὥ
Ȣ 
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The above examples show that our definition satisfies our demands. Now we can obtain some 

more interesting results. 

Example NN 

The (circular cylindrical) helix from Example NN is given by 

Ἲὸ Ἥ
ὥÃÏÓὸ
ὥÓÉÎὸ
ὦὸ

ȟ ὸɴ ᴙȢ 

This is not unit-speed, since 

ȿἺὸȿ ὥ ὦ ρ    ÉÎ ÇÅÎÅÒÁÌȢ 

7Å ÔÈÕÓ ÎÅÅÄ ÔÏ ȬÓÌÏ× ÉÔ ÄÏ×Îȭ Á ÂÉÔȢ It is clear that 

Ἲὸ Ἥ
ὥÃÏÓὸὺϳ

ὥÓÉÎὸὺϳ

ὦὸὺϳ
ȟ ὸɴ ᴙȟ 

where ὺḧЍὥ ὦ, is a unit-speed parameterisation for ‎. Indeed, 

Ἲὸ
ρ

ὺ
Ἥ

ὥÓÉÎὸὺϳ

ὥÃÏÓὸὺϳ
ὦ

ȟ ȿἺὸȿ
ρ

ὺ
ẗὺ ρȢ 

Furthermore, 

Ἲ ὸ
ρ

ὺ
Ἥ

ὥÃÏÓὸὺϳ

ὥÓÉÎὸὺϳ
π

 

and so the curvature 

‖ḰȿἺ ὸȿ
ὥ

ὺ

ὥ

ὥ ὦ
Ȣ 

As ὥO π  while ὦ is constant, ‖O πȟ ÁÓ ÏÎÅ ×ÏÕÌÄ ÅØÐÅÃÔȟ ÓÉÎÃÅ ÔÈÅ ÃÕÒÖÅ ÉÓ ȬÓÔÒÁÉÇÈÔÅÎÅÄȭ ÌÉËÅ Á 

stubborn cable. Also notice that ‖O ρὥϳ  as ὦO π, also as one would expect, because in this case 

the helix tends to a circle of radius ὥ. 

Notice that all examples so far have involved curves of constant curvature. We will investigate 

more complicated curves after we have found a simpler method of determining the curvature. 

After all, it is rather cumbersome to determine a unit-speed parameterisation every time. 

Proposition NN 

Let ἺȡὍO ᴙ  be any regular f-curve (unit -speed or not!). Then 

‖
ȿἺ Ἲȿ

ȿἺȿ
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where a dot denotes a derivative w.r.t. the parameter and the Ὅʂ ὸ-dependance is understood. 

Proof  

Let ίm Ἱί be a unit-speed reparameterisation of the given f-curve ὸm Ἲὸ. Then 

Ἱίὸ ἺὸȢ 

Differentiation w.r.t. ὸ yields 

ὨἹ

Ὠί
ẗ
Ὠί

Ὠὸ

ὨἺ

Ὠὸ
 

and 

ὨἹ

Ὠί
ẗ
Ὠί

Ὠὸ

ὨἹ

Ὠί
ẗ
Ὠί

Ὠὸ

ὨἺ

Ὠὸ
Ȣ 

Thus 

ὨἺ

Ὠὸ

ὨἺ

Ὠὸ

ὨἹ

Ὠί
ẗ
Ὠί

Ὠὸ

ὨἹ

Ὠί
ẗ
Ὠί

Ὠὸ

ὨἹ

Ὠί
ẗ
Ὠί

Ὠὸ

ὨἹ

Ὠί
ẗ
Ὠί

Ὠὸ

ὨἹ

Ὠί
ẗ
Ὠί

Ὠὸ
 

and so 

ὨἺ

Ὠὸ

ὨἺ

Ὠὸ

Ὠί

Ὠὸ
ẗ
Ὠί

Ὠὸ
‖ 

since Ἱ is unit-speed and by the definition ‖Ḱ
Ἱ
Ȣ ɉᴻɊ ÁÌÓÏ ÙÉÅÌÄÓ 

ὨἺ

Ὠὸ

Ὠί

Ὠὸ
Ƞ 

thus 

ὨἺ
Ὠὸ

ὨἺ
Ὠὸ

ὨἺ
Ὠὸ

Ὠί
Ὠὸ
ẗ
Ὠί
Ὠὸ

‖

Ὠί
Ὠὸ

‖Ȣ 

 ʉ

It might appears as if Proposition NN only holds for plane curves. However, since any plane 

curve can be trivially embedded in ᴙ  by means of the linear transformation 

ὼ
ώ ᵐ

ρ π
π ρ
π π

ὼ
ώ

ὼ
ώ
π
ȟ 

we can use Proposition NN even for planar curves. Now we can investigate some more compli-

cated curves with less effort. If we are interested in curves with non-constant curvature, it is 

natural to turn to the spirals of Example NN. 

Example NN 

We will compute the curvature of the Archimedean spiral, which is parameterised by 
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Ἲὸ
ρ

υ
Ἥ
ὸÃÏÓὸ
ὸÓÉÎὸ
π

ȟ ὸ πȢ 

Thus 

Ἲὸ
ρ

υ
Ἥ
ÃÏÓὸ ὸÓÉÎὸ
ÓÉÎὸ ὸÃÏÓὸ

π
ȟ Ἲ ὸ

ρ

υ
Ἥ

ςÓÉÎὸ ὸÃÏÓὸ
ςÃÏÓὸ ὸÓÉÎὸ

π
ȟ 

Ἲὸ Ἲ ὸ
ρ

ςυ
Ἥ

π
π

ς ὸ
ȟ ȿἺὸ Ἲ ὸȿ

ρ

ςυ
ς ὸ ȟ 

and 

ȿἺὸȿ
ρ

υ
ρ ὸȢ 

Therefore, 

‖
ȿἺ Ἲȿ

ȿἺȿ
υ
ς ὸ

ρ ὸ ϳ
Ȣ 

It is easy to show that Ὠ‖Ὠὸϳ πȟᶅὸ π. Below is the graph of ὸm ‖ὸ. 

 

The logarithmic spiral is left as an exercise. 

We end this subsection by investigating if there is a curve in which the curvature is proportional 

to arc length. (Intuitively, the existence part is rather obvious. But it is far from obvious if there 

is a reasonably simple parameterisation for it.) 

Let ‎ ἺὍ where ἺȡὍO ᴙ  is a unit-speed parameterisation. Our requirement is thus 

‖ḰȿἺ ὸȿ ὥὸȟ ὸ πȟ 
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where ὥ π. Since Ἲ is unit-speed, ȿἺὸȿ ρȟᶅὸɴ Ὅ, and, since any vector of unit length may be 

written ÃÏÓ•ȟÓÉÎ•  for some •ᶰᴙ, it is clear that there must exist a function ὸm •ὸ such 

that 

Ἲὸ ÃÏÓ•ὸȟÓÉÎ•ὸȢ 

Differentiation yields 

Ἲ ὸ • ὸ ÓÉÎ•ὸȟÃÏÓ•ὸ  

and so 

ȿἺ ὸȿ ȿ• ὸȿ ὥὸȢ 

If we require that ὸm • is an increasing function, 

• ὸ ὥὸ 

which yields, if we require •π π [curve is horizontal at ὸ π], 

•ὸ
ρ

ς
ὥὸȢ 

Thus, 

Ἲὸ ÃÏÓ
ρ

ς
ὥὸȟÓÉÎ

ρ

ς
ὥὸ  

and so, if position our curve on the plane in such a way that Ἲπ , 

Ἲὸ
ς

ὥ
ὅ

ὥ

ς
ὸȟ

ς

ὥ
Ὓ

ὥ

ς
ὸ  

where 

ὅὼḧ ÃÏÓὸὨὸȟ Ὓὼḧ ÓÉÎὸὨὸ 

are the Fresnel integrals, which are well-known non-elementary functions. For the obvious rea-

son, the curve Ἲὸ, which is called the Euler spiral (or Cornu spiral), is often used in railway con-

struction. Below the image ἺὍ is shown (where Ὅ ρππȟρππ) for ὥ ς. Although we initial-

ly required ὸ π, Ἲὸ certainly makes sense for all ὸɴ ᴙ, and Ἲ ὸ Ἲὸȟᶅὸɴ ᴙ. The defini-

ÔÉÏÎ ÅÑÕÁÔÉÏÎ ɉᴻɊ ÓÔÉÌÌ ÈÏÌÄÓ ×ÉÔÈ Á ÍÉÎÏÒ ÍÏÄÉÆÉÃÁÔÉÏÎȡ ‖ḰȿἺ ὸȿ ὥȿὸȿȟὸɴ ᴙ. 
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Figure 36. An Euler Spira l. 

4.2.6 Torsion 

It is intuitively clear, and one can rigorously show that, up to an isometry of the plane, the curva-

ture function ὸm ‖ uniquely determines a plane curve. However, it is evident that the same does 

not apply for space curves. Indeed, a (circular cylindrical) helix with parameters ὥ ὦ ρ has 

the same curvature as a circle with radius ὥ ς, namely, ρςϳ , and there is no isometry of space 

that can make a helix out of a circle or vice versa! In this section, we will introduce a new func-

tion of ὸ, besides the curvature, namely, torsion. Together, the curvature and torsion uniquely 

determine a space curve up to an isometry of space. Essentially, we will see that the torsion 

measures the failure of a space curve to lie inside a single plane in space. First, we need some 

ȬÎÅ×ȭ ÃÏÎÃÅÐÔÓȢ 

Definition NN 

Let ‎ ἺὍ be a space curve with Ἲ regular and unit-speed. Then, at ὸɴ Ὅ, ἼǶὸḧἺὸ is called 

the unit tangent (vector), and, assuming ‖ὸ π, ἶὸḧ Ἲ ὸ
ȿἺ ȿ

Ἲ ὸ , is called the 

unit normal (vector) to ‎. 
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Recall from Lemma NN that ἼǶὸṶἶὸ at every point ὸɴ Ὅ where the unit normal is defined. It 

should be clear that the unit tangent and normal vectors depend only on the curve ‎ and its ori-

entation, and not on the parameterisation otherwise. 

Definition NN 

Let ‎ ἺὍ be a space curve with Ἲ regular and unit-speed. Then, at every ὸɴ Ὅ where the unit 

normal ἶὸ is defined, 

ἪὸḧἼǶὸ ἶὸ 

is called the binormal to ‎. 

Since ἼǶὸ and ἶὸ are perpendicular unit vectors, Ἢὸ is too of unit length; HTH (hence the 

hat). 

Consider now a regular, unit-speed planar space curve ‎ ἺὍ with unit tangent and normal 

vectors ἼǶὸ and ἶὸ at ὸɴ Ὅ, with Ὅ open, respectively, and let ɩṒᴙ  be a plane such that 

‎᷊ ɩ ‎. Let ɩ Ṓᴙ  be a plane with the same normal direction as ɩ but translated, if neces-

sary, as to contain the origin; notice that ɩ  is a vector space. Since Ὅ is open, there exists, for 

every ὸɴ Ὅ a sufficiently small ‭ π such that ὸ ‭ɴ Ὅ, too. By definition, 

ἼǶὸ Ἲὸ ÌÉÍ
ᴼ

Ἲὸ ‭ Ἲὸ

‭
Ȣ 

Since both Ἲὸ ‭ᶰɩ and Ἲὸᶰɩ, it follows that Ἲὸ ‭ Ἲὸᶰɩ . This being so for every 

positive ‭ in some neighbourhood of π, it follows that the limit ἼǶὸᶰɩ  as well. Hence, 

ἼǶὸᶰɩȟ ὸᶅɴ ὍȢ 

The unit normal, if defined, is 

ἶὸ
ρ

‖
ἼǶὸ

ρ

‖
ÌÉÍ
ᴼ

ἼǶὸ ‭ ἼǶὸ

‭
Ȣ 

But ɩ  ÉÓ Á ÖÅÃÔÏÒ ÓÐÁÃÅȟ ÁÎÄ ÓÏ ɉᴻɊ ÉÍÐÌÉÅÓ ἼǶὸ ‭ ἼǶὸᶰɩ  for every ‭ π in a neighbour-

hood of 0; thus 

ἶὸᶰɩȟ ὸᶅɴ Ὅ  ×ÈÅÒÅ  ἶὸ  ÉÓ ÄÅÆÉÎÅÄȢ 

Since ἼǶὸ and ἶὸ are perpendicular unit vectors in ɩ , the binormal ἪὸḰἼǶὸ ἶὸṶɩ  

for all ὸ. Thus, not only the (unit) length, but also the direction of  Ἢὸ is constant. We summarise 

this as a proposition: 

Proposition NN 

Let ‎ ἺὍ be a planar space curve (Ἲ regular and unit-speed) with binormal Ἢὸ at ὸɴ Ὅ 

(where defined). Then 

Ἢ ὸ πȟ ὸᶅɴ Ὅ 

(where defined). 
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It is therefore tempting to define the torsion as being closely related to the magnitude of the 

derivative of the binormal vector, and we will do so. Notice that 

ἪḰἼǶἶᵼ Ἢ ἼǶ ἶ ἼǶ ἶ ἼǶ ἶ Ƞ 

thus Ἢ ṶἼǶ. In addition, since Ἢḳρ, Ἢ ṶἪ. But since ἪḰἼǶἶ, we have Ἢ ἶ᷆. 

Definition NN 

Let ‎ ἺὍ be a space curve with Ἲ regular and unit-speed. Then the torsion ʐ at ὸɴ Ὅ is given 

by the relation 

Ἢ †ἶ 

(where defined). 

The minus sign is a convention. Notice that ἶ (and so Ἢ) is only defined where ‖ π. This means 

that † is also only defined on (open) intervals where ‖ π. Notice also that † Ἢ ẗἶ and 

ȿ†ȿ Ἢ . 

Corollary NN 

A regular planar space curve has zero torsion everywhere it is defined. 

Naturally, we wish to compute the torsion of a curve, without all-embracing trouble. In other 

words, we need an analogue of Proposition NN, and here it comes: 

Proposition NN 

Let ‎ ἺὍ be a space curve with Ἲ regular (but not necessarily unit-speed). Then 

†
Ἲ ἺẗἺ

ȿἺ Ἲȿ
 

where † is defined. 

Proof  

Following the proof of Proposition NN, we introduce the unit-speed reparameterisation function 

ίm Ἱ and so, simply copying the results obtained there, 

Ἲὸ Ἱίὸȟ
ὨἺ

Ὠὸ

ὨἹ

Ὠί
ẗ
Ὠί

Ὠὸ
ȟ

ὨἺ

Ὠὸ

ὨἹ

Ὠί
ẗ
Ὠί

Ὠὸ

ὨἹ

Ὠί
ẗ
Ὠί

Ὠὸ
 

and 

ὨἺ

Ὠὸ

ὨἺ

Ὠὸ

ὨἹ

Ὠί
ẗ
Ὠί

Ὠὸ

ὨἹ

Ὠί
ẗ
Ὠί

Ὠὸ
ȟ

ὨἺ

Ὠὸ

ὨἺ

Ὠὸ

Ὠί

Ὠὸ
ẗ
Ὠί

Ὠὸ
‖Ȣ 

We now also need 

ὨἺ

Ὠὸ

ὨἹ

Ὠί
ẗ
Ὠί

Ὠὸ

ὨἹ

Ὠί
ẗς
Ὠί

Ὠὸ
ẗ
Ὠί

Ὠὸ

ὨἹ

Ὠί
ẗ
Ὠί

Ὠὸ
ẗ
Ὠί

Ὠὸ

ὨἹ

Ὠί
ẗ
Ὠί

Ὠὸ
Ȣ 
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Putting it all together, 

Ἲ ἺẗἺ

ȿἺ Ἲȿ

ρ

Ὠί
Ὠὸ
ẗ
Ὠί
Ὠὸ

‖

ẗ
ὨἹ

Ὠί
ẗ
Ὠί

Ὠὸ

ὨἹ

Ὠί
ẗ
Ὠί

Ὠὸ
ẗ

ẗ
ὨἹ

Ὠί
ẗ
Ὠί

Ὠὸ

ὨἹ

Ὠί
ẗς
Ὠί

Ὠὸ
ẗ
Ὠί

Ὠὸ

ὨἹ

Ὠί
ẗ
Ὠί

Ὠὸ
ẗ
Ὠί

Ὠὸ

ὨἹ

Ὠί
ẗ
Ὠί

Ὠὸ

ρ

Ὠί
Ὠὸ

‖

ẗ
ὨἹ

Ὠί

ὨἹ

Ὠί
ẗ
ὨἹ

Ὠί

Ὠί

Ὠὸ
σ
ὨἹ

Ὠί

Ὠί

Ὠὸ

Ὠί

Ὠὸ

ὨἹ

Ὠί

Ὠί

Ὠὸ

ρ

Ὠί
Ὠὸ

‖

ẗἼǶ‖ἶẗ
Ὠ

Ὠί
‖ἶ

Ὠί

Ὠὸ
σ‖ἶ
Ὠί

Ὠὸ

Ὠί

Ὠὸ
ἼǶ
Ὠί

Ὠὸ

ρ

Ὠί
Ὠὸ

‖

ẗ‖Ἢẗ
Ὠ

Ὠί
‖ἶ

Ὠί

Ὠὸ
σ‖ἶ
Ὠί

Ὠὸ

Ὠί

Ὠὸ
ἼǶ
Ὠί

Ὠὸ

ρ

Ὠί
Ὠὸ

‖

ẗ‖Ἢẗ
Ὠ

Ὠί
‖ἶ

Ὠί

Ὠὸ

ρ

‖
Ἢẗ

Ὠ

Ὠί
‖ἶ

ρ

‖
Ἢẗ
Ὠ‖

Ὠί
ἶ ‖

Ὠἶ

Ὠί

Ἢẗ
Ὠἶ

Ὠί
Ȣ 

Since 

π
Ὠ

Ὠί
π

Ὠ

Ὠί
Ἢẗἶ

ὨἪ

Ὠί
ẗἶ Ἢẗ

Ὠἶ

Ὠί
† Ἢẗ

Ὠἶ

Ὠί
 

we have 

Ἲ ἺẗἺ

ȿἺ Ἲȿ
Ἢẗ
Ὠἶ

Ὠί
† 

as promised.  ʉ

Example NN 

Let us compute the torsion of the (circular cylindrical) helix, given by 

Ἲὸ Ἥ
ὥÃÏÓὸ
ὥÓÉÎὸ
ὦὸ

ȟ ὸɴ ᴙȢ 

We find 

Ἲὸ Ἥ
ὥÓÉÎὸ
ὥÃÏÓὸ
ὦ

ȟ Ἲ ὸ Ἥ
ὥÃÏÓὸ
ὥÓÉÎὸ
π

ȟ Ἲ ὸ Ἥ
ὥÓÉÎὸ
ὥÃÏÓὸ
π

ȟ 

Ἲὸ Ἲ ὸ Ἥ
ὥὦÓÉÎὸ
ὥὦÃÏÓὸ
ὥ

ȟ ȿἺὸ Ἲ ὸȿ ὥὦ ὥ ὥ ὥ ὦȢ 

Thus 
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Ἲὸ Ἲ ὸ ẗἺ ὸ

ȿἺὸ Ἲ ὸȿ

ὥὦ

ὥ ὥ ὦ

ὦ

ὥ ὦ
Ȣ 

Notice that †O π as ὦO π, which is to be expected, for in this limit, the helix becomes a planar 

circle. 

4.2.7 The FrenetτSerret Formulae 

The formulae relating the unit tangent, normal, and binormal vectors to the curvature and tor-

sion of a space curve are rather succinctly and neatly summarized in the three FrenetɂSerret 

formulae, two of which we already know: 

ὨἼǶ

Ὠί
‖ἶȟ

ὨἪ

Ὠί
†ἶ 

where ί is an arc-length parameter. The last FrenetɂSerret formula follows from a simple calcu-

lation: 

ἪḰἼǶἶᵼἶ Ἢ ἼǶᵼ
Ὠἶ

Ὠί

ὨἪ

Ὠί
ἼǶἪ

ὨἼǶ

Ὠί
†ἶ ἼǶἪ ‖ἶ †Ἢ ‖ἼǶȟ 

that is, 

Ὠἶ

Ὠί
 †Ἢ ‖ἼǶȢ 

The beauty of the FrenetɂSerret formulae lies in their matrix form: 

Proposition NN (The FrenetτSerret Theorem) 

Let a regular space curve ‎ have unit tangent, normal, and binormal vectors ἼǶ, ἶ, and Ἢ, respec-

tively, and let the curvature and torsion be ‖ and †, respectively, and let ί be an arc-length pa-

rameter, a derivative relative to which is denoted by a prime. Then 

ἼǶ

ἶ

Ἢ

π ‖ π
‖ π †
π † π

ἼǶ

ἶ
Ἢ

Ȣ 

4.2.8 A Modern Definition of a Curve 

Our definition of a (parameterised) curve is a simple and highly intuitive one. However, it has 

some drawbacks. Perhaps most importantly, it will differ rather significantly from the definition 

of a surface that we will give in the next section. To remedy this, we give an alternative, and 

ÍÏÒÅ ȬÍÏÄÅÒÎȭȟ ÄÅÆÉÎÉÔÉÏÎ ÏÆ Á ÃÕÒÖÅȢ 

Definition NN 

A subset ‎Ṓᴙ  is called a (manifold) curve iff, for every point ὀɴ ‎, there exists an open set 

ὟṒᴙ  containing ὀ and an open set ὠᶰᴙ such that Ὗ᷊‎ and ὠ are homeomorphic. 

This definition is not equivalent to the definition of a (parameterised) curve given as Definition 

..Ȣ 3ÔÉÌÌȟ ÉÎ ÍÁÎÙ ×ÁÙÓȟ ÉÔ ÉÓ Á ÍÏÒÅ ȬÎÁÔÕÒÁÌȭ ÄÅÆÉÎÉÔÉÏÎȢ )Ô ÃÁÐÔÕÒÅÓ ÔÈÅ ÅÓÓÅÎÔÉÁÌ ÐÒÏÐÅÒÔÙ ÏÆ Á 

curve, namely, that a curve, locally ȬÌÏÏËÓ ÌÉËÅȭ Á ÓÍÁÌÌȟ ÄÅÆÏÒÍÅÄ ÐÁÒÔ of an interval of ᴙ. In addi-

tion, it states that, locally, about every point, one can introduce a parameterisation of the curve, 
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and this is a very nice f-curve, indeed a homeomorphism. Also, one does not have to display an f-

curve, the image of which is ‎, in order to show that ‎ is a (manifold) curve. It suffices to show 

that, locally, it can be parameterised by f-curves. 

One of the main drawbacks of this definition is that it does not allow non-simple curves. This is 

also the reason why we have used a different definition in this section. 
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4.3 Surfaces 

We now turn to two-dimensional surfaces embedded in ᴙ . As for the definition of ȬÓÕÒÆÁÃÅȭȟ ×Å 

could certainly mimic the definition of a curve made in the last section: 

Definition NN 

A (parameterised) surface in ᴙ  is the image ɫ ἺὈ  of a surface parameterisation function (or 

an f-surface for short) Ἲȡ Ὀᴼᴙ  where Ἲ is injective and ὈṒᴙ  is a simply connected set. 

A surface parameterisation function is regular iff it is smooth and Ἲ Ἲ π at every point. A 

surface is regular iff it is the image of some regular surface parameterisation function. 

Notice that this definition disqualifies surfaces with self-intersections, but this is a rather small 

problem: while we are often interested in curves that intersect themselves, we rarely need to 

consider surfaces with this property. In addition, should such a need emerge, you are likely to 

overcome the problem by subdividing the parameter region Ὀ into smaller regions, such that the 

restrictions of the surface parameterisation function to these small regions are injective. 

Although this definition works perfectly for the vast majority of every-day situations, there are a 

few problems with it. One is that, in order to show that a subset of ᴙ  is a surface, we need to 

display a parameterisation function. Thus, since we are not interested in self-intersecting sur-

faces anyway, there is really no reason not ÔÏ ÇÏ ÆÏÒ ÔÈÅ ÓÕÒÆÁÃÅ ÁÎÁÌÏÇÕÅ ÏÆ ÔÈÅ ȬÍÏÄÅÒÎȭ ÄÅÆÉÎi-

tion of a curve. 

Indeed, it is clear that if ὀɴ Ὓ is any point on the unit sphere, then there is an open set ὟṒᴙ  

containing ὀ and an open subset ὠṒᴙ  such that Ὗ᷊Ὓ and ὠ are homeomorphic, and this is 

typical for a nice surface in space. We will therefore make 

Definition NN 

A subset ɫṒᴙ  is called a (manifold) surface iff, for every point ὀɴ ɫ, there exists an open set 

ὟṒᴙ  containing ὀ and an open set ὠṒᴙ  such that Ὗ᷊ɫ and ὠ are homeomorphic. 

A pair ὠȟɮ  of a non-empty open subset ὠṒᴙ  and a homeomorphism ɮȡὠᴼɫ᷊ Ὗ for some 

open ὟṒᴙ  is called a local coordinate system, or a (local coordinate) patch (or chart) of ɫ. A 

collection of coordinate patches ὠȟɮ  is called an atlas for ɫ if ẕɮὠ ɫ. 

It follows that every surface has an atlas, and if a subset ɫṒᴙ  has an atlas, then it is a surface. 

In the following examples, we will mostly study surfaces with an atlas consisting of a single 

chart. Thus, in these simple cases any of the definitions would do. 

4.3.1 Examples of Surfaces 

Example NN 

The unit sphere Ὓ is a manifold surface. Indeed, consider the functions 

Ἲ—ȟ• Ἥ
ÓÉÎ—ÃÏÓ•
ÓÉÎ—ÓÉÎ•
ÃÏÓ—

ȟ —ȟ• ᶰὠḧ πȟ“ πȟς“ȟ 
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Ἲ—ȟ• Ἥ
ÓÉÎ—ÃÏÓ•
ÓÉÎ—ÓÉÎ•
ÃÏÓ—

ȟ —ȟ• ᶰὠḧ πȟ“ “ȟ“ȟ 

Ἲὼȟώ Ἥ

ὼ
ώ

ρ ὼ ώ
ȟ ὼȟώᶰὠḧ ὼȟώᶰᴙȡὼ ώ

ρ

ρπ
ȟ 

Ἲὼȟώ Ἥ

ὼ
ώ

ρ ὼ ώ
ȟ ὼȟώᶰὠḧ ὼȟώᶰᴙȡὼ ώ

ρ

ρπ
Ȣ 

It is clear that every pair ὠȟἺ  is a local coordinate patch, and that ẕἺὠ Ὓ. Thus the col-

lection ὠȟἺ  of patches constitute an atlas for Ὓ, which therefore is a manifold surface. 

 

Example NN 

A plane is the image of 

Ἲόȟὺ Ἰ όἽ ὺἾȟ όȟὺᶰᴙ  

where Ἰ ᶰᴙ  is some fixed point and Ἵ and Ἶ are two linearly independent vectors. 

 

Example NN 

A circular cylinder of radius ὥ π, given by the Cartesian equation ὼ ώ ὥ, is the image of 

Ἲ•ȟᾀ Ἥ
ὥÃÏÓ•
ὥÓÉÎ•
ᾀ

ȟ •ȟᾀᶰπȟς“ ᴙȢ 

Although Ἲ does not qualify for a chart, it is clear that the circular cylinder is a surface. For in-

stance, an atlas is given by the two charts 

Ἲ•ȟᾀ Ἥ
ὥÃÏÓ•
ὥÓÉÎ•
ᾀ

ȟ •ȟᾀᶰὠḧ πȟς“ ᴙȟ 

Ἲ•ȟᾀ Ἥ
ὥÃÏÓ•
ὥÓÉÎ•
ᾀ

ȟ •ȟᾀᶰὠḧ “ȟ“ ᴙȢ 

 

Example NN 

The set of points that satisfy ὼ ώ ᾀ is an example of a (circular) cone and is the image of 

Ἲ•ȟᾀ Ἥ
ᾀÃÏÓ•
ᾀÓÉÎ•
ᾀ

ȟ •ȟᾀᶰπȟς“ ᴙȢ 

The cone is not Á ÍÁÎÉÆÏÌÄ ÓÕÒÆÁÃÅȟ ÂÅÃÁÕÓÅ ÉÔ ÄÏÅÓ ÎÏÔ ȬÌÏÏË ÌÉËÅȭ Á Euclidean plane at the vertex 

πȟπȟπ. However, the restriction ᾀ π (or ᾀ π) is a manifold surface. 
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Example NN 

The helicoid is the image of 

Ἲόȟὺ Ἥ
ὥ όÃÏÓὺ
ὥ όÓÉÎὺ
ὦὺ

ȟ όȟὺᶰὈ 

for some ὥȟὦ π and some open ὈṒᴙ . 

It is apparent from the parameterisation that a helicoid is the surface traced out by a rotating 

(straight-line) aircraft or boat Ȭpropellerȭ as the vehicle is moving with constant velocity Ἶ ὦὂ 

in which case ὺ is the time. Below a helicoid is drawn for ὥȟὦ ςȟρ and Ὀ ȟ

φ“ȟφ“. 
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Example NN 

Let ὪȡὈᴼᴙ be a real valued function of two variables defined on ὈṖᴙ . If Ὢ is continuous and 

Ὀ open, then the graph, defined by 

ὼȟώȟᾀᶰᴙȡὼȟώᶰὈ ᷈ᾀ Ὢὼȟώ  

is a surface, parameterised by the single patch 

Ἲὼȟώ Ἥ

ὼ
ώ

Ὢὼȟώ
ȟ ὼȟώᶰὈȢ 

Below is the graph of the two-dimensional Gaussian Ὢὼȟώ υὩ  on ὼȟώᶰ ρπȟρπ. 
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4.3.2 The Tangent Space and the Standard Normal 

Consider a surface ɫ ἺὈ  with coordinates όȟὺᶰὈ. At every point όȟὺᶰὈ, mapped to 

ὀḧἺόȟὺᶰɫ, the vectors Ἲ όȟὺ and Ἲόȟὺ are tangent to the surface. The plane 

ɩȟὀḧ Ἱᶰᴙȡ Ἱ Ἲόȟὺ ίἺ όȟὺ ὸἺόȟὺȟίȟὸᶰᴙ  

is called the tangent plane of ɫ at Ἲόȟὺ. Although Ἲ όȟὺ and Ἲόȟὺ depend upon the param-

eterisation function Ἲ of ɫ, the tangent plane ɩȟὀ does not. Notice also that ɩȟὀ  is a plane in 

space, because Ἲ όȟὺ and Ἲόȟὺ are guaranteed to be non-parallel since Ἲ is regular. The tan-

gent plane ɩȟὀ is not a vector subspace of ᴙ  unless ᶰɩȟὀ. Since being a vector space is a 

formal nicety, we introduce the tangent space Ὕɫὀ as the tangent plane translated in ᴙ  as to 

contain the origin. Thus, the tangent space Ὕɫὀ is a vector space, and a plane with the same nor-

mal direction as ɩȟὀ. Of course, if you like, you can imagine Ὕɫὀ as being a vector subspace of a 

copy of ᴙ  with origin at ὀ ÒÅÌÁÔÉÖÅ ÔÏ ÔÈÅ ȬÕÎÄÅÒÌÙÉÎÇȭ ᴙ , in which ɫ lives. 

 

Figure 37. The tangent space at Ᵽȟⱴ
Ⱬ
ȟȢẗ

Ⱬ
 to the sphere  Ἲ╓  of radius 5, which is considered a 

two -dimensional subspace of a copy of ᴙ  with origin at Ἲ
Ⱬ
ȟȢẗ

Ⱬ
ᶰ . 
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Needless to say, the tangent space is spanned by Ἲ and Ἲ and is always isomorphic to ᴙ . Now, 

it is clear that, at every point, Ἲ Ἲ is orthogonal to the tangent space, which we write either as 

Ἲ ἺṶὝɫὀ or as Ἲ Ἲᶰ Ὕɫὀ  where Ὕɫὀ  is the orthogonal complement of Ὕɫὀ, that is, 

Ὕɫὀṥ Ὕɫὀ ᴙ . 

Of course, the geometric vector Ἲ Ἲ at ὀ Ἲόȟὺ depends not only upon ɫ ἺὈ , but also 

on the specific parameterisation Ἲ. However, the standard unit normal, defined as 

Ἒḧ
Ἲ Ἲ

ȿἺ Ἲȿ
 

is almost independent upon the parameterisation; indeed, if Ἒ and Ἒare the standard unit nor-

mal of two different f-surfaces Ἲ and Ἲ with the same image ɫ ἺὈ ἺὈ  then Ἒόȟὺ

Ἒ όȟὺ   at every ὀ Ἲόȟὺ Ἲόȟὺ , which is obvious from the construction of the 

standard unit normal. (Since Ἲ and Ἲ are not parallel, the standard unit normal is well-defined.) 

The unit normal forms a vector field in ᴙ  defined on ɫ. For instance, the normal vector field to 

the sphere of radius five is (the usual parameterisation of which is regular everywhere besides 

at the poles —ᶰπȟ“ ) is Ἒ—ȟ• ÓÉÎ—ÃÏÓ•ȟÓÉÎ—ÓÉÎ•ȟÃÏÓ—, and the normal vector field 

to the circular cylinder of radius five is ÃÏÓ•ȟÓÉÎ•ȟπ, as illustrated below. 

 

Figure 38. Unit normal fields to a sphere and a circular cylinder . 

Ȱ#ÌÅÁÒÌÙ ÅÖÅÒÙ ÒÅÇÕÌÁÒ ÓÕÒÆÁÃÅ ÈÁÓ Á ÇÌÏÂÁÌÌÙ ÄÅÆÉÎÅÄ ÓÍÏÏÔÈ ÕÎÉÔ ÎÏÒÍÁÌ ÖÅÃÔÏÒ ÆÉÅÌÄȱȟ Á ÎÏÖÉÃÅ 

ÍÉÇÈÔ ÓÁÙȢ Ȱ#ÌÅÁÒÌÙ ÅÖÅÒÙ ÒÅÇÕÌÁÒ ÓÕÒÆÁÃÅ ÈÁÓ ÅÖÅÒÙ×ÈÅÒÅ Á locally defined unit normal vector 

ÆÉÅÌÄȱȟ ) ×ÏÕÌÄ ÃÏÒÒÅÃÔ ÈÉÍȢ My proposition is rather immediate. .ÅØÔ ×ÅȭÌÌ ÓÅÅ Á ÃÏÕÎÔÅÒ-example 

ÔÏ ÔÈÅ ÎÏÖÉÃÅȭÓ ÐÒÏÐÏÓÉÔÉÏÎȢ 

Consider the Möbius band, which is the image of 

Ἲόȟὺ Ἥ

ở

Ở
Ở
ờ
ρ
ρ

ς
ὺÃÏÓ

ό

ς
ÃÏÓό

ρ
ρ

ς
ὺÃÏÓ

ό

ς
ÓÉÎό

ρ

ς
ὺÓÉÎ

ό

ς Ợ

ỡ
ỡ
Ỡ
ȟ όȟὺᶰὈḧ πȟς“ ρȟρȢ 
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You can create a Möbius band by taking a strip of paper (30 cm × 2 cm works just fine) and then 

attach its ends to each other, but, before doing so, you twist one of the ends 180°.  

 

Figure 39. A hand-made Möbius strip . 

Below the Möbius strip and its standard normal field Ἒ are drawn. 

 

Figure 40. The Möbius strip (or band) is a two -sided surface Ṓᴙ . 
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4.3.3 The Area of a Surface 

Definition NN 

Let ɫ ἺὈ  be a regular surface given by a regular f-surface ἺȡὈᴼᴙ . Then the area of ɫ is 

Ὠὃḧ ȿἺ ἺȿὨόὨὺȢ 

The motivation of this definition (as the reader is supposed to know very well) makes clear that 

the area ÄÅÆÉÎÅÄ ÔÈÉÓ ×ÁÙ ÃÏÉÎÃÉÄÅÓ ×ÉÔÈ ÔÈÅ ÉÎÔÕÉÔÉÖÅ ÎÏÔÉÏÎ ÏÆ ÔÈÅ ȬÁÒÅÁȭ ÏÆ Á ÓÕÒÆÁÃÅȟ ÁÎÄ ÉÔ ÉÓ 

also clear that the area of a regular surface does not depend upon its parameterisation (recall 

that we do not allow non-injective parameterisation functions!). This can be shown by simple 

ÁÐÐÌÉÃÁÔÉÏÎ ÏÆ ÔÈÅ ȬÃÈÁÎÇÅ ÏÆ ÖÁÒÉÁÂÌÅÓȭ ÆÏÒÍÕÌÁ ÆÏÒ ÍÕÌÔÉÐÌÅ ÉÎÔÅÇÒÁÌÓȟ ÉÎÖÏÌÖÉÎÇ ÔÈÅ ÆÕÎÃÔÉÏÎÁÌÓ 

determinant (or Jacobian), you know. 

Example NN 

Let ɩ ἺὈ  be the (part of a) plane given by 

Ἲόȟὺ όἭ
ρ
π
π

ὺἭ
ρ
ρ
ρ
ȟ όȟὺᶰπȟτ Ȣ 

Since 

Ἲ Ἥ
ρ
π
π
ȟ Ἲ Ἥ

ρ
ρ
ρ
ȟ Ἲ Ἲ Ἥ

π
ρ
ρ
ȟ ȿἺ Ἲȿ Ѝς 

the area of ɩ is 

ὨὃḰ ȿἺ ἺȿὨόὨὺЍς ὨόὨὺρφЍςȢ 

 

Example NN 

7Å ×ÉÓÈ ÔÏ ÃÏÍÐÕÔÅ ÔÈÅ ÁÒÅÁ ÏÆ ÏÎÅ ÆÕÌÌ ȬÌÁÐȭ ÏÆ ÔÈÅ ÈÅÌÉÃÏÉÄ ÆÒÏÍ %ØÁÍÐÌÅ ..Ȣ Any such lap is 

clearly a translation and rotation of any other such lap, such as the surface ɫ ἺὈ  where 

Ἲόȟὺ Ἥ
ς όÃÏÓὺ
ς όÓÉÎὺ
ὺ

ȟ όȟὺᶰὈḧ
“

ς
ȟ
“

ς
πȟς“Ȣ 

Now 

Ἲ Ἥ
ςÃÏÓὺ
ςÓÉÎὺ
π

ȟ Ἲ Ἥ
ςόÓÉÎὺ
ςόÃÏÓὺ
ρ

ȟ Ἲ Ἲ Ἥ
ςÓÉÎὺ
ςÃÏÓὺ
τό

ȟ

ȿἺ Ἲȿ τ ρφό ςρ τόȢ 

Thus the area 
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ὨὃḰ ȿἺ ἺȿὨόὨὺς ρ τόὨόὨὺτ“ ρ τόὨό
ϳ

ϳ

χφȢψȢ 

 

Example NN 

Let us compute the area of the Gaussian surface ɫ plotted in Example NN. 

The parameterisation 

Ἲὼȟώ Ἥ

ὼ
ώ

υὩ

ȟ ὼȟώᶰὈḧ ρπȟρπ 

implies 

Ἲ Ἥ

ρ
π

υὼ

τ
Ὡ

ȟ Ἲ Ἥ

π
ρ

υώ

τ
Ὡ

ȟ

Ἲ Ἲ Ἥ
υτϳ ὼ Ὡ

υτϳ ώ Ὡ
ρ

ȟ

Ἲ Ἲ
ςυ

ρφ
ὼ ώ Ὡ ρ 

and so the area 

Ὠὃ Ἲ ἺὨὼὨώτσπȢφȢ 

4.3.4 Curves on Surfaces: The First Fundamental Form 

We are interested in measuring the curvature of surfaces. Perhaps the easiest approach to a 

measure of the curvature of a surface is to study the curvature of space curves that are subsets 

of the surface. This is what we will do. For simplicity, from now on, we will assume that all f-

curves and f-surfaces are regular. 

Definition NN 

Let ɫ ἺὈ  be a surface given by ἺȡὈᴼᴙ , and let ‎ ἹὍ be a space curve given by 

ἹȡὍO ᴙ . If ‎Ṓɫ, we say that ‎ is a curve on ɫ and that Ἱ is an f-curve on ɫ and we may write 

ἹȡὍO ɫ. 

The following result is immediate. 
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Observation NN 

Let ɫ ἺὈ  be a surface and let ἹȡὍO ᴙ  be a plane f-curve with image ɜ ἹὍṒὈ, which 

we write ἹȡὍO Ὀ. Then the space curve ‎ ἸὍ given by ἸȡὍO ᴙ  where Ἰὸ ἺἹὍ  is a 

curve on ɫ, that is, ἸȡὍO ɫ. 

In other words, a curve in the parameter region Ὀ is mapped, by the f-surface, to a curve on the 

image of the f-surface. This is how we prefer to specify curves on surfaces. Indeed, to specify a 

ÐÏÉÎÔ ÏÎ ÔÈÅ %ÁÒÔÈȭÓ ÓÕÒÆÁÃÅȟ it is far more natural to specify the longitude and latitude όȟὺᶰὈ 

in the (very nice, indeed, rectangular) parameter region of the Earth, and not a point 

ὼȟώȟᾀ ἺὈ  in the subset of the space in which the Earth is embedded. 

Every f-surface ἺȡὈᴼᴙ  has a natural family of curves on it, the so-called parameter curves. A 

parameter curve is the image of a straight line in the parameter region Ὀ that is parallel with one 

of the coordinate axes in ᴙ ṗὈ. That is, if όȟὺ are coordinates in ᴙ ṗὈ, then a general pa-

rameter curve can be written as Ἱὸ όȟὸ for ό fixed or Ἱὸ ὸȟὺ for ὺ fixed. A common 

way of drawing a surface ɫ ἺὈ  is to let ὉṒὈ be a grid in Ὀ and plot ἺὉ, which then is the 

union of parameter curves of Ἲ. Indeed, this is how all surfaces have been drawn in the examples 

above. Below a parameter plane grid is mapped to a cylinder via Ἲόȟὺ υÃÏÓόȟÓÉÎόȟὺ. 

 

 

Figure 41. Parameter curves of a cylinder . 

Let us now turn to general curves on surfaces. As a simple example, consider the cylinder 

ɫ ἺὈ  given by 

Ἲ•ȟᾀ υἭ
ÃÏÓ•
ÓÉÎ•
ᾀ

ȟ •ȟᾀᶰὈḧ “ȟ“ ρȢρȟρȢψ 

and the butterfly curve ‎ from Example NN but scaled by a factor πȢτ so that ‎ṒὈ. Then 

Ἲ‎Ṓɫ is a curve on the cylinder, as illustrated below. 
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ᴽ Ἲ 

 

Figure 42. The butterfly curve on a cylinder . 
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4.3.4.1 Curve Lengths 

,ÅÔȭÓ ÓÁÙ ÔÈÁÔ ×Å ÈÁÖÅ Á ÓÕÒÆÁÃÅ ɫ ἺὈ  and a curve ‎ ἺἹὍ  on the surface, where ἹȡὍO Ὀ 

is an f-curve on the parameter region Ὀ. We wish to find the length ὒ of ‎ (or, strictly speaking, 

the length of the f-curve Ἲʐ ἹȡὍO ɫ ɂ they coincide unless the f-curve traverses some part of 

the curve many times). 

Let the f-surface be 

Ἲόȟὺ ὼόȟὺȟώόȟὺȟᾀόȟὺ  

and let the f-curve Ἱ be 

Ἱὸ όὸȟὺὸȢ 

Then, by definition, 

ὒ
Ὠ

Ὠὸ
ἺἹὸ Ὠὸ ἺἹὸ ẗἹ ὸὨὸ Ἥ

ὼ ὼ
ώ ώ
ᾀ ᾀ

ό
ὺ Ὠὸ

Ἥ

ὼό ὼὺ
ώό ώὺ
ᾀό ᾀὺ

Ὠὸ

ὼό ὼὺ ώό ώὺ ᾀό ᾀὺ Ὠὸ

ὼ ώ ᾀ ό ςὼὼ ώώ ᾀᾀ όὺ ὼ ώ ᾀ ὺὨὸ

ȿἺȿό ςἺẗἺόὺ ȿἺȿὺὨὸ Ὁό ςὊόὺ ὋὺὨὸ

Ἱ ἹꞈὨὸ 

where 

ꞈḧ
Ὁ Ὂ
Ὂ Ὃ

ḧ
ȿἺȿ ἺẗἺ

ἺẗἺ ȿἺȿ
 

is called the first fundamental form of the f-surface Ἲ and Ἱḧ Ἱ.46. Notice that we may write, 

purely formally of course, 

                                                             

46 If Ἶ ὺȟὺȟȣȟὺ Ἥ

ὺ
ὺ
Ễ
ὺ

 is a vector, then 

ὺ
ὺ
Ễ
ὺ

 is the coordinate matrix of Ἶ relative to the basis Ἥ. 

Hence, if we wish to apply a linear transformation ὃ to a vector, as to obtain a new vector, we should write 

Ἥὃὢ where we explicitly introduce ὢ as the coordinate matrix of Ἶ Ἥὢ. However, to simplify notation, 

we will use the same boldface letter to denote both the vector and its coordinate matrix. We let the situa-
tion make clear what we mean. For instance, we write simply ὃἾ (since the product of a matrix and a vec-
tor is not defined, it is clear that Ἶ denotes the coordinate column matrix). Also, with Ἶ we mean the 
transpose of the coordinate matrix of Ἶ, that is, ὺ ὺ Ễ ὺ  (indeed, the transpose of a vector is not 
defined). In particular, if Ἶ Ἥὢ and ὃ is a linear transformation, the we write ἾὃἾ instead of ὢὃὢ. 
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ὒ Ὁό ςὊόὺ ὋὺὨὸ Ὁ 
Ὠό

Ὠὸ
ςὊ
Ὠό

Ὠὸ

Ὠὺ

Ὠὸ
Ὃ
Ὠὺ

Ὠὸ
Ὠὸ

Ὁ Ὠό ςὊ ὨόὨὺὋ Ὠὺ Ὠί 

where Ὠί, of course, represents an infinitesimal arc-length (since, if you integrate it over the 

curve, you get the total length). Thus, we may write, formally, 

Ὠί  Ὁ Ὠό ςὊ ὨόὨὺὋ Ὠὺ ὨόὨὺ
Ὁ Ὂ
Ὂ Ὃ

Ὠό
Ὠὺ
Ȣ 

We summarise: 

Definition NN 

Let ἺȡὈᴼᴙ  be an f-surface. Then the three functions 

ὉḧȿἺȿȟ 

ὊḧἺẗἺȟ 

ὋḧȿἺȿ 

(which are scalar fields on Ὀ) are called the coefficients of the first fundamental form of Ἲ, and the 

matrix  

ꞈḧ
Ὁ Ὂ
Ὂ Ὃ

 

and also the formal expression 

Ὠί  Ὁ Ὠό ςὊ ὨόὨὺὋ Ὠὺ 

is called the first fundamental form of Ἲ. 

 

Proposition NN 

Let ɫ ἺὈ  be a surface and ‎ ἺἹὍ  be a curve on ɫ. Then the length of the (f-) curve is 

ὒ Ἱ ἹꞈὨὸȢ 

4.3.4.2 Forms of some Common Surfaces 

We will determine the first fundamental forms for a few important f-surfaces. 

Example NN 

Consider a general plane 

Ἲόȟὺ Ἰ όἽ ὺἾȢ 

We have 
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ꞈ
Ὁ Ὂ
Ὂ Ὃ

ȿἽȿ ἽẗἾ

ἽẗἾ ȿἾȿ
Ȣ 

Notice that ꞈ  is always constant, diagonal if ἽṶἾ, and equal to the identity matrix if also Ἵ and 

Ἶ are unit vectors. Since every ÐÌÁÎÅ ÃÁÎ ÂÅ ×ÒÉÔÔÅÎ ÏÎ ÔÈÅ ÆÏÒÍ ɉᴻɊ ×ÉÔÈ ÏÒÔÈÏÇÏÎÁÌ ÁÎÄ ÕÎÉÔ Ἵ 

and Ἶ, it follows that every plane can be parameterised by an f-plane with ꞈ ÄÉÁÇρȟρ. 

 

Example NN 

Consider the cylinder 

Ἲ•ȟᾀ Ἥ
ὥÃÏÓ•
ὥÓÉÎ•
ᾀ

Ȣ 

Now 

ꞈ
Ὁ Ὂ
Ὂ Ὃ

ὥ π
π ρ

Ȣ 

Notice that the matrix is always constant and diagonal and equal to the identity matrix if ὥ ρ. 

 

Example NN 

The cone 

Ἲ•ȟᾀ Ἥ
ᾀÃÏÓ•
ᾀÓÉÎ•
ᾀ

 

has the diagonal, non-constant first fundamental form 

ꞈ
Ὁ Ὂ
Ὂ Ὃ

ᾀ π
π ς

Ȣ 

 

Example NN 

Consider the 2-sphere of radius ὥ 

Ἲ—ȟ• Ἥ
ὥÓÉÎ—ÃÏÓ•
ὥÓÉÎ—ÓÉÎ•
ὥÃÏÓ—

Ȣ 

Now 

ꞈ
Ὁ Ὂ
Ὂ Ὃ

ὥ π
π ὥÓÉÎ—

Ȣ 

This is non-constant, but always diagonal. 
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Example NN 

The helicoid might not be a very important surface, but it is fascinating. The parameterisation, 

which closely resembles that of the cone, is 

Ἲόȟὺ Ἥ
όÃÏÓὺ
όÓÉÎὺ
ὺ

 

and the first fundamental form is diagonal and non-constant: 

ꞈ
Ὁ Ὂ
Ὂ Ὃ

ρ π
π ό ρ

Ȣ 

 

Example NN 

We end this subsection by finding the first fundamental form of the Gaussian surface from Ex-

ample NN, parameterised by 

Ἲὼȟώ Ἥ

ὼ
ώ

υὩ

Ȣ 

The first fundamental form is thus 

ꞈ
Ὁ Ὂ
Ὂ Ὃ

ở

ờ
ρ
ςυὼ

τ
Ὡ

ςυὼώ

ρφ
Ὡ

ςυὼώ

ρφ
Ὡ ρ

ςυώ

τ
Ὡ Ợ

ỠȢ 

Far from the origin, where ὼ ώ is big, the surface looks very much like the (flat) plane 

Ἲὼȟώ ὼὀ ώὁ with diagonal first fundamental form ÄÉÁÇρȟρ, the identity matrix. So we 

would expect the first fundamental form of the Gaussian to tend to the same diagonal matrix, 

and, indeed, ꞈ ᴼÄÉÁÇρȟρ when ὼ ώ ᴼρ. 

4.3.4.3 Isometries 

In this subsection, we are interested in functions Ὢȡ ɫᴼɫ between two surfaces ɫ and ɫ. Let 

ɫ ἺὈ  and ɫ ἺὈ . Since we prefer to use surface coordinates to specify points on 

surfaces, we prefer to work with a function ὫȡὈ ᴼὈ  instead. The relation between Ὢ and Ὣ is 

pretty obvious: 

Ὢ Ἲ Ὣʐʐ ὶ  

where ὶ ȡ ɫᴼὈ is the inverse of ἺȡὈ ᴼɫ. 3ÉÎÃÅ ×Å ÁÒÅ ÍÁÉÎÌÙ ÉÎÔÅÒÅÓÔÅÄ ÉÎ ȬÎÉÃÅȭ ÆÕÎc-

tions, we will require Ὢ and Ὣ to be diffeomorphisms.47 

                                                             
47 Notice that we use non-bold italics to denote functions between two parameter regions (e.g. Ὣ) and 
between two surfaces (e.g. Ὢ), even though the image is a vector. 
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Definition NN 

A diffeomorphism Ὢȡ ɫᴼɫ is called an isometry if every curve ‎Ṓɫ is mapped to a curve 

Ὢ‎Ṓɫ of the same length. 

If there exists an isometry Ὢȡ ɫᴼɫ between ɫ and ɫ, then ɫ and ɫ are said to be isometric. 

Example NN 

Let ɫ be the plane ᾀ π, parameterised by Ἲόȟὺ όὀ ὺὁ όȟὺ where όȟὺᶰὈ ᴙ , 

and let ɫ be the unit-radius circular cylinder ὼ ώ ρ, given parametrically by Ἲ •ȟᾀ

ÃÏÓ•ȟÓÉÎ•ȟᾀ where •ȟᾀᶰὈ ḧ πȟς“ ᴙ. 

The first fundamental forms of ɫ and ɫ are 

ꞈ ḧÄÉÁÇρȟρȟ ꞈ ḧÄÉÁÇρȟρȟ 

respectively. Introduce the diffeomorphism 

ὫȡὈ ᴼὈ  

Ὣȡόȟὺᵐ •ȟᾀ όȟὺȢ 

with the corresponding diffeomorphism Ὢ Ἲ Ὣʐʐ ὶ : 

Ὢȡ ɫᴼɫ 

Ὢȡὼȟώᵐ ÃÏÓὼȟÓÉÎὼȟώ 

Let ‎ḧἺἹὍ Ṓɫ be any curve on ɫ. This curve is of length 

ὒḧ Ἱ ꞈἹὨὸȢ 

Consider now the curve ‎ḧὪ‎ Ṓɫ, the image of ‎ on ɫ, given by Ὢ. Since Ὢ Ἲ Ὣʐʐ ὶ  

and ‎ ἺἹὍ  we have, naturally, 

‎ ἺὫὶ ὶἹὍ ἺὫἹὍ Ἲ ἸὍ  

where 

ἸḧὫʐ Ἱ 

is the f-curve ὍO Ὀ . Thus, the image ἸὍ ὫἹὍ  is the curve in the parameter region of the 

second surface that corresponds to the curve ἹὍ in the parameter region of the first  surface. 

The length of ‎ is therefore 

ὒḧ Ἰ ꞈἸὨὸ Ἱ ꞈἹὨὸ 

since Ἰὸ Ἱὸ for every ὸɴ ᴙ. But since the plane and the cylinder, parameterised the way 

we do here, have the same first fundamental forms, 
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ὒ ὒȢ 

Therefore, any curve ‎ on the plane ɫ has the same length as its image ‎ Ὢ‎  on the cylin-

der when the mapping Ὢ is used. Thus Ὢ is an isometry, and the plane and the cylinder are iso-

metric. 

The result above is actually obvious. Indeed, draw any curve, using a red pencil, on a piece of 

paper, and then fold the paper to the cylinder. Then, no matter what curve you drew, the curve 

will have the same length on the resulting cylinder. Hence, a plane and a (circular) cylinder are 

isometric surfaces. (In fact, the result holds even if you use any other colour than red.) Let us call 

ÔÈÉÓ ÐÒÏÃÅÄÕÒÅ ÔÈÅ ȬËÉÎÄÅÒÇÁÒÔÅÎ ÔÅÓÔ ÏÆ ÉÓÏÍÅÔÒÙȭȢ 4ÈÅ kindergarten test can also show that a 

plane is isometric to an elliptical cylinder, a circular cone, and even an elliptical cone, as the au-

thor just tried. 

 

Figure 43. A piece of paper can be folded into a cone, and the length o f any curve on the paper will remain 
unchanged. 

The kindergarten test fails for the sphere. Indeed, from experience, we know we cannot deform a 

(initially flat) piece of paper into a sphere. Thus, we suspect there to be no isometry ɫᴼɫ 

where ɫṖᴙ  and ɫṖὛ. 

Since curve lengths are computed using the first fundamental form of a surface, the following 

result should not be that surprising. 

Proposition NN 

A diffeomorphism Ὢȡɫᴼɫ is an isometry if and only if the first fundamental forms of Ἲ and 

Ὢʐ Ἲ are the same for every f-surface Ἲ with image ɫ. 
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Proof  

ᵺ) If ‎ḧἺἹὍ  is any curve on ɫ, where ἺȡὈᴼᴙ  is any f-surface with image ɫ, then its 

length is ὒḧ᷿ Ἱ ꞈἹὨὸ where ꞈ is the first fundamental form of Ἲ. The length of the im-

age ‎ḧὪ‎ ὪἺἹὍ Ἲ ἹὍ , where ἺḧὪʐ Ἲ is an f-surface with image ɫ, is 

ὒḧ᷿ Ἱ ꞈἹὨὸ where ꞈ  is the first fundamental form of ἺḰὪʐ Ἲ. By hypothesis, 

ꞈ ꞈ , and so ὒ ὒ. 

ᵼ) Conversely, suppose that Ὢ is an isometry. This means that, for every curve ‎ᶰɫ of length 

ὒ, the curve ‎ḧὪ‎  has length ὒ and ὒ ὒ. Thus, if you introduce an f-surface 

ἺȡὈᴼᴙ  such that ɫ ἺὈ  and an f-curve ἹȡὍO Ὀ such that ‎ ἺἹὍ , then 

ὒḰ᷿ Ἱ ꞈἹὨὸ where ꞈ is the first fundamental form of Ἲ. But since Ὢ is an isometry, 

ὒḰ᷿ Ἱ ꞈἹὨὸὒ where ꞈ  is the first fundamental form of ἺḧὪʐ Ἲ. Thus 

᷿ Ἱ ꞈἹὨὸ᷿ Ἱ ꞈἹὨὸ for every f-curve ἹȡὍO Ὀ, and one can show that the only pos-

sibility is ꞈ ꞈ  by studying a set of suitable curves. Thus, for our choice of Ἲ, the fundamental 

forms ꞈ and ꞈ  of Ἲ and Ὢʐ Ἲ are the same. But since Ἲ was completely arbitrary, the equality 

of the forms must hold for any choice of Ἲ.  ʉ

The above result agrees with some of our earlier experiences. For instance, we saw that the 

plane ɫ and the (unit) cylinder ɫ are isometric, and an isometry is given by 

Ὢȡ ɫᴼɫ 

Ὢȡὼȟώᵐ ÃÏÓὼȟÓÉÎὼȟώȟ 

and, indeed, our parameterisation of the plane, Ἲ όὀ ὺὁ όȟὺ with Ὠί Ὠό Ὠὺ is, 

via Ὢ, transformed to a parameterisation of the cylinder, Ἲ ÃÏÓόȟÓÉÎόȟὺ with Ὠί Ὠό

Ὠὺ; thus Ὠί Ὠί. 

4.3.4.4 Angles and Conformality 

Let ɫ and ɫ be surfaces, and let ‎Ṓɫ and ‎Ṓɫ be two curves on ɫ. Let Ὢȡ ɫᴼɫ be a 

diffeomorphism. Then ‎ḧὪ‎ Ṓɫ and ‎ḧὪ‎ Ṓɫ are two curves on ɫ. If ὀɴ ‎᷊‎ 

is a point of intersection of ‎ and ‎, then Ὢὀᶰ‎᷊‎ is a point of intersection of ‎ and ‎ 

[because ὀɴ ‎᷊‎ᵼ ὀɴ ‎ ᷈ ὀɴ ‎  and ὀɴ ‎ᵼὪὀᶰὪ‎  and, similarly, 

ὀɴ ‎ᵼὪὀᶰὪ‎ . Thus ὪὀᶰὪ‎ ᷊Ὢ‎ ]. 

At ὀɴ ɫ, the angle ‌ of intersection between ‎ and ‎ is defined as the angle between their 

tangent vectors at ὀ. The angle of intersection ‌ between ‎ and ‎ at Ὢὀᶰɫ is defined anal-

ogously. If Ὢ is such that ‌ ‌, that is, if it preserves the angle of intersection at any point of 

intersection of any pair of curves, then it is said to be conformal. 

Definition NN 

Let Ὢȡ ɫᴼɫ be a diffeomorphism. If Ὢ preserves angles, then Ὢ is conformal. 

 

Proposition NN 

Let ɫ ἺὈ  be a surface, and let ‎ ἺἹὍ  and ‎ ἺἹ Ὅ  be two curves on ɫ. If 

ὀ Ἲόȟὺ ἺἹὸ ἺἹᴂὸ ᶰ‎᷊ ‎ is a point of intersection, then the corresponding an-

gle of intersection is 
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‌ ÁÒÃÃÏÓ
Ὁόό Ὂόὺ ὺό Ὃὺὺ

ЍὉό ςὊόὺ Ὃὺ Ὁό ςὊόὺ Ὃὺ
 

where 

Ἱὸ όὸȟὺὸȟ Ἱ ὸ ό ὸȟὺ ὸ  

and 

Ὠί ὉὨό ςὊὨόὨὺὋὨὺ 

is the first fundamental form of Ἲ. 

Proof  

The tangent vector to ‎ at ὀ is 

Ἶḧ
Ὠ

Ὠὸ
ἺἹὸ ἺἹὸ ẗἹὸ Ἥ

ὼ ὼ
ώ ώ
ᾀ ᾀ

ό
ὺ

Ἥ

ὼό ὼὺ
ώό ώὺ
ᾀό ᾀὺ

 

where ὼ, ὼȟ ȣ ÁÒÅ ÅÖÁÌÕÁÔÅÄ ÁÔ όȟὺ and ό and ὺ are evaluated at ὸ. Similarly, the tangent vec-

tor to ‎ at ὀ is 

Ἶ Ἥ

ὼό ὼὺ

ώό ώὺ

ᾀό ᾀὺ

 

where ὼ, ὼȟ ȣ ÁÒÅ ÅÖÁÌÕÁÔÅÄ ÁÔ όȟὺ and ό and ὺ are evaluated at ὸ. Thus, 

‌ ÁÒÃÃÏÓ
ἾẗἾ

ȿἾȿȿἾȿ
ÁÒÃÃÏÓ

ὼόό ὼὼόὺ ὼὼὺό ὼὺὺ Ễ

ὼό ςὼὼόὺ ὼὺ Ễ ὼό ςὼὼόὺ ὼὺ Ễ

ÁÒÃÃÏÓ
Ὁόό Ὂόὺ ὺό Ὃὺὺ

ЍὉό ςὊόὺ Ὃὺ Ὁό ςὊόὺ Ὃὺ
Ȣ 

 ʉ

Proposition NN 

A diffeomorphism Ὢȡɫᴼɫ is conformal if and only if the first fundamental forms of Ἲ and 

Ὢʐ Ἲ are proportional for every f-surface Ἲ with image ɫ. 

Note. Two first fundamental forms Ὠί ὉὨό ςὊὨόὨὺὋὨὺ and Ὠί ὉὨό

ςὊὨόὨὺὋὨὺ are proportional iff there exists a scalar field ɮȡὈᴼᴙ such that Ὠί

ɮόȟὺὨί. This implies, in particular, that Ὁ ɮόȟὺὉ. But since Ὁ and Ὁ both are positive 

by definition and regularity, it follows that, in fact, ɮȡὈᴼᴙ . 

Proof  

ᵺ) Let Ἲ be an f-surface with image ɫ, and consider two curves ‎ ► ▲Ὅ  and ‎

ἺἹ Ὅ Ṓɜ. Let ὀ Ἲόȟὺ ἺἹὸ ἺἹ ὸ ᶰ‎᷊‎. The corresponding angle of 

intersection is 
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‌ ḧÁÒÃÃÏÓ
Ὁόό Ὂόὺ ὺό Ὃὺὺ

ЍὉό ςὊόὺ Ὃὺ Ὁό ςὊόὺ Ὃὺ
Ȣ 

The images ‎ḧὪ‎ ὪἺἹὍ Ἲ ἹὍ  and ‎ḧὪ‎ ὪἺἹ Ὅ Ἲ Ἱ Ὅ  

where ἺḧὪʐ Ἲ is the f-surface with image ɫ given by Ὢ. Thus, by definition, the angle of in-

tersection of ‎ and ‎ at ὀḧὪὀ  is 

‌ ḧÁÒÃÃÏÓ
Ὁόό Ὂ όὺ ὺό Ὃὺὺ

Ὁό ςὊόὺ Ὃὺ Ὁό ςὊόὺ Ὃὺ

 

where Ὠί ὉὨό ςὊὨόὨὺὋὨὺ is the second fundamental form of Ἲ. By assumption, 

Ὠί ɮὨί, that is, Ὁ ɮὉ, Ὂ ɮὊ, and Ὃ ɮὋ. Thus, 

‌ ÁÒÃÃÏÓ
ɮὉόό ɮὊόὺ ὺό ɮὋὺὺ

ЍɮὉό ςɮὊόὺ ɮὋὺ ɮὉό ςɮὊόὺ ɮὋὺ
ɮὉόό Ὂόὺ ὺό Ὃὺὺ

ɮὉό ςὊόὺ Ὃὺ ɮὉό ςὊόὺ Ὃὺ

‌ 

ᵼɊ This is left as an exercise.  ʉ

Corollary NN 

Every isometry is conformal. 

4.3.4.5 Surface Area 

Let ɫ be a parameterised surface. Then its area ὃ Ḁ ȿἺ ἺȿὨόὨὺ can easily be computed if 

you know some f-surface ἺȡὈᴼᴙ  with ɫ as its image. However, since the first fundamental 

form is all that is required to measure distances on the surface, one would suspect that it also 

suffices when it comes to area computations. And, indeed, it does. 

Proposition NN 

Let ɫ ἺὈ . Then ȿἺ Ἲȿ ЍÄÅÔꞈ ЍὉὋ Ὂ , where ꞈ  and Ὠί ὉὨό ςὊὨόὨὺὋὨὺ 

is the first fundamental form of Ἲ. 

Proof  

If Ἲόȟὺ ὼόȟὺȟώόȟὺȟᾀόȟὺ  then Ἲ ὼȟώȟᾀ , Ἲ ὼȟώȟᾀ  and so, by direct 

computation, 

ȿἺ Ἲȿ

ώᾀ ςώᾀᾀώ ᾀώ

ᾀὼ ςᾀὼὼᾀ ὼᾀ

ὼώ ςὼώώὼ ώὼ

ὼ ώ ᾀ ὼ ώ ᾀ ὼὼ ώώ ᾀᾀ ὉὋ ὊȢ 

 ʉ
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4.3.4.6 Conclusion and Examples 

Let ɫ ἺὈ Ṓᴙ  be a surface. Traditionally, you would use some parameterisation of ɫ, such 

as Ἲ, to compute distances (curve lengths) along the surface, angles, and areas. In this section, we 

have found an alternative approach to these computations. We have defined three scalar fields 

Ὁ, Ὂ, and Ὃ on the parameter region Ὀ of the surface, and using these fields alone, we can com-

pute distances along curves on ɫ, angles between intersecting curves, and surface areas. The 

descriptions of the curves and subsurfaces are given solely by the (two) surface coordinates in Ὀ 

(and not by the (three) coordinates of the surrounding space), and the results agree with meas-

urements that can be performed using the explicit parameterisation Ἲ of ɫ as a subset of ᴙ . The 

ÐÏÉÎÔ ×ÉÔÈ ÔÈÅ ȬÎÅ×ȭ ÁÐÐÒÏÁch is that we need not care about the explicit form of Ἲ. Indeed, we 

need not even be Ȭawareȭ of the fact that ɫ is a subset of some higher-dimensional space, ᴙ  in 

this case. All we need to care about is the surface alone, with its coordinates όȟὺᶰὈṒᴙ . 

Our first example shows that our newly-developed machinery actually reduces to well-known 

formulae in a simple case. 

Example NN 

A sphere of radius ὥ π has a coordinate system with coordinates —ȟ• ᶰὈḧ πȟ“ πȟς“ 

and a first fundamental form 

Ὠί ὥὨ— ὥÓÉÎ—Ὠ•  

ɉÔÈÁÔ ÉÓ ȬÒÅÇÕÌÁÒȭ ÅÖÅÒÙ×ÈÅÒÅ except at the poles —ᶰπȟ“). Consider the equator ‎ given by 

Ἱὸ
“

ς
ȟὸȟ ὸɴ πȟς“Ȣ 

The length of this curve is 

Ὠίḧ Ἱ ἹꞈὨὸ ὥÓÉÎ—Ὠὸ ὥÓÉÎ
“

ς
Ὠὸς“ὥȢ 

Consider now the area of the entire surface. This is 

ὉὋ ὊὨ—Ὠ• ὥÓÉÎ—Ὠ—Ὠ• ὥÓÉÎ—Ὠ—Ὠ•ὥ ÓÉÎ—Ὠ— Ὠ• τ“ὥȢ 

The reader recognizes the classical volume element 

ὨὼὨώὥÓÉÎ—Ὠ—Ὠ• 

in spherical coordinates. 

Our next examples illustrates the idea that we really only need the first fundamental form to find 

ÔÈÅ ÍÅÔÒÉÃ ÐÒÏÐÅÒÔÉÅÓ ÏÆ Á ÓÕÒÆÁÃÅȢ 7Å ÄÏ ÎÏÔ ÅÖÅÎ ÎÅÅÄ ÔÏ ÂÅ ȬÁ×ÁÒÅȭ ÏÆ ÈÏ× ÔÈÅ ÓÕÒÆÁÃÅ ÉÓ Åm-

bedded in ᴙ . 
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Example NN 

Consider a surface ɫ with coordinates όȟὺᶰὈḧ ρπȟρπ, and first fundamental form 

Ὠί Ὠό ὩὨὺȢ 

Consider now the curve ‎ ἹὍ where the f-curve 

Ἱὸ ὸȟὸȟ ὸɴ Ὅḧ υȟυȠ 

thus ‎ is a straight line in Ὀ. 

The length of ‎, in the coordinate region ὈṒᴙ , of course, is ρπЍς, if we use the usual metric in 

ᴙ . However, Ὀ is only a mathematical construct, the parameter (or, coordinate) region, and its 

ÍÅÔÒÉÃ ÉÓ ÈÉÇÈÌÙ ÉÒÒÅÌÅÖÁÎÔȢ 7Å ÁÒÅ ÉÎÔÅÒÅÓÔÅÄ ÉÎ ÔÈÅ ȬÐÈÙÓÉÃÁÌȭ ÌÅÎÇÔÈ ÏÆ ‎, that is, the length of its 

ȬÉÍÁÇÅȭ ÉÎ ÔÈÅ ȬÒÅÁÌȭ space. Thus, if we happen to know that ɫ ἺὈ Ṓᴙ  for some f-surface Ἲ, 

then we are interested in the length of the f-curve ἺἹὍ  using the metric of ᴙ . 

7Å ÄÏÎȭÔ ËÎÏ× ÏÆ ÁÎÙ Ἲ, but we do know the first fundamental form of ɫ. Thus the sought curve 

length is 

Ὠίḧ Ἱ ἹꞈὨὸ ρ ὩὨὸςψȢχȢ 

If the reader thinks the above example is unnatural and artificial, he might wish to know that it is 

ÁÎ ÉÍÍÅÄÉÁÔÅ ÐÒÅÐÁÒÁÔÉÏÎ ÆÏÒ %ÉÎÓÔÅÉÎȭÓ ÇÅÎÅÒÁÌ ÔÈÅÏÒÙ ÏÆ ÒÅÌÁÔÉÖÉÔÙȢ 

4.3.4.7 Some Simple Results 

Before we end this subsection, we derive some simple results about curves on surfaces, which 

we will need later on. 

Lemma NN 

Let ‎ ἸὍ ἺἹὍ Ṓɫ, ‎ Ἰ Ὅ ἺἹ Ὅ Ṓɫ, and ‎ Ἰ Ὅ ἺἹ Ὅ Ṓɫ be 

curves on a surface ɫ ἺὈ . Then the following relations hold (pointwise): 

(1) Ἰ όἺ ὺἺ 

(2) ἸẗἸ Ἱ Ἱꞈ 

where ꞈ  is the first fundamental form of Ἲ. 

Proof  

(1)  By the chain rule, Ἰὸ ἺἹὸ ẗἹὸ Ἥ

ὼ ὼ
ώ ώ
ᾀ ᾀ

ό
ὺ

Ἥ

ὼό ὼὺ
ώό ώὺ
ᾀό ᾀὺ

όἺ ὺἺ. 

(2)  ἸẗἸ όἺ ὺἺ ẗόἺ ὺἺ όόἺẗἺ όὺἺẗἺ ὺόἺẗἺ

ὺὺἺẗἺ Ὁόό Ὂόὺ ὺό Ὃὺὺ Ἱ ἹꞈȢ 
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4.3.5 Surface Curvature ς The Second Fundamental Form 

How much does a surface, considered a subset of ᴙȟ ȬÃÕÒÖÅȭȟ ÏÒ ȬÄÅÖÉÁÔÅ ÆÒÏÍ ÂÅÉÎÇ Á ÐÌÁÎÅȭȩ In 

this subsection, we will develop a set of measures of surface curvature, at first using a rather 

intuitive language, but we will end by reformulating our results in a more powerful language 

that will easily generalise to measures of curvature of general ὲ-dimensional spaces, in a sense 

that we will describe later. In this section, all curves and surfaces are assumed regular. 

Perhaps the most obvious way of measuring the curvature of a surface is to measure the curva-

ture of space curves on the surface. Indeed, on a plane ɩṒᴙ  you can have straight lines ‎Ṓɩ 

of zero curvature (and torsion), while this is clearly impossible on a sphere, Ὓ, say. However, 

even on a plane ɩ you can have curves of arbitrarily high curvature (but not, of course, torsion). 

For instance a planar circle of radius ὶ has curvature ρὶϳ. To resolve this issue, we will separate 

the curvature of a space curve on a surface into two parts, namely, the normal curvature and the 

geodesic curvature. 

Let ‎ ἺἹὍ Ṓɫ be a curve on a surface ɫ ἺὈ . Let ἸḧἺʐ Ἱ be a unit-speed parameteri-

sation function of ‎. The unit tangent vector to ‎ at ὀ Ἲόȟὺ Ἰὸ is then ἼǶὸ ἸὸᶰὝɫὀ 

in the tangent space of ɫ at ὀ. At ὀ, the unit normal vector of ɫ is Ἒόȟὺ, which is orthogonal to 

every vector in Ὕɫὀ; in particular, ἚṶἸὸ. Therefore the vectors Ἒόȟὺ, Ἰὸ and Ἒόȟὺ

Ἰὸ form a right-handed ON basis at ὀ. The f-ÃÕÒÖÅȭÓ ÁÃÃÅÌÅÒÁÔÉÏÎ ÖÅÃÔÏÒ ÁÔ ÔÈÉÓ ÐÏÉÎÔ ÉÓ 

ἸὸṶἸὸ. Therefore, ἸὸᶰÓÐÁÎἚόȟὺȟἚόȟὺ Ἰὸ  and so there are unique scalars 

‖ ὸ and ‖ ὸ such that 

Ἰὸ ‖ ὸἚόȟὺ ‖ ὸἚόȟὺ ἸὸȢ 

These scalars are called the normal and geodesic curvature of ‎ at ὀ, respectively. ‖ measures 

the curvature of ‎ due to its attachment to the surface ɫ, while ‖, since Ἒόȟὺ ἸὸᶰὝɫὀ, 

measures the curvature that ‎ makes inside the surface ȬÂÙ ÉÔÓ Ï×Î ×ÉÌÌȭ. It should be clear that, 

given a curve ‎Ṓɫ and a surface ɫ, the normal and geodesic curvatures are well-defined up to 

their signs, which depend upon the orientations of the surface and the curve. 

We summarise this in 

Definition NN 

Let ‎ ἺἹὍ ἸὍṒɫ be a curve on a surface ɫ ἺὈ  with Ἰ unit -speed, and write 

Ἰὸ ‖ ὸἚόȟὺ ‖ ὸἚόȟὺ ἸὸȢ 

as the f-ÃÕÒÖÅȭÓ ÁÃÃÅÌÅÒÁÔÉÏÎ ÖÅÃÔÏÒ ÁÔ ὀ Ἲόȟὺ Ἰὸ. Then the numbers ‖ and ‖, that are 

uniquely determined by ‎, ɫ, and their orientations, are called the normal and geodesic curva-

tures of ‎ at ὀ, respectively. 

0ÙÔÈÁÇÏÒÁÓȭÓ ÔÈÅÏÒÅÍ ÙÉÅÌÄÓ immediately 

Corollary NN 

At any point of a curve ‎ on a surface ɜ, 

‖ ‖ ‖Ȣ 
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In the present subsection, we are mainly interested in the normal curvature, and so we appreci-

ate the simple observation 

Corollary NN 

Let ‎ ἺἹὍ ἸὍṒɫ be a curve on a surface ɫ ἺὈ . If Ἰ is unit-speed, then 

‖ ὸ ἸὸẗἚόȟὺ at every ὀ Ἲόȟὺ Ἰὸ. 

Consider a plane ɩṒᴙ  and any curve ‎Ṓɩ on it. Both the tangent and normal vectors of the 

curve are confined to the tangent space of the plane, and so, in particular, the second derivative 

of any f-curve with image ‎ will lie in the tangent space. Thus, the normal curvature is identically 

zero, and the curvature ‖ ‖ is purely geodesic. This motivates why the normal curvatures of 

curves on a surface are Á ÍÅÁÓÕÒÅ ÏÆ ÔÈÅ ÓÕÒÆÁÃÅȭÓ ÃÕÒÖÁÔÕÒÅȢ .ÏÔÉÃÅ ÔÈÁÔȟ ÁÔ ÁÎÙ ÐÏÉÎÔ ὀɴ ɫ on 

some surface ɫ, there are infinitely many curves passing through it , and so there are, in general, 

infinitely many normal curvature numbers associated with each point ὀ on a surface. However, if 

two curves that pass through ὀ have the same direction at ὀ, then they will have the same normal 

curvature there, as is proved in the following proposition. 

Proposition NN 

Let ‎Ṓɫ and ‎Ṓɫ be two curves on a surface ɫ, and let ὀɴ ‎᷊‎ be a point of intersection 

of ‎ and ‎. If ‎ and ‎ have the same instantaneous direction at ὀ, that is, if their unit tangent 

vectors coincide (or differ by a sign) at ὀ, then their normal curvatures coincide at ὀ, too. 

Proof  

We will show this by deriving an alternative expression for the normal curvature of a single 

curve on the surface, and notice that this new formula only depends upon the unit tangent of the 

curve, from which the proposition follows. 

Let ‎ ἺἹὍ ἸὍṒɫ be a curve on the surface ɫ ἺὈ , with Ἰ unit -speed. At any point 

ὀ Ἲόȟὺ Ἰὸ ×Å ÍÁÙ ×ÒÉÔÅ ÔÈÅ ÃÕÒÖÅȭÓ ÖÅÌÏÃÉÔÙ ÖÅÃÔÏÒ ɉÔÈÁÔ ÉÓȟ ÉÔÓ ÕÎÉÔ ÔÁÎÇÅÎÔ ÖÅÃÔÏÒɊ ÁÓ 

Ἰὸ όἺ ὺἺ 

according to Lemma NN and so the acceleration vector at this point is 

Ἰὸ όἺ όἺ ό Ἲ ὺ ὺἺ ὺἺ ό Ἲὺ όἺ όἺ ςόὺἺ ὺἺ ὺἺȢ 

Thus, the normal curvature is 

‖ ἸὸẗἚόȟὺ ό Ἲ ẗἚ ςόὺἺ ẗἚ ὺ Ἲ ẗἚ  

where ἺẗἚ ἺẗἚ π since Ἲ and Ἲ are tangent to the surface (indeed, Ἒ is defined to be 

parallel to the cross product of Ἲ and Ἲ). But Ἲ όȟὺ, Ἲ όȟὺ, Ἲ όȟὺ, and Ἒόȟὺ are 

properties of the f-surface, and so the only piece of information required in order to compute ‖ 

that comes from the curve is όὸȟὺὸ Ἱὸ, the f-ÃÕÒÖÅȭÓ ÔÁÎÇÅÎÔ ÖÅÃÔÏÒ ÉÎ ÔÈÅ ÐÁÒÁÍÅÔÅÒ 

region Ὀ of the f-surface. In addition, the tangent vectors όȟὺ and όȟὺ όȟὺ yield the 

same normal curvature ‖.  ʉ

Let us now make 
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Definition NN 

Let ἺὈ  be an f-surface with coordinates όȟὺᶰὈ. Then the numbers 

ὒḧἺ ẗἚȟ ὓḧἺ ẗἚȟ ὔḧἺ ẗἚȟ 

which are scalar fields on Ὀ, are called the coefficients of the second fundamental form of Ἲ, and 

the matrix 

יִ
ὒ ὓ
ὓ ὔ

 

is called the second fundamental form of Ἲ. 

Using this terminology, we thus have 

Corollary NN 

Let ɫ ἺὈ  be a surface with coordinates όȟὺᶰὈ, and let ‎ ἺἹὍ Ṓɫ be the image of a 

unit -speed f-curve Ἲʐ Ἱ on ɫ. Then the normal curvature of ‎ at a point ὀ Ἲόȟὺ ἺἹὸ  is 

‖ ὒό ςὓόὺ ὔὺ ἹִיἹ 

where Ἱὸ όὸȟὺὸ  and ὒ, ὓ, and ὔ are the coefficients of the second fundamental form of 

Ἲ. 

4.3.5.1 Forms of some Common Surfaces 

Example NN 

Consider the plane ɩ ἺὈ  where 

Ἲόȟὺ Ἰ όἽ ὺἾ 

where Ἰᶰᴙ  is a fixed point in space, Ἵ and Ἶɴ ᴙ  are two orthonormal vectors, and 

όȟὺᶰὈḧᴙ . The second fundamental form of Ἲ is 

יִ
π π
π π

Ȣ 

Thus, any curve on ɫ has necessarily zero normal curvature everywhere. 

 

Example NN 

Consider the circular cylinder ɫ ἺὈ  with radius Ὑ π given by 

Ἲ•ȟᾀ Ἥ
ὙÃÏÓ•
ὙÓÉÎ•
ᾀ

ȟ •ȟᾀᶰὈḧ πȟς“ ᴙȢ 

Since (of course!) 
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ἚḰ
Ἲ Ἲ

Ἲ Ἲ
Ἥ
ÃÏÓ•
ÓÉÎ•
π
ȟ 

the second fundamental form of Ἲ is 

יִ
Ὑ π
π π

Ȣ 

Thus, a curve ἹȡὍO Ὀ that encircles the cylinder without any vertical motion, that is, a (parame-

ter) curve Ἱȡὸm ὸȟᾀ for some fixed ᾀ [the constant  is chosen such that Ἲʐ Ἱ is unit-speed], 

has the constant normal curvature 

‖ ὒό ςὓόὺ ὔὺ ὒό Ὑẗ
ρ

Ὑ

ρ

Ὑ
Ȣ 

This is obvious, since ‖ π and so ‖ ‖  since the curve is a circle of radius ὶ. On the oth-

ÅÒ ÈÁÎÄȟ Á ÃÕÒÖÅ ÔÈÁÔ ȬÃÌÉÍÂÓȭ ÔÈÅ ÃÙÌÉÎÄÅÒ ÐÁÒÁÌÌÅÌ ×ÉÔÈ ÉÔÓ ÁØÉÓȟ ÔÈÁÔ ÉÓȟ Á (parameter) curve 

Ἱȡὸm •ȟὸ for some fixed • [notice that Ἲʐ Ἱ is unit speed], has always zero normal curvature: 

‖ ὒό ςὓόὺ ὔὺ ὒό Ὑẗπ πȢ 

This is obvious, since such a curve is a straight line with ‖ π, and so, by necessity, ‖ π. (No-

tice that both curves considered have geodesic curvature ‖ π.) 

 

Example NN, continued 

We have seen that at any point ὀ Ἲ•ȟᾀ on the cylinder ɫ ἺὈ , a curve on ɫ going in the Ἲ 

direction has constant normal curvature , while a curve going in the Ἲ direction has zero 

normal curvature. 

What about a curve that goes in some direction in-between? Well, if the (unit -speed) ÃÕÒÖÅȭÓ 

tangent vector is όȟὺ in the parameter plane, then its normal curvature is 

‖ ὒό ςὓόὺ ὔὺ Ὑό πȢ 

Thus, 0 is the greatest normal curvature that we can possibly obtain. It is also the lowest abso-

lute normal curvature that we could possibly obtain. And we do obtain it; this is the curvature of 

the Ȭverticalȭ lines. What is the lowest possible curvature (that is, the highest absolute curvature) 

that we can obtain? Since the absolute curvature increases with increasing ό, we wish to find 

the largest possible ό. Since the curve is unit-speed, however, ό ὺ is bounded from above, 

and so the largest ό is obtained when ὺ πȟ ÁÎÄ ÔÈÅ ÃÕÒÖÅ ÉÓ ȬÈÏÒÉÚÏÎÔÁÌȭ ȟ ×ÉÔÈ ɀ as we have 

seen ɀ absolute normal curvature equal to ρὙϳ . 

Thus the directions Ἲ and Ἲ are highly special, because they correspond to the directions in 

which a curve has the greatest and lowest absolute normal curvature, respectively. Also, the 
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normal curvatures  and 0 are special, because they are the normal curvatures with the high-

est and lowest possible magnitude, respectively. 

The directions Ἲ and Ἲ, at every point, are the principal directions of the cylinder48, and the 

normal curvatures ρὙϳ  and π are the corresponding principal curvatures. We will define these 

concepts precisely in the next subsection. 

4.3.5.2 The Principal Directions and Curvatures 

The plane and the cylinder cover both possibilities: 

Proposition NN 

Let ɫ ἺὈ  be a surface with Ἲ regular. Then, at any όȟὺᶰὈ, either 

(1) any curve ‎ɴ ɫ passing though Ἲόȟὺ will have the same normal curvature at Ἲόȟὺ, irre-

spective of its tangent direction at Ἲόȟὺ, or 

(2) there exists two distinguished directions49 [in the tangent plane/space] at Ἲόȟὺ, with a 

right angle between them, such that a curve passing through the point with the first (resp. 

the other) distinguished direction will have greater (resp. lower) normal curvature than any 

other curve passing through the point (that is, in any other direction). 

Proof  

TBW 

Definition NN 

Let ɫ ἺὈ  be a surface with Ἲ regular. Then, if Ἲόȟὺ is a point such that every curve that 

passes through it will have the same normal curvature, the point Ἲόȟὺ is called an umbilic, and 

the normal curvature is called the principal curvature at the point. If, on the other hand, there are 

two distinguished directions in which a curve will have greater and lower (respectively) normal 

curvature than any other curves through the point, then these two directions are called the prin-

cipal directions and the corresponding normal curvatures are called the principal curvatures. 

In the case of an umbilic, we often say that every direction is a principal direction, because, in-

deed, a unit-speed curve through the point will have the principal curvature no matter what its 

direction is. We need a way of computing the principal directions and curvatures of a surface. 

Definition NN 

Let ꞈ  and ִי  be the fundamental forms of an f-surface. Then the Weingarten matrix is 

ὡḧꞈ  Ȣיִ

                                                             
48 )Ô ÉÓ Á ȭÃÏÉÎÃÉÄÅÎÃÅȭ ÔÈÁÔ ÔÈÅÙȟ ÉÎ ÔÈÉÓ ÃÁÓÅȟ ÃÏÉÎÃÉÄÅ ×ÉÔÈ ÔÈÅ ÐÁÒÔÉÁÌ ÄÅÒÉÖÁÔÉÖÅÓ ÏÆ the parameterisation 
function Ἲ. Their definition relies on the fact that they, at every point, are the directions of greatest and 
lowest (normal) curvature. Hence, they do not even depend upon the f-surface, only the surface! 
49 We identify directions that are 180° apart. 
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Proposition NN 

Let ὡ be the Weingarten matrix of an f-surface. Then the principal curvatures and directions are 

the eigenvalues and eigenvectors of ὡ, respectively. 

Proof  

TBW 

Corollary NN 

The principal curvatures of an f-surface with fundamental forms ꞈ  and ִי  are the roots of 

ÄÅÔִי ‖ꞈ πȢ 

If there are two distinct principal curvatures ‖ ‖, then the corresponding principal direc-

tions are given by (where ὢ όȟὺ is a tangent vector in the parameter plane) 

יִ ‖ꞈὢ ȟ Ὥ ρȟςȢ 

Proof  

TBW 

Example NN 

Let us verify Proposition NN in the case of the plane and the circular cylinder. In the case of the 

plane ɩ Ἲᴙ  where Ἲόȟὺ ὀ όἽ ὺἾ with Ἵ and Ἶ ON, the first and second fundamental 

forms are 

ꞈ
ρ π
π ρ

ȟ יִ
π π
π π

Ȣ 

Thus, the principal curvatures are the roots of 

ÄÅÔ
‖ π
π ‖

πȟ 

that is, every point is an umbilic with principal curvature ‖ π. 

The cylinder ɫ Ἲᴙ  of radius ὥ πwhere Ἲ•ȟᾀ ὥÃÏÓ•ȟὥÓÉÎ•ȟᾀ has first and second 

fundamental forms 

ꞈ ὥ π
π ρ

ȟ יִ
ὥ π
π π

Ȣ 

The principal curvatures are therefore given by 

ÄÅÔὥ ‖ὥ π
π ‖

π 

which is equivalent to 
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‖ɴ πȟ
ρ

ὥ
 

which we recognizes as the correct principal curvatures of the ɫ. The direction corresponding to 

‖ π is given by 

ὥ π
π π

•
ᾀ

π
π

 

with solution • π. Thus, the corresponding tangent vector on ɫ is 

Ἥ
ὥÓÉÎ• π
ὥÃÏÓ• π
π ρ

π
Ὧ

Ἥ
π
π
Ὧ

 

for some Ὧ π. On the other hand, the direction corresponding to ‖ ρὥϳ  is given by 

π π
π ρὥϳ

•
ᾀ

π
π

 

with solution ᾀ π. The corresponding tangent vector on ɫ is 

Ἥ
ὥÓÉÎ• π
ὥÃÏÓ• π
π ρ

Ὧ
π

Ἥ
ὥὯÓÉÎ•
ὥὯÃÏÓ•
π

 

for some Ὧ π. 

Now we can investigate some more interesting surfaces. Intuitively, one would expect every 

point on a sphere of radius ὥ to be an umbilic. We will now verify this. 

Example NN 

The sphere of radius ὥ π is the image ɫ ἺὈ  of 

Ἲ—ȟ• Ἥ
ὥÓÉÎ—ÃÏÓ•
ὥÓÉÎ—ÓÉÎ•
ὥÃÏÓ—

Ȣ 

The first and second fundamental forms are 

ꞈ ὥ π
π ὥÓÉÎ—

ȟ יִ
ὥ π
π ὥÓÉÎ—

Ȣ 

Thus, the principal curvatures are given by 

ÄÅÔὥ ‖ὥ π
π ὥÓÉÎ— ‖ὥÓÉÎ—

π 

which is equivalent to 

‖
ρ

ὥ
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assuming, as always, that —ᶱ πȟὴὭ. Thus every point is an umbilic with the expected normal 

curvature. (Indeed, there is a unique great circle of radius ὥ π given a fixed point on the sphere 

and tangential direction.) 

 

Example NN 

Consider the elliptical paraboloid 

ὼ ώ ᾀ 

which is the image ɫ ἺὈ  of 

Ἲόȟὺ Ἥ
ὺÃÏÓό
ὺÓÉÎό
ὺ

ȟ όȟὺᶰὈḧ πȟς“ πȟЊȢ 

However, there is a simpler parameterisation for our present needs, namely, 

Ἲὼȟώ Ἥ

ὼ
ώ

ὼ ώ
ȟ ὼȟώᶰὈḧᴙȟ 

and we will use this instead. The (parameter curves of the) lowest part of ɫ is shown below us-

ing both parameterisations. In any case, tÈÅ ȬÖÅÒÔÅØȭ ɉÐÏÉÎÔ ÏÆ ÓÙÍÍÅÔÒÙɊ ÉÓ ÁÔ ÔÈÅ ÏÒÉÇÉÎȢ 

  

Let us stick to the latter parameterisation. The first and second fundamental forms of Ἲ are then 

ꞈ
ρ τὼ τὼώ

τὼώ ρ τώ
ȟ יִ

ς

τὼ τώ ρ

ρ π
π ρ

Ȣ 

Consider now, in particular, the vertex ὼȟώ πȟπ. Here are 
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ꞈπȟπ
ρ π
π ρ

ȟ יִ πȟπ
ς π
π ς

 

and so the principal curvatures are given by 

ÄÅÔ
ς ‗ π
π ς ‗

π 

which is equivalent to 

‗ ςȢ 

Thus, this point is, as we would expect, an umbilic. 

We end this section by making 

Observation NN 

At any point on a surface, the sign of a non-zero principal curvature is ρ (resp. ρ) iff a curve 

passing through the point in the direction of the corresponding principal direction curves (that 

is, has an acceleration vector) in the same (resp. opposite) ȬÂÉÎÁÒÙ directionȭ50 ÁÓ ÔÈÅ ÓÕÒÆÁÃÅȭÓ 

standard unit normal at that point. 

Proof  

This is immediate. Indeed, consider a curve ‎ ἸὍ on a surface ɫ, that, at some point, is head-

ing in a principal direction. Then the normal curvature ‖ of the curve is simply the correspond-

ing principal curvature, but it is also given by Corollary NN, namely, 

‖ ἸẗἚ 

where ἸȡὍO ɫ is unit-speed. Since, by hypothesis, ‖ π, Ἰ and Ἒ are not orthogonal (in partic-

ular, Ἰ ) and ‖ π iff ἸẗἚ π and ‖ π iff ἸẗἚ π.  ʉ

For example, in the case of the cylinder, a principal curvature at any point is ρὥϳ ρ, and, 

indeed, a curve in the Ἲ direction has an acceleration vector pointing towards the ᾀ-axis, while 

the standard unit normal is in the direction of Ἲ Ἲ, which points away from the ᾀ-axis. And 

the sphere has everywhere the principal curvature ρὥϳ , and any curve on it will curve towards 

the origin, while the standard unit normal points away from it. 

4.3.5.3 The Gaussian and Mean Curvature 

We make 

Definition NN 

Let ‖ and ‖ be the principal curvatures (which are equal at an umbilic) at a point ὀɴ ɫ. Then 

ὑḧÄÅÔὡ ‖ẗ‖ȟ   ÁÎÄ 

ὌḧÔÒὡ ‖ ‖ 

are the Gaussian and the mean curvature of the surface ɫ at the point ὀ, respectively. 

                                                             
50 Two non-orthogonal vectors Ἡ and Ἢ point in the same binary direction if and only if ἩẗἪ π. 
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Remark.  The mean curvature is also commonly defined as Ὄ ‖ ‖  so that it is the true 

arithmetical mean of the principal curvatures, and not twice this mean. The current author, 

however, strongly prefers the beauty of the ὑ ÄÅÔὡȟὌ ÔÒὡ formulae. 

Before we even motivate the importance of these two concepts (and they are truly important!), 

let us compute these curvatures for a number of very simple surfaces. 

Example NN 

Every point in the plane Ἲόȟὺ ὀ όἽ ὺἾ is an umbilic with principal curvature zero. 

Therefore, both the Gaussian and the mean curvatures are identically zero on the plane. 

 

Example NN 

The cylinder Ἲ•ȟᾀ ὥÃÏÓ•ȟὥÓÉÎ•ȟᾀ has principal curvatures ρὥϳ  and π at every point. 

Thus the Gaussian and mean curvatures are π and ρὥϳ  at every point, respectively. 

 

Example NN 

In the sphere (with outward-pointing normal field) of radius ὥ every point is an umbilic with 

principal curvature ρὥϳ . Thus the Gaussian and mean curvatures are identically ρὥϳ  and 

ςὥϳ , respectively. 

As usual, it is possible to derive explicit formulae for the Gaussian and mean curvatures. Using 

the result below, we can compute ὑ and Ὄ directly from the fundamental forms; in other words, 

×Å ÄÏÎȭÔ ÎÅÅÄ ÔÏ ÃÏÍÐÕÔÅ ÔÈÅ ÐÒÉÎÃÉÐÁÌ ÃÕÒÖÁÔÕÒÅÓ ÁÓ ÁÎ ÉÎÔÅÒÍÅÄÉÁÔÅ ÓÔÅp. 

Proposition NN 

Let  ꞈand ִי  be the fundamental forms of an f-surface Ἲ. Then the Gaussian and mean curva-

tures are 

ὑ
ὒὔ ὓ

ὉὋ Ὂ

ÄÅÔִי

ÄÅÔꞈ
ȟ Ὄ

ὒὋ Ὁὔ ςὓὊ

ὉὋ Ὂ
Ȣ 

Proof  

The principal curvatures are the roots of 

π ÄÅÔִי ‖ꞈ ÄÅÔ
ὒ ὓ
ὓ ὔ

‖
Ὁ Ὂ
Ὂ Ὃ

ÄÅÔ
ὒ ‖Ὁ ὓ ‖Ὂ
ὓ ‖Ὂὔ ‖Ὃ

ὒ ‖Ὁὔ ‖Ὃ ὓ ‖Ὂ

ὉὋ Ὂ ‖ ςὓὊ ὒὋ Ὁὔ‖ ὒὔ ὓ  

or, equivalently, since, by regularity, ȿἺ Ἲȿ ὉὋ Ὂ π, the roots of 

‖
ςὓὊ ὒὋ Ὁὔ

ὉὋ Ὂ
‖
ὒὔ ὓ

ὉὋ Ὂ
πȢ 

Let the coefficients be ὥḧ , ὦḧ . Then 
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‖ ὥ‖ ὦ πȢ 

If ‖ and ‖ are the principal curvatures (possibly ‖ ‖), then 

‖ ὥ‖ ὦ ‖ ‖ ‖ ‖  

and identification of polynomial coefficients yields 

ὌḰ‖ ‖ ὥḰ
ὒὋ Ὁὔ ςὓὊ

ὉὋ Ὂ
ȟ ὑḰ‖‖ ὦḰ

ὒὔ ὓ

ὉὋ Ὂ
Ȣ 

 ʉ

Given an f-surface Ἲ, the tuple fields ‖ȟ‖  and ὑȟὌ  contain exactly the same information. 

Indeed, Definition NN is a map ‖ȟ‖ ᵐ ὑȟὌ , and the inverse map is given by, up to the im-

material ordering of the principal curvatures, 

Proposition NN 

Let ὑ and Ὄ be the Gaussian and mean curvatures of an f-surface Ἲ, respectively. Then the prin-

cipal curvatures, at every point, are 

‖ȟ
Ὄ

ς

Ὄ

τ
ὑȢ 

Proof  

Trivial , but notice that the relation between the arithmetical mean and the geometric mean 

yields can be written, assuming the principal curvatures to be non-negative, 

‖ ‖

ς
‖‖ 

or 

Ὄ

ς
Ѝὑ 

which squares to 

Ὄ

τ
ὑȢ 

If exactly one principal curvature is negative, then ὑ π and so ὑ is clearly non-negative. If 

both principal curvatures are negative, then ‖ and ‖ are positive, and so 

‖ ‖

ς
‖‖ 

or Ѝὑ which also squares to ὑ.  ʉ

Corollary NN 

If ὑ and Ὄ are the Gaussian and mean curvatures of some f-surface, then ὑ π. 
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Example NN 

Let us compute the Gaussian curvature for the elliptic paraboloid ὼ ώ ᾀ, given by 

Ἲὼȟώ Ἥ

ὼ
ώ

ὼ ώ
ȟ ὼȟώᶰὈḧᴙȢ 

The fundamental forms were found in Example NN, and so Proposition NN yields 

ὑ
ὒὔ ὓ

ὉὋ Ὂ

τ
τὼ τώ ρ

ρ τὼ ρ τώ ρφὼώ

τ

τὼ τώ ρ
Ȣ 

 

Example NN 

Let us now turn to the hyperbolic paraboloid ὼ ώ ᾀ given by 

Ἲὼȟώ Ἥ

ὼ
ώ

ὼ ώ
ȟ ὼȟώᶰὈḧᴙȢ 

The fundamental forms are 

ꞈ
ρ τὼ τὼώ

τὼώ ρ τώ
ȟ יִ

ρ

τὼ τώ ρ

ς π
π ς

 

and so the Gaussian curvature is 

ὑ
ὒὔ ὓ

ὉὋ Ὂ

τ
τὼ τώ ρ

ρ τὼ ρ τώ ρφὼώ

τ

τὼ τώ ρ
Ȣ 
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It follows from Observation NN that 

Observation NN 

At any point on a surface, 

(1) ὑ π iff ÓÇÎ‖ ÓÇÎ‖ π, that is, iff any curve passing through the point has an acceler-

ation vector with the same ȬÂÉÎÁÒÙ directionȭ relative to the standard unit normal. There 

cannot be any curve passing through the point with zero normal curvature. 

(2) ὑ π iff ÓÇÎ‖ ÓÇÎ‖ π, that is, iff there are curves passing through the point with 

the their acceleration vectors in the same ȬÂÉÎÁÒÙ directionȭ as the standard unit normal, 

and, also, curves that are passing through the point with their acceleration vectors in the 

opposite ȬÂÉÎÁÒÙ directionȭ. Assuming only that the normal curvature is a continuous func-

ÔÉÏÎ ÏÆ ÔÈÅ ÃÕÒÖÅȭÓ ÄÉÒÅÃÔÉÏÎ ÁÔ ÔÈÅ ÐÏÉÎÔȟ therefore, there are curves passing through the 

point with zero normal curvature. 

(3) ὑ π iff ‖ π᷉‖ π. There are curves passing through the point with zero normal 

curvature. If, in particular, ‖ ‖ π, then the surface is a (part of a) plane. 
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Example NN 

The plane and the cylinder are surfaces with ὑ π everywhere, and the sphere and the elliptic 

paraboloid are surfaces with ὑ π everywhere. On the other hand, the hyperbolic paraboloid 

has ὑ π everywhere. Another example of a surface with everywhere negative Gaussian curva-

ture is the hyperboloid ὼ ώ ᾀ ρ (exercise). Notice how Observation NN is clearly visible 

in all these cases: 

ὑ πȡ 

  

ὑ πȡ 

  








































































































































































