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O Introduction

This is a work i n progress

This documentis very much a work in progress. The current versiomwf it is by no means meant

to be published in anyform: itisi AOAT U OEA Ai 11 AAOQCEI1T 1 &£ Off

001 A pobHisicudrént ideas.No proofreading has been performed, propositions might not
even hold, and cross-references are not implemented. 4 EOOh OEEO AOA A(

xEOE OEA 111U EIOATOEIT 1T & Eil OOOOAOEI ¢ O
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0.1 Notation

The following is a quick guide to the notational conventions used ithe book, especially in the
chapters on classical mechanics.

We will use boldface for vectors, as ifi ¥ a . The length of a vector will be denoted by h $18
If there already is a boldface letter’l denoting a vector, we might introduce the lengthd without
any explicit remarks. A hatabovea vector indicates that the vector is of unit length, as ifi. By

necessity, now,sls p. If there already is a vector’l we might introduce”l h -"I without

any explicit remarks. In a Cartesian coordinate systemafuhy , the basis vectors are denoted,
0, and 0. When convenient, and when there is no risk of confusion, we will allow ourselves to
identify points with their corresponding radius vectors.

The statement®h @ means that thevalue @is assigned tod at the instance of the formula.
WK cmeans thatwhas previously been assigned the valug that is,cis equal towby (an eari-

er) definition. If "Qand "Qare functions of a single variable, 6N @, say, then we may write
"Q0 k "Q0 as a shorthand notation forQd QO H oN .

There are often two or more frames of reference in the same discussion. In the typical case of
two frames _ 1 and _ 2, we use a prime tandicate that a variable is with respect to the second
frame, _ 2. For instance, if the coordinates of some object aréfufix relative to _ 1, we will de-
note the coordinates of the same object but with respect to2 by the triplet whohy . A dot, as

in & means a derivative with respect to timgor any other single parameter), that is,h —a
and® h — . If we at some timehave a function"Qof one variable wthat does not have the
ET OAOPOAOAOET T -ekplEilyinddaicdtbemotatidh QifoEtigeE@ivative.

We will usually skip the brackets in powers of function values. For instanc&®w "Qw 8Ne
will sometimes make use of the very convenientlverson bracket which is a map
t g0 OREA 1 20 Adp defined by

au)

L
Finally, we define theinteger interval

oo h o w
and includeTtin the natural numbers:

s Tiphchot8 o ° 18
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1 Classical Mechanics

30

W—/

30

Figure 1. A small part of an ideal chain hanging in a constant
force field, such as the field of gravity at the surface of the
Earth. In Section 1.4.6 we will prove that such a chain will
form the graph of the hyperbolic cosine. A few sections later,
we will show that the very same fundamental force will cause
planets to orbit stars in elliptical orbits, and comets to fly by
stars in hyperbo lic trajectories.
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1.1 Space and Time

To specify a point in space, we need gpatial coordinate systemThe general idea is that there is
a oneto-one correspondence between physical points in space and elementsivh s . The
procedure is faniliar to everyone: Onechooses some physical point as the origin. At this point,
one imagines three(geometric) basis vectors, which are identified with the standard basis
pirfrt, ripht, mip of s . Then thegeneral correspondence is obvious: if we get ta particu-
lar object from the origin by combininga &3 anda™ s of thesegeometric basis vectors using the
rules of geometric vector algebrawe say thatchwy andd are thecoordinatesl £ OEA =BRAEAAO
tial position, and we associate this spatial gsition to the element ofuhx N a . Almost always
one makes sure that the physical basis vectors are of the same len@isually a metre), are pe-
pendicular to each other, and are ordered sthey obey the right-hand rule. In this case, we say
the system isa Cartesiansystem. For the rest of this section, we will assume all spatial coard
nate systems to be Cartesian.

Qu

Similarly, to specify the time of some event, we construct a ofie-one correspondence between
momentsin time and some sef’Y usuallys or some interval subset ofqa, called thetimeline or
the time axis The standard procedure is to make a choice about whatal-world moment is to
correspond toTtN "Y(or some other fixed elementof Y, and then one decides that a change pf
in time value corresponds to a physicalduration of a second (or some other convenient da-
tion).

A coordinate systenis a spatial coordinate system together with a timeline. Hence, it consists of a
choice of spatial origin, three basis vectorsn origin in time, and atime unit. Given a coordinate
system, any pointlike event, defined as an event to which we can associate a precise point in
space andmoment oftime, corresponds to a uniqueslementin “Y "Y This product is sometimes
called spacetime [In the literature, one might also se€Y “Y] Thus, in prerelativity physics (al-

so calledNewtonianphysics), the concept of spacetime is a very simple and graspable thing.

Let us now turn to the problem of dealing with multiple coordinate systems simultaneously. To
begin with, we will assume that all coordinate systems are at rest relative to each other; that is,
the origin of each system is stationary (has constargpatial coordinates) relative to every other
system.ConsiderFigure 2.

Q0
-
|
2
D,
3% N
e
60 £ 2
\
B

Figure 2. Three spatial coordinate systems in Central Park, New York City.
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Here we have indicated three spatial coordinate systems,p, ¢, and_o.Notice that pand o
have the same physical basis vectors. Consider the poinis and 0 , at which two insects are
hovering at some moment of time; onés at0 and the other is atd . These points exist ine-
pendent of any coordinate system. Therefore, we say that they ageometric points Thecoordi-
natesof the points depend on the coordinate system, however. The vectdis the displacement
from 0 to O . This is also an object that exists independent of any coordinate systenence,it is
called ageometric vector Thecomponentsof I, however, dependon the coordinate system. M-
tice that the componentsof "l are the same in_p and _ g, because ltese systems share the same
geometric basis vectorswhile the coordinates of a point depend on both the choice of origin and
the basis vectors, te components of a vector dependnly on the basis vectors.

In general, two coordinate systems are in relative motion, that is, the origin of one system is
moving with respect to the other system. This is the case, for instance, if one of the systems is
stationary on the ground while the otheris fixed inside a mowng train. When we explicitly in-
clude information about the motion of a coordinate system, we call it @nathematical) frame of
reference Restrict for a moment attention to mathematical frames that do not accelerate relative
to the ground. If the train is not accelerating, then all frames stationary on the ground and all
those fixed inside the train are admissible as are all other frames moving with constant velocity
relative to these.We denote the set of alsuchreference frames by_ . Introduce a relatonx on

by declaring that _ p¢ | ¢iff the origin of _p is at rest relative to ¢ at all times, where
_ph ¢~ _.Clearlyx is an equivalence relation on_, and we shall call the equivalence classes
physical frames of reference
One might ask isomeof theclasses # AT 1T OAET AOATI AOG AO OAAOI 1 OOA
argue that the groundis in no motion at all, while all the cars, trains, and velocipedes are inan
tion. However, this is obviously a biased statement, since the Earth is very much in motion
around the sun, which in turn, is in motionin its cluster of stars, and eventually the Milky Way
galaxy. In addition, the galaxy itself is in motion relative to hbther galaxies, and so orHence, in
out interpretation of Newtonian physics, there is no concept absoluterest, onlyrelative rest. In
fact, no known experiment can distinguish any preferred frame; all frames in are equivalent.

In the discussion inthe last paragrapls, we ignored any relative accelerationOf course, in ga-
eral, two frames are accelerating relative to each other. Hence, the entire setontains only a
very special selection of frames, namely, those in uniform motion (i.e., no acaaition) relative

to the ground. By the same arguments as in the last paragraph, one might suspect that there is
nothing special about_, and that, in factall mathematical frames of reference are equivalent.
This, however, isnot the case in Newtonian mehanics.Instead, it is postulated that there exists
(at leastlocally) a natural collection of mathematical frames thatin some sensehave vanishing

OA

absolute acceleratiorf AOO OEEO OEIT O1 Al 8 (Buch AfranteAnitrA@anisbingi 1 EOA

absolute accelerationdis called aninertial frame, or, less appropriately,a non-acceleratingframe.

It turns out that to a good approximation, a frame of reference attached to the ground of the
Earth is inertial. Even more so is &rame in free fall in outer space, which might be considered
OEA OPOI O1 OUDA G at thaElodation. Erdmin@wdE, Ave wilkE€ldfiheA to be the set
of all inertial frames with origins in the vicinity of the objects underconsideration. The seemirg-

ly strange requirement tha they need to be locally concentrated in space will be explained later.

But what is an inertial frame? How can you tell if a frame is inertial or notA commonly-stated
answer in Newtonian mechanics is that a frame is inertial iff the following implicatio is valid:

I A OAAO AAG EHA bpABEGOBAIEABO UAOI AAAAT A
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4EEO EO . AxOI 180 MEEOOO 1 Axh AO xA xEil1l AEOAOOO i
frame enters the picture because we measure acceleration with respect tq @nly according to

some frames does the particle acceleration vanisht is very important to notice that it is as-

sumedthat the criterion given above yields the same answer no matter what particle is used to

test the frame.(Otherwise the criterion would not make sense.)

Consider a freeparticle (i.e., aparticle on which no forces act)studied using two different mat-
ematical frames of reference, p and _¢. Let”l 0 be the radius vector of the particle from the
origin of _p at time 0, and let"l 0 be the radius vector from the origin of ¢ at the same time
Also, let] 0 be theinstantaneousradius vector of the origin of ¢ relative to _ p. SeeFigure 3.

Figure 3. Two frames of reference in relative motion.

Clearly, as geometric vectors,
o o loh 1ovas
Differentiating twice with respect to time yields
O RO loh lova
where "1 0,1 0, and”l O are the acceleration of the particle with respect to_p, the accelea-
tion of the origin of ¢ with respect to _ p, and the acceleration of the particle with respect to

_ ¢, respectively. Assume that p is (essentially) inertial, e.g., fixed to the ground of the Earth
4 EAT |} vaddsiade théparticleisfree,”l 6  1tby modus ponensHence

nRo T oh lonasg
Therefore,
no mne 1 0 T8
Itis trivial to verify that 1T 6 muw _ ¢cEO E|ahditeiefdrej ¥ @ OAAAOh ET x1 OAON
pAT Aci T OA xEOE AT 1T OOAd O cEIR | EA GREXOE AGAd T AEOU
Hence, givenany inertial frame, all other (nearby) inertial frames, and only those move with
constant velocity relative to the first frame.This motivates ourintroduction of = and _jx : _is
the set of (local) natural frames of reference and the frames in_ differ only by their relative

velocity. There are quite a few subtleties regarding frames and inertial frames, and we wiley
turn to these after we have considered some simpler things first.
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1.1.1 The Significance of the Physical Frame

The equivalence relatior¥ is very useful in Newtonian physics, because many things are similar
when analysed with different mathematical frames belonging to thesame physical frame, but
appear different when analysed withdifferent frames belonging todifferent physical frames.The
simplest example of this is the velocity vector. Consider a leaf falling from a tree with a constant
velocity towards the ground. When aalysed in a frame fixed on the ground, the leaf appears to

be falling with the velocity vector’l shownin Figure 4.

Figure 4. A falling leaf as seen from the ground.

N

Figure 5. The same falling leaf as seen from atrain.
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Now, considerthe same situation, but observed from a train moving to the right with the same

speed as the leafs falling (relative to the ground). From the point of view of a passenger on the

OEA T AAESO OAI T AEOU OAAOI O PIET OO Ol xAOAO OEA O
OEA OOAET h ciymdctor@anisitofvdrds td big, brown, leaf on the ground. The e

clusion is that the velocity vector of an objecis not a geometric vectqrbut depends on the phy-

ical frame of reference.lnside a given physical frame, however, the vector looks theane no

matter what mathematical frame is usedz only the components of the vector differ between
mathematical frames.Thus, aly if we restrict our attention to a specific physical frame of refe

ence, we may allow ourselves to think of a velocity vector @asgeometric entity.

The reader may recallFigure 2. The displacement vector| shown there clearlyis a geometric

vector. Now, ignore the insect located ab . Instead, imagine thatl "l is the velocity of the in-

sect initially at 0 . Then, as shown abové| is not a geometric vector. Only according to some

observers is it perpendicular to the surface of the lakeNow, let”l 'Hbe the accelerationof the

insect, instead4 EAT h O1 OT 1T A A@OAT O6h O11 Of Al EOQUBareEO OAO
independent of frames of reference as long as we restrict attention to inertial frames, that is, to

frames in _ . Thus, accelerations vectorg and therefore force vectorsz may be thought of as

geometric entities if we only consider inertial frames.You already knew this: surely the force of

gravity, and the ensuing acceleration of a cup of coffee, points straight to the ground no matter if

you stand onthe ground orin a train moving with constant velocity.

The observations made above are formalised in th€alilean transformation which relates coo-
dinates between two inertial frames.Let ph ¢ . Let"l 6 be the radius vector of an insect
from the origin of _p at time 0and let”l 0 be the radius vector from the origin of ¢ at the
same time Also, letry 0 be the radius vector from the origin of p to the origin of _¢ at this
time. SeeFigure 6.

Figure 6. Two coordinate systems in relative motion.

The Galilean transformation is simply
o A6 Toh Lovas
Differentiating with respect to time,

ToO QT oh Lons
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where "l 0 is the velocity vector of the insect relative to p,”l 0 is the velocity relative to _ ¢,
and r}, which is independent of time,js the velocity of the origin of_ ¢ relative to _p. Hence, if

pé _¢n andsol 0 "l o.Differentiating once more,
To T oh lova
becausen . Thus, the acceleration vector is independent of the choice of inertial frame; only

the components can differ.

Finally, let us introducesome standard nomenclature: wo frames_pand _¢N _ are in stand-
ard configuration iff

(1) they have the same geometric basis vectors,

(2) the velocity of the origin of _ ¢ relative to _ p is a nonnegative multiple of the first basis
vector of p, and

(3) ato Tmalso6 Tmand at this time, their spatial origins coincide.

In this case the Galilean transformation reads

® ® 0O
0w W
a «
0 ©

whereb SlIs 1 is the relative speed between the frames.

1.1.2 The Concept of Inertial Frames

You might feel a bit uneasy abouthe introduction of a preferred set of frames, such as. If so,
you can rest assured because this concept is abandoned in the theory of General Relativity. For
now, let us investigate the concept of inertial frames from a sceptical point of view withottri n-

ing (too much) relativity into the discussion.

In every-day situations, it is rather easy to distinguish an inertial frame from a noinertial
frame. The traditional exampleis a person standing on the ground and in a bysvell, not simul-
taneously, obviously!). On the ground, we know that the force of gravity acts in the direction
towards the centre of the Earth, and an equally large upwargdointing normal force is exerted on
the person from the ground. Hence, the net force is zero, and the person ig aocelerating reh-
tive to the ground. Hence, the ground is inertial. The very same experiment can be performed in
a bus moving with constant velocity relative to the ground. Still no net force, and still no accele
ation of the person. Hence, the bus iss@ an inertial frame. However, if the bus begins to acee
erate, suddenly the person seems pushed towards the reand of the vehicle, although no add
tional force is acting on him. Now the bus isot an inertial frame.

What is the issue, then? Well, onesge is the following: How do wereally know that no add-
tional force (pointing towards the rear end of the bus)acting on the body set in at the time when
the bus began to accelerateThe classical answer, of course, is that we have a very complete
theory of classical mechanics, and we have classified all the forces acting in it. We have managed
to create a theory that works exceedingly well, and is setfonsistent. Hence, we can say for sure
that, within the theory of Newtonian physics, no additional forcekicks in.

A second issue is this: to test whether a frame is inertial or not, we need a particle on which the
net force is zero. In practice, we cannot find any such particle, because all massive particles are
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affected by the longrange force of gravity fom every other massive particle in the universe.

7EU Ai160 xA 11 OEAA OEEO AEAAAOh £ O EIT OOAT AAn
the force of gravity affectsall massive particles, including the bus, the persons in the bus, and

every atomof the Earth itself, in exactly the same way.

Let us considera third issue. Consider a container in free fall ithe vicinity of the Sun. An asto-
naut inside the container, but not aware of its location in theniverse, will observe that the ca-
tainer behaves exactly like arinertial frame of reference. For example, a ball carefully positioned
at some placdnside the containerwill remain there until provoked by some forceknown to the
astronaut. Of course, you can perform the same experiment in a comtar in free fall close to the
Earth. Both these frames will be found to be inertial. But they are clearly accelerating relative to
each other (one is accelerating towards the Sun, the other towards the Earth), thus contradicting
the result that all inertial frames are in uniform motion relative to each other. What is the cause
of this contradiction?

The answer may seem obvioud\Neitheri £ OEA AOAI AO AOA OOAAIT T U8 ETAC
they are being accelerated towards the sun and the Earth, respectively. Hence, the ball inside the

first container is affected by a strong gravitational force, and, indeed, is accelerating tosda the

sun. But since this applies equally to every atom of the container, including the matter that

makes up the astronaut himself, he cannot know this. This seems to resolve the issue, because,

since neither frame is inertial, nothing says that they shdd be in uniform motion relative to

each other.

But this raises another question. By the argument given in the last paragraph, a reference frame
attachedOl OT 1T A 1T AOGAOGEAT AT AU | A blindverBelnertiaAbedaiise AOh A
every massie particle in the entire universe is affected by the force of gravity; hence, it is adee

AOAOGET ¢8 )1 EAAOh OEA OA@blalkbshad Balvé & th€dxgpAdtionET OE /
CEOAT AU OEA AEEI A OOAOQEIT ¢ AEIAIOO A AOARERa,&hé A0 A i A &C
might argue,if we cannot use experiments to determine whether a frame is inertial or not, then

OEA AT 1 AADPO 1T &£ OET AOOGEAT A&AOAI A8 AT AOT1 60 AOGAT AAI
A well-known (but outdated) @esolutiondof the issue consistof actually postulating thatthere

AGEOCOO A EOAT A 1T &£ OAAOCI 1 OOA OAOGOGGEHh DAOEADPO AU A
(centre of mass of thé) fixed stars. Then every frame moving with constant velocity relative to

this frame is defined toAA ET AOOEAI 8 4EEO OOAOI 1 OOEI T8 EO £EAC
about other galaxies? These are very much accelerating relative to our galaxy.

The modern resolution of the issue can be approached by studying the statement and proof of

the result given earlier (c.f. pagel3), that two inertial frames must be in uniform motion with

respect to each other. [Given that we have found @ounterexampledfor thiO OOEAT AT 8 h EC
deed very natural to reinvestigate it!] The problem is the assumption thatany particle can be

OOAA O OAOCEERU OEA AOEOAOQOEITT jnqgq OEAO O&A AEOAIT A
yield different outcomes.If they are dose to each other, the difference in their accelerationdue

to the field of gravity is small, and the assumption is valid (to an extremely good degree), but if

OEA AEOOAT AA AAAT I AO OAOGOOTTT 1T EAAI 6 hntheBemaA OAT AAC

frames are very far away, then at least one of the frames will be very far from the particle. Even if
the frame at the Earth seems inertial when tested by the ball in its container, it might n@h fact,
does not)seem inertial when tested using the ball in the other container, near the sun.
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What is the cause of the differencePhe answer is the big difference in gravitationafield be-

tween the two locations.To see this, onsider again the container mear the sun. Indeed, this
seems inertial when tested by the ball inside the container. If we add another ball to the comtai

Aoh OEAT AT OE xEIl UEAI A OEA OAI A AT OxAOfjT11 0O A
ference). Now imagine that the secondball is moved a few kilometres away from the sun,ot

wards the Earth. Still no major diference; the force acting on the balils essentially the same as
before. Move it even furtheraway. Eventually, it will come close to the Earth, and now the adee
eration will be completely different. It will point towards to the Earth, and, obviously, it will a&-
celerate relative to the container at the sun.

4EA ATTAI OOEI 1T EO Oiselsentilly indépenBdnt@u,theQdeakion OfAhd st j ¥ q
particle, as long as we restrict the attention to a region in space in which the gravitational field is
roughly constant. Of course, this includes all evergay scenarios in homes and laboratories on

Earth. If one needs to investigate regions in space with significant ahges of gravitational field,

one needs to take the sources of these changes into account, like the sun and the Earth.

4EA Oi 1 AAOT 6 AAEETEOEIT 1T &£ A1l ETAOOEAI EOAI A EO
moves exactly like a small tesparticle would if it were only affected by the field of gravity, and

no other forces. Even thagh this frame is accelerating, an astronaut in a container fixed at the
origin would perceive the frame as inertial. Again, this is because the container, thstr@naut,

and his ballz indeed, every massive particle there ig is affected by the very same field of grav

ty: if the container is so small that we can neglect changes in the field of gravity inside it, then all
these objects will have the exact same eeleration because of gravity.

You might get the feeling that the force of gravity is very different from the other forces ofan
ture. We will get back to this point, which, in fact, is the starting point of General Relativity.
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12bSsl2yQa [ g4

Classicaa mMAEAT EAO EO OEA &£ O1 AAOGEIT 1 £ DPEUOGEAOGH AT A
cal mechanics. Hence, their significands paramount. The laws are due to Sir Isaac Newtdn

his Philosophiae Naturalis Principia Mathematigdirst published in 1687, andapplies to matter

particles in space” U O AOOAO DPAOOEAI Adh xA 1T AAT A AT AU 1 £
we can neglect deformation and rotation of the bodyin order to formulate the three laws, we

need first to define the quantities involved.t is understood that we work in some mathematical

frame _p M _ . In this frame, we associate with a particle a position vectar  ¢fudtr which is

allowed to change with time, if the particle is moving relative tq 1. The time derivative’l h dis

called the velocity of the particle, and the second derivativeHh ¢ is called theacceleration A

particle moving with zero acceleration is moving with constant velocity, and, consequently,

along a straight line with direction I and constant speed6. Each matter particle has a welt

defined property called its massthat is constant in time.In classical mechanics,he mass is a

measure of matter content; indeedany material body can be thought of as being composed of

OOOAT AAOA 1 AOOGA O DA anOthul had Bads) b ordgiddihalively, wedndll

OAA OEAO . AxO1 160 OAATTA TAx T £ I1TOEIT DBl 0001 AO/
I AEAAOG O OAOEOOAT AA O1 AEAIOCA GBOD AQAI IAA OO IESO ADHDOC
postulates that the massef two objects determine the magnitude of the force of gravity b-

tween them; we will get back to this law.

After mass, the most important concept in Newtonian physics ferce. Aforceis a vector quantity

OEAOh AO bPiI 0001 AGAA AU . AxOi 180 OAATTA 1TAx T & I
30AE A &I OAA EO OAEAforddse O BAO et on b pafidieAthetnét effodE A1 A8 )
will be indistinguishable from that caused by a single forcée B € acting on the patrticle.

i xh 1T AO OO A& laws.(niady@dArtial frArmedT T 8

1. ¢ t 'H .If the net force of a particle is zero, then its velocity is constant. That is, if
O1 1T OEET ¢ Eparhck Atlis@d its @dsitioA that is constant, but its derivative, the
velocity.

2. ¢ a'H The net force on a particle is equal to the product of its mass and its accaler
tion. Notice that the first law is a consequence of the second law.

3. If a particle 0 affects6 with a force¢ , then¢ affectso with a force € ¢ ofequal
magnitude but opposite direction.

A B

Figure 7.) 11 OOOOAOQETT T A£.. AxO01180 OEEOA 1 Ax

There are two ways of thinking about forceEither, one might consider force as a geometric ent

ty in space, that is, as a geometric vectasr one might consider the force to be defined in terms

I £ OEA 1 AAOGOOAAT A AAAAIT AOA Osedorid law, &s sken BonCsOrieA 1l Ah  (
frame.
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APPROACHL: The most naive approach is to consider force as a geometric vector. In thiz- a
proach, the force is a geometric entity that exists independent of frame of referenc@onsider an
apple hovering at rest insidethe ISS. If someone begins to push the appllien the force on the
apple is a weltdefined geometric vector¢, thatz at least in principle z everyobserver (inertial or
not) can determine.This approach also goes hanth-hand with the concepts of the tavitational
and electrostatic forcefields, which are (literally) defined as geometric vector fields. The main
issue with this approach is that there is no direct way of measuring the forc&till, this is the
most common approach.

APPROACH?2: The other gproach is to define the force as the product of mass and acceleration

of an object. Defined this way, the force i@in principle) very easy to masure in any frame of

reference, for the acceleration is easily measurabl@n principle) .

4EA OEOOAOETT EO AOOOEAO AT i PIiEAAOAA AU OEA EAA(
define in a satisfying manner. If one thinks that the concept of force is more natural than the

concept of mass, then one can postulate the existence ofAloh Oh AT A OEAT OOA . Ax
law to definethe mass of a particle.

121 ¢KS LY@FENAIYyOS 2F bSgiliz2yQa [ sa

7A xEi1 OOEI x8 OEA ET OAOCEATAA T &£ .AxO01 180 1AxO0
straightforward as one might suspect, mainly because thdci AADO 1 £ all&r, @R S 1 AAE
sic, definition, as discussed above.

First, assume that p ¥ 8 and_¢ N & _ are two mathematical frames in thesamephysical
frame s . (1) Clearly, aranslation of the time variable will not change any of the laws gbhys-
ics, since the origin of time is arbitrary. (2) A pureotation corresponds to a mere change of e
tor basis. That is, observers will find the same geometric vectors, but their components will vary.
The laws of physics will not change, because spadself is assumed isotropic in Newtonian re-
chanics. (3) Atranslation of the origin will not affect the physics, since the origin is arbitrary; in
other words, space itself is assumed homogeneous.

Now let _ pN 8 _pand_¢ VN 8 ¢ be two reference frames in twodistinct physical frames

5. pands . AOOOI A OEAO . Ax Ol 1 _¢.Qve wankt®show@ndt théylare kabid E |
in _ ¢ as well. Since the first law is a consequence of the second law, we will not treat this &ep
rately. Therefore, letd be an object that is found to obey the second law

¢ aH
in _p. In Newtonian physics, the mas& of an object is an intrinsic property of the object, and
therefore, observerindependent. As shown above, the acceleration vectdisf 0 as perceived
by an observer in_ ¢ is equal to the acceleration vector as perceived fromp, that is;,H  ‘H[but
the componentsof this vector depend on the vector basis of the frame]. As a geometric vector,
OEA OECEO EAT A OEAA 1T £ jvq whaddoOl OServer&iAthedviol A ET
frames have to say about the forces am?
According to thefirst approach given abovewe consider the force as given by a force field, e.g.
the gravitational field from a massive particle, and argue that this is a geomeétrobject and n-
AAPAT AATO T &£/ PEUOEAAI A&£OAIi As 4EAT EO AEi111Tx0 OE
shownthat. AxOT 160 OAATT A 1 Ax EO EIT OAOEAkdo@ingddteAO A
secondADDOT AAE CEOAT byAdinitionAEhO AREICGRA A6 OFEAR 2 (3 1T £ j vl
second law is valid in_ 2, and, in addition, we have novshownthat the force is found to be the
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same in any physical frameThat is, since the acceleration, as a geometric vector, is the same in
any inertial frame, it follows that the force, as a geometric vector, is also the same in any inertial
frame. Hence, in practice, the difference between the two approaches is not very important.

1.2.2 Nortnertial Frames

CAXxOT 160 1 Ax O ide@d framesl T aiditée Idigchssidh labout norinertial frames,

we will introduce a new concept to be used only in this subsectionRecall that we defined a
OPEUOEAAI AEOAI A8 AO AT ANOGEOAI ATAA A1 AOGO T &£ ji#
which are at rest(that is, have zero geometrioselocity) relative to each other. We now define a
OOODPEODOEAAT AOAI A8 AO Al ANOEOAI AT AA A1 AGO T £ ji
of which have zero geometriaccelerationrelative to each otherat every time. Then, intuitively,

all inertial frames constitute one superphysical frame. Indeed, two inertial frames are moving

relative each other with constant velocity. If another frame ¢ is accelerating with constant a-

celeration'H 0 relative to an inertial frame _ p, then this frame belongs to a different super

physical frame, together with frames that are rotated or displaced in space or velocity relative to

. G

yO EO AAOU O OET x OEAOhK E Mhysidal{réniei(sdcd asithd suger AOA O 2
physical frame ofinertial frames), then they cannot be valid in any other such frame. The proof

depends on which approach we choose to employ when talkindpaut forces.

In APPROACH, the force on an object is an intrinsic, geometric, property, and so it is the same

in every frame. Leté be the force on an objecb. Let_ p N ns_pand _¢ N Mg _ ¢ be two
frames in different super-physical frames. Assume that Ax OT 1 8 O 1 Ax ®. TARed ke OAT EA
accelerationis

n L
a

where ¢ is the force on0. In N8 _ ¢, the acceleration isHeand since this is alifferent super-
physical frame,H 'H. But since the force is an intrinsic, geometric, property,

n L
a

which is a contradiction.

Let us consider the same setip but using APPROACH. Assume that the universe is empty e
cept for one, single, particlewhich we call 6, and which is at rest relative to_ 1. In this frame,

'H and therefore, by definition, € . Relative to _ ¢, the acceleration ofo is 'H , and so,
by definition, € (AT AAh AOAT OEI OCE OEA DAOOEAI AoEO Al
AOGAET C A EI OAA 11 EO8 ! AABOSABOCATEEAADXx OEEDHO OOEE
force ¢ .BUUOEEO OOI i AOE E Mayise youicdul® iescu@ thd w@do® ByAnaking

some more or less reasonable explanations, but this is a bit too strange to seem natucainsd-
ering this chapter is devotel to classicalmechanics
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1.3 The Fundamental Forces

According to the standard models of modern physics, there are four fundamental forces ia-n
ture, namely, gravitation, electromagnetism, the strong nuclear force, and the weak nuclear
force. At the end of tle seventeenth century, Newton formulated the law of universal gravitation
that is one of the cornerstones of classical mechanics; it gives the gravitational forceexperi-
encedbya bodyd of massa mtdue toanother body6 of massa Ta distancei away. If"l
is a unit vector pointing fromdé to ¢ , thent

€ “O—‘l "l
where "Ois a constant. (Notice that gravity is an unquestionablyattractive force.) Therefore, by
.AxOT 1680 OAATTA TAx T misi OEIT T h OEA AAAAI AOAOQGEIT 1

a
H 1s O—"l
a i

and is independent ofthemasst 8 4EEO EO ET T x1T AO ' Al EI AT 80 1 Ax.
iron weight from the same height above the surface of the Earth, thenneglecting all forces Ie-
sides gravity (predominantly air resistance)z they will stay next to each other during the fall,
and they will hit the ground simultaneously4

Now, consider two electrically charged bodie® [the source of the field] andd [the test parti-
cle] with chargesfy " 1 andfg " ash OAODPAAOEOATI U8 4es ké elettioddatici | A8 O
force®
é ’?‘Qr]‘l r] nI
on the test charged due to the source charge® . This force clearly has the exact same form as
in the case of gravity; instead of the masses of the particles, the force is now proportional to their
charges.However, notice now that the force isepulsiveif O Cf O Cf [and, of course, neither
charge is zero]. More importantly, the acceleration ad is now

H Le )y
a a i
and thus it depends crucially on both the mas& and the chargej of the test body. The strong

and weak nuclear forces behave more like the electrostatic force than the force of gravity in this
respect {{kb}}, and we therefore conclude that gravity is a rather special force, since it is propo

1 We often considerd to be a fixedsourceof the gravitational field, such as a star or a planet, ari to be

A Oi Al OOAOO PAOOGEAI Ad Ao OEMAITIAEA cORDE EGA AEERRG A 8C QA O K
4 OEA OPAOOEOA GCOAOEOAOQEITAI 1 AOCOG88 / £ Al OOOAR xA ETI
ties are the same for any objd¢which is also implied in the law of universal gravitation, since we only

OPDAAE 1T &£ OEA Oi AOOGS S8

2In Slunits,!0 @ xtpm . I EC.

34 EA 1T AOO AT OAOET ¢ ET . AxO1 18680 OAATTA 1 Ax EO AATTAA O
OEA OEBRDOGEAKE AT AU EO ANOAI O1 AT OE EOO OCOAOEOAOQEIT £
i AGOGS 1T &£ AT T AEAAOS

4 Even today, you might hear that this is counterintuitive. Personally, | have never quite understood why.

Indeed, if you take a thousand fahers, arrange them in a simple cubic array of spacifig 1 and then

OAl AAGA OEAI AO OEA OAT A OEIi Ah OEAU xEI1 A1l £EAI1T xEC
value off . But ag is decreased, you will eventually obtain the densitgf an iron weight. Therefore, an

iron weight has to fall with the same acceleration as a featheQuod erat demonstrandum.

5In Sl units,’Q  pj 1“7 go Yijp . | T# where p#is the Coulomb unit of electric charge.
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tional in strengthtothe i AOOEAT [T AOO T &£ . AxOT 180 OAAT TeA 1 Ax38
thing very special about gravity.
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1.4 Simple Examples of Kinematics

7A xEi1 OOA . AxO01180 1 Ax0O O EI OAOOECAOA sOEA
ical systems.

1.4.1 Two Massive Boés

Let & and 6 be two bodies with massest andd& , initially (attime © 1) at rest at rdvdrt and

i hti relative to an inertial frame _ pN _, where the initial distancei 1t Due to the force of
gravity, these will accelerate towards each other, with an evancreasing acceleration.

Figure 8. Two bodies approaching each other due to the force of gravity

Let’Q 0 and'Q O be thedistances travelled byo and ¢ at time o, respectively, and lei 0 be
the distance betweend and 0 at this time. It follows that, for all times prior to collision,

Qo 10 Qo 18
Differentiation with respect to time (twice) yields

Qo i0o Qo 18
"O00 . AxOI1 1 8 éndBllawiof ghavitatidneombines to yield

S € ) G o SO € ) S |
a Qo ——h & Qo - 8
i 0 i 0
Therefore,
G C G
— 10 —— T8
i 0 i 0
Rearrange the terms to obtain
o]
1 O — Tt
i 0
where
Oh "0Oa a 8
Thus, the problem has the precise mathematical formulation
i o om T ' W on
i moom

and it is perfectly sensible to solve it numerically, especially since the solutian™ i 0 probably
cannot be expressed in terms of elementary functions. However, one can show that the bodies
will collide attime 0 Gz | | where |

24/314

EET



ANDREAS REJBRAND DRAFT http://english.rejbrand.se

GRi i BO—CEﬂ?%l
As a concrete example, lak a CE @ndi pl . Thendki i i g geBahours. A graph of
om i 6 foroN TRy | deghown below.

r(t)

1,2

Distance r (metres)
o o
B~ (]

AN

0,2 \
0,0 T T T T T T T 1
0 10 20 30 40 50 60 70 80
x 108
Time t (seconds)
Figure 9. Distance between two gravitationally interacting bodies  versus time .

Afull exact treatmentofttA / $% jvqQ EO CEOAT ET | bPAT AEQ ! 8¢
1.4.2 Projectile Motion
Assumethat a ball of massd is thrown with an initial velocity I 0 b by an expei-
mental physicist or a British actor.We neglect air resistance, so the only force acting on the ball
is the force¢ & "@ of gravity, where "Qis the constantaccekration due to gravity as we will

discuss in a later section.

Figure 10. The initial velocity of a thrown ball
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Put the origin at the physicist/actor,more precisely at the point of the ball as it leaves the hand,
and denote byl 6  @oOhoo the position of the ball at timed. 4 EAT . AxO1 1860
reads

a’l €h
or z explicitly z,
aw T
Gw a8
Thus, the horizontalcomponentwof the velocityis constant, namelygw 6 0 .Therefore
wo UL o
sincewt 1. Now

aw a'Q w G W L Qa wo uoECD oV EQO

sincemnm U0 andwm Tt The ball hits the groundwhen6 mandw o T, that is, when
L . GU
0 G| DK‘AC)@S
At this time, the ball has travelleda horizontal distance
. L L 0
Wi pARO Ei pAAG =g B
Assume that the angle between the grountd) and’l iss N 1 j ¢ so that
0 0 AT«O
0 L OEB
Then
B orio L AT-®ET OIS
Wi pAAD o) 0 K

Clearly,for any given initial speedv , the longest throw(measured horizontally) is obtained by
directing it 45° above the ground What is the maximum height of the ball? The maximum of 0
is clearly obtained whenwod 18 & O | | thi§locdhrs precisely @lien

. . U P, .
0 ®iB =5 E%ial&/&c‘)
and the maximum height is
fo U b OE]
®i b o) o)

Not surprisingly, the maximum height is achieved when the throw (initial velocity) is purely

OAAIT

vertical, i.e., wherr  “j ¢.Finally,noticethad j v q AT 1 AET AA xEOE jvwq UEAIT

A oan Q
Www OAltw —ws8
cL

6 Strictly speaking, it hits the surfacad Twhich is slightly above the ground unless the ball is thrown
exactly from the ground by the physicist/actor.
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That is, the path is gparabolal OEEO I 1 OEOAOAO OEA 3xAAEOE x1 OA
1.4.3 Circular Motion

Assume that a particleof massa is circling the origin of somew ¢plane. What does the forcé on
the particle have to look like? Well, if the radius of the orbitis 1, then

Mo TANGH OETo
for some constant , theangular frequency of the particle. This implies
1o i AlfGh it OETo 1 708
That is, the acceleration is always directed towards the origin (that is, the centre of the circle)
and has constant magnitude
i 1 18
Sincethe angular speed (=angular frequency) of the particle is] , the speed of the particle is
Oh 1 1. Thus

.0
l —38
|

The acceleration of a particle travelling in a circular orbit is called theentripetal acceleration
The (net) force on such an object [with mas & ], the centripetal force therefore has magnitude
.. Gavu
o —
i
and is always directed towards the centre bthe circle. Of course, the physical nature of this
force can be of any kind, such as gravitational and electromagnef&g., a contact force)

1.4.4 The Ideal Spring Simple Harmonic Motion
Assume that you put an ideal spring of lengtlh (when not stretched) along the waxis with one
end fixed to the origind Ttwhile the other (at & Ti) is free to move. According to Hoo#® © 1 A x h
which definesOE A O E A Atideirest®iByGdece qf &ha spring is proportional to the displae-
ment, that is,
€ Qo 006
where ®is the position of the free end andQ Ttis the spring constant Glue an object of mas$
to the free end, and, for simplicity, shift the labelling of thevaxis so that the fixed end of the

spring is atw 0. Then the object at the free endsiat the origin when the spring is relaxed.
The force on the object is

€ ‘h
AT A . AxOI 1 6 OHOdalsi A 1 Ax
G Q8
Define
1 h Ez
a
to obtain
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W]l W T
with general solution
w6 OOET0 6ATIOB

If we choose the origin of time in such a way thabm 1, then this reduces to

o OO0EIT8
The speed of the object is

wo 1 6ATT®
and the maximum speed, obtained at the origin, s @

1.4.5 The Simple Pendulum

Consider a pendulum consisting of a ball of mass attached
to a string of length0 inside a caistant gravitational field. Let
the angle between the vertical and the string be 0 at time
0. The force on the balldue to gravity is € & "Q. This
force can be decomposed into a componet & "R 1+
in the direction of the string (that is, orthogonal to the path of
the ball), and a componeng G BT parallel to the
path of the balt seeFigure 11. If we consider only small osdi
lations of the pendulum, say® s “jt, then OE¥ Gis a
decent approximation, andtherefore we set

€ a Qe 8
This is the net force acting on the ball, because the force from

the string is exactly the opposite o8 8 ( AT AAh e- AxOT1 1T 8 C
cond law states

a b a Qe o
where Gh 0 is the acceleration of the ballRearranging, we o
end up with

Figure 11. A simple pendulum
where

and the solution is
-0 B80ET0
if we choose the origin of time such that m 1 Recall that

this is merely an approximation valid for small oscillations
(small ©).

1.4.6 The Catenary
We end this section with a proof of the fact thathe ideal hanging cableor chainforms the graph
of the hyperbolic cosineThis curve is called thecatenary. Consider so a chairof O1 E teAsfktyd
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" [unit: kg/m] hanging between[the tops of] two vertical poles of equal height, forming them-
age of a parameterisation functionl i wi hoi , which we also assume to be a graph of a
function WM W ®.Our aim is to findwi and wi , and then use these formulae to deduce the
expression forw w by findingi @ .As one might guess hte tricky part is to find the parametei-
sation. Let us first agree on a coordinate systeni:et the 6 basis vector beparallel with the dis-
placement between the top of the poles andlet 6 be parallel with each pole, and with the force
of gravity. Then put the origin at thepoint of symmetry of the hanging chain, that isat its lowest
point, situated midway between the polesin addition, we agree to lei ~ Tthere.

With no loss of generality,we demand thati ™ "I i be aunit-speedparameterisation (as ind-

AAOGAA AU OEA OOACA i & ORis nedndsididthattiedaramer@ OEA b
OEA -IANCAOE PAOAI AOAOBh OEAO EOh OEA A@A andi COE |
i i is exactlyi i 7Then"HU h ‘Q1i j Qiis the unit tangent vector to the chain at.

Consider in particular a smallsegmentof the chain,as shown inFigure 12. The smallsegmentis

of length 3i and situated between ¢fo and & 36w 3w, corresponding to parameter vé

uesi andi 3, respectively. Let the mass of thisegmentbe & h ”3i. This segmentis at

rest, and so the net force on it must vanish. The net force is the vector sum of three forcesne-

ly,

A theforce¢ 3G "H 30 "B of gravity, pointing downwards,

A the force ¢ i "HJ from the preceding (smaller i) part of the chain, pointing
OAAAExAOAOo AlT1¢c OEA AEAET h AT A

A theforce¢ ti 3 "HJ 3i from the following (greateri) part of the chain, poir-
ETC O&I OxAOAOGS AiTi1c OEA AEAEIT h

where T i Ttis the tensionof the chain ati . The assumptionsmade implicitly above are well

motivated. Indeed, ¢ ¢ , for otherwise the net force¢ ¢ , causingthis segment

of the chain to accelerateAlso, the existence ofthemap /&l 1 1 T xO0 AOT I . AxO0I 180 O

20 w 3chw 3w

g S

Figure 12. A small segment of a hanging cable or chain .

7We will discuss curves in much more detail in the chapter on classical differential geometry.
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Now, the observation

reads
el tiHL T 3 THY 3 h
or, equivalently,
ti = "H 3 tiH
3

Letai © 1 .Then, by the definition of the derivative of a vectowalued function,
yielding
ti"H Qo

for a pair ¢fto M a  of constants.But since the curve is at its lowest poing and, therefore,is
horizontal zati 1, we havetosetd T[t T  Ttis obvious from the physics of the situation]

UsingthedeflE OET T jvq T £ OEANGISsEO OAT CAT O OAAOI O
Q OF)IQ— W » "Qi8
Qi Qi i Ti
Therefore,
Qw th)'Ql 'Q(,it) Qw K "Q%Ti el ,
Qm Qi Qw Qi Qi ti & o =
where
LT Q
_h —
= ®

is constant This tells us that the slope of the curve is proportional to the arc lengtilnfortu-
nately, we cannoteasilyintegrate j “w(.t. wto obtain the sought expressiorw w , so we have to
work a bit more. The arclength from the start of the chain to the point ¢fw is

i o Qf P ® o oh

whence
Qi
Qw
Of course, this applies tany curve @ ® & with arc length i . Butin this caséh  fah be
used to yield

P W w38

Qi s

Qn P =
Therefore,

Qw

— - p 8

Qi |/|p _ i
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This can be integrated with respect ta:
wi —-AOAQETE

respecting the conditionwm 1 Having found an expression for thefirst parameterisation
functioni m wi , we turn to thesecondfunction parameterising the curve, i.ei ™ wi . Thisis
actually rather simple, for

Qw QwQw _ i

Qi QwQi wmp _1
OOET C | “a@sAT A jvQq

oi 2o i P
respectingw 1. We have thus found our parameterisation m "li zEOT 80 OEAO AQA
Following ourrecipe,j W q EO O1 I OARvietdb® E OAOPAAO OI
o CoEl®

using the hyperbolic identity AT Qi O E TGE p and recalling thatthe hyperbolic cosineis a
positive function8. What is the meaning of_? Well, if the[tops of the] poles are positioned at
CRQ, thenit is required that

|©

o P AT gk ps

which is an implicit equation for_ as a function ofQand 'QThe result that a hanging chain forms
OEA COAPE 1T &£ OEA EUDPAOATTEA AT OET A EOT ACETT AAI
curves to photographs of actual realvorld chains. Sed-igure 13.

8 Naturally, with foresight, we could have put the origin a distancgj _AAT T x OEA AEMET 60 DI ET (
metry, and then we would have ended up withhe slightly cuter formulaw e -AT OB
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Figure 13. A hanging chain and a superimposed parabola (blue) and catenary (red).
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1.5 Momentum and Collisions

1.5.1 Momentum
AEA OOCAEOITAOGO 1T £ OEA . AxQdfinedasB a "A fol aA iboa@d sks-/E
tem of particles with massesit and velocities”l z lies in the fact that the momentum so defined
is a conserved quantity when computed in any inertial frameThis follows immediately from
. Ax Ol 1 6FEbreixatnplelstd and 6 be two billiard balls (or, more generally, particles) in
empty space, with massest and & and velocities”l and”l , respectively. If they do not cb
lide or interact via long-range forces, then the total momentunB & I is conserved in time, as
AEAOAOAA AU . Ahetefore,debus ABEUNODat thek do collide or interact via loag
range forces. Then, let 0 be the forceon 0 due to0, and let¢ 0 be the force o 6 due to0,
attimed. AxOT 1 8 O raQur€&s®A o k A& 0. Thus, usingthe second law,we have
Q . Q . o=

or, equivalently,

Q

Qo”
That is, total momentum is a constant in time. This argument is readily generalized&o ¢ par-
ticles, and to a continuum § © Hy) of matter; we will do soin the next section.Notice in particu-
lar that, although the momentum of an isolated system is different as seen from different phys
cal frames, theconservation, or constancy in time, of momentum holds equally well in any ime
tial frame. For example, let two balls@ and 6) of equal masgsda approach each other along the
waxis of p, about to collide completely elastically at the origin. Let them have velocities and

o prior to the collision, and velocities v0 and vo after the collision. Now, let_ ¢ be a diffe-

ent frame in standard configuration relative to_ p, where the origin of ¢ has velocity go rela-
tive to _ p. As seen from ¢, the pre-collision velocities areqo and yo. The postcollision velod-
ties are Yo and ¢0. Hence, as seen from the point of view ofp, the total momentum is

T a T8

01 T 1 £

OAEAT ¢ A i®d mogindiiom the point of viewof ¢ch  OEA O1 OAT 111 AT 601 EO

ed 6to @& b. A third example: Let. o be the precollision rest frame of 6. In this frame, the
initial velocities are p 1@ and o, the final velocities areto and p @ and so the momentum
OAEAT ¢ AG®o toaGHiof [Notice that 3 also serves as th@ostcollision rest frame ofd ]
We will investigate collisions that are(seemingly!) more generalafter the next section.

1.5.2 Many-Particle Systems
Now consider an isolated system ob particles in spaceand let
Oh phgiB )
be the set of all particle indicef) £O0T 1 11T x T1Th xA xEIl Al xAdoO

the system Assume that the mass of particl&ls & and that it is located at’l . The total momen-
tum is

where'| h & "I is the momentum of the'@h particle. Now consider the most general case, in
which the force on the "t particle due tothe "@h particle at time 0is £ 6. Of course, a particle
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does not affect itself by any norzero force, soa priori there are no symbols of the forme ; for
notational simplicity , however, wedefine

¢ oh R 1008
4EAT . AxOT180 OAAITA kb wie vehyBmtiethA O1 DAOOEAI /

G Ho € 0

while. Ax OT 1 6 O efstrés@hat | A x

¢ 0k & oh | @QvHs8
0 A 1T11Tx0 Eiil AREAGAT U £OT 1 . AAGlakcdasantiofAmotore OEAO O
Indeed, for every force¢ that changes the momentum of the®h particle by an amount
— &’ ¢ , the momentum of the '@h particle is changed by an opposite amount
—a’l £ € . More formally,
'Q,I Q ” Q ” : :
Qo Qo Q0" ¢ ¢

N N N N h N

since the vectorvalued matrix ¢ is skew.We have thus shown

Theorem

The total momentum of an isolated system of discrete material particles is constant in time.

We now define thecentre of massk A O OEA OxAECEOAAS AOAOACA bi OEOI
ticle masses, that is,

"l h 03 a

N

where & is the mass of théfh particle and

0 h o

N

is the total mass of the systenilhe acceleration othe centre of mass is

W P, . pQ Q ., . pQ
ih e I e — s | o~ s
Hhihg 5 ¢ 0 Qo Q0" 0 Qo

N

PO,
0 Qo
and therefore we can use the centre of mass as the origin of an inertial frame. This frame (or,
rather, such a frame) is called theentre of massframe | O OEA O#- AEOAI Ad8

Proposition
As seen fromthe CM frame, the total momentum of a system of matter particles is zero.

°) T DPEUOEAAI EAOGIiTh A OAITOOATO T A& ITOEIT8 EO A NOAI
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Proof

Let”l be the velocity of the'@h particle relative to the ambient reference frame and let’l be the

velocity of the same particle relative to the CM frame, so thatk “lz; ‘I . Then we want to
show thatB v & "I .And, indeed,
I T | oOl o I
a a a a —., a a
N N A N N A Qo A N

o I 0"l i 8

— 0"l 0 0lgi U

96 I5 i A | A | A |

o

Proposition

Let p be an inertial frame relative to which the centre of mass of a system ofatter particles
moves with velocity I ;. If the system has total mas8 , then, as seen from p, the total momen-
tum of the systemisl 0 “Ix .

Proof

Let”l be the velocity of the'@h particle relative to _ p and “I:-be the velocity of the same particle

relative to the CM frame, so thall “lx; “1.Then, the total momentum of the system as seen
from pis

I [ a’l a lap (1 a Tla g a’l lkp G 0 i
becausel) KB, & andB. & "I according to PropositionNN. o
Proposition

Consider a system of particles with total mas8 . Assume that the'@h particle is affected by an
external force ¢ in addition to the internal forces€ from the other particles inside the system.

Then

€ 0H

N

where 'H | is the acceleration of the centre of mass of the system.

Proof
Ix . AxOI 180 OANApaitiderdadsx 11T OEA
a'H £ £

and sq usingthe definition of the centre of massl jand the fact thaté is skew,

0 Hj aH € ¢ ¢ ¢ €8
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The main point of the last three propositions is that, a system of material particles can be
thought of as a single particle of mas8 located at™lz j as long as the internal structure of the
system is not of any interest.

1.5.3 Momentum Conservation and thedllean Transformation

Assume that we have found (either theoretically or empirically) that the total momentum of an

isolated system is conserved ioneinertial frame _p N _ . It isthen natural to ask whether no-

mentum is seen to be conserved in another inertial frame ¢~ _, as well. The answer is yes,

because we have seen that the law of momentum conservation follows immediately from we

Oil160 1AxO T &£ ITOETTh ATA xA EAOGA Dite@dnteptOAAT OFE
I £ OFI OAA8q OEAO OEAOA 1 AxO AOA ANOAITT U ®AI EA EI
en an alternativez and far more convincingz proof of this fact without resorting to the compi-

AAOAA 1 AOOAO 1 £ OEAIdddohowADO 1T £ O&I OAA88 7A xE

Proposition

Consider a system o) particles with index set¢. Let the total momentum bel h B & I as
seen from an inertial frame_p™ _andletl h B+ & “I be the total momentum as seen from
a different inertial frame ¢ . Then

Q 1 t Q 1
Qo Qo

Proof

If 6and 0 are thelocations of some particle relative to_ p and _ ¢, respectively,we have

0 o lo
where 1 is the (constant) velocity of the origin of ¢ relative to _p and is the displacement
from the origin of _ p to the origin of _ ¢ at the origin of time. Differentiation yields (0  "I)
T I8
Thus

< Q o Q < .
a . a . a a
Qo Qo0

N N N N

Q 1 Q
Qo Qo
since’d1j Qo mand the proposition follows. o
1.5.4 General Collisions
We now return to our discussion of collisionsLet 0 travel along thewaxis of pN _ with veloci-

ty vo and let 6 travel along the waxis with velocity vo. Let them approach the origin from minus
infinity [along the respective axes],and let them collide at the origin. After the collisionp will

have velocityvo and 6 will have velocityvo8 4 EOOh OEA 111 AT O0dDd v&E® OAEAI
to va 6 LA O. At a first glance, one might think that this collision is fundamentally diérent
from the three previous examples. Indeed, thearlier examples wereOE ATAIA8 AT 11 EOQET T C

which the velocity vectorswere parallel both before and after the collision, whereas the velocity
vectors are perpendicular in this last example. This, hower, is not a (geometric) property of the
collision, but depends on the frame of reference! To see this, let N _ be the rest frame of0;

notice that _ p & _ ¢ The transformation between p and _ ¢ is a Galilean transformation, which
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is linear, and so even in this frame)j travels along a straight line, still with constant speed. Thus,
in ¢, 0 is seen to approach the stationary second bafl along a straight line with constant
OPAAAR AT A OEEO EO A 1GUME A AiscusdedrviobsiyA T £ A OEAAA
We will now describe an alternativez and perhaps more intuitive z way of seeing this. At any
pre-collision time ¢, let /Jbd be the straight line that pases through 6 and 6. Obviously, every
JbO hasthe normal direction 6 0 and/bo is being parallel propagatedn this direction as time
passes.Further, let0 6 N JbO be the centre of mass of the systemdfd at time ¢, that is, the
midpoint of the segment offbd between  and & at this time. It follows that the velocity 0 6 of
this point is parallel tod 6 and constant in time; alsothe speed®) 6SEO ANOAT O1 OEA
D OT P A CA O .| Deriote thigEspeed by h O 0s The idea is to introduce a new frame
¢ N _ the origin of whichis 0 0, and the first basis vecto® of which is parallel to/bod [this
direction being independent of time], pointing fromo to &. In this frame,the two balls are -
proaching each other along thev axis, i.e., the velocities aré6 and 00 , respectively,for some
constantd  Ttthat the reader can easilydetermine for herself should she feel the need to do so
More importantly, this isthe OUDE A AN T HEBRABAOAOET 1 8

Sincethe components of a vector, such a velocity vectallp not depend onthe actual position of
the origin, we can simplify the recipe used above to obtain a frameg in which the collision is
OE AIAIA8 x E OE 600ahd 10d BGiE Withthe frame_p N _, and introduce a new mat-
ematical frame p & _, p* . pthat is rotated 45° clockwise. Then introduce a new frame
_ ¢ N _in standard configuration along thewaxis relative to_ p @ith relative speedb U, As
seen from ¢, the pre-collision velocities are66 and 060 .

We have thus seen that, if two ballsf equal mass andspeedare found to collide with their ve-
locities perpendicular to each other, there is always another frame in which they collide with
their velocities parallel. Conversely, if twosuch balls are found to collide with their velocities
parallel, we can find a frame in which they collide with their velocities perpendicular to each
I OEAO8 11 xA EAOA O1 Al EO dieeddro Ak a tibishodis OEA AO
OEAIAIABh AOO EA xA 1 _Ip,ahk prédalifsion] vAlddifle® &Y g@rpeddicular to
each other.

We will now treat the most general case o& two-particle collision. Let_ pN _ be a frame in
which 0 and 6 are two balls with massesd¢ and & and velocities”l and“l . The speed
and 6 need not be equal, and the angle between the velocitiean be any numbey with one
single restriction: they have to collide with each other at some time in the futuréobviously!).
We will show that there exists a inertial frame _ ¢ N _ in which the pre-callision velocities are
00 and 060 for someo6 T In fact, we have already found a hint about how to do thigntr o-
duce the centre ofass frame. This is an inertial frame, as shown above, and in this frame, the
total momentum’l of the two balls is zero, that is,

1 a 'l a7l

where”l and¢ are the velocities of the balls as seen from this frame. It follows that
a . 3 .
"| d—"l h E8AIB "l h

and so this is the sought framdjust pick a basis parallel with”l ). Perhaps the most important
morale of the story is
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Observation N
The angle between two velocity vectors dependsipon the inertial frame of reference. In other

x OAOh O EaAglehdtiednAd O ORI T A E Bdis indriAsik Géadid 5

When applied to collisions, we first make

Definition N+ 1

A collision between two free particles issaid to beheadoniff there exists an inertial frame reb-
tive to which the pre-collision velocity vectors are parallel.

in order to formulate

Observation N+2

Every collision between two free particles is headn.

The requirement that the particles be free does not involve any deep insight. It is only there-b
cause, if it were not, we could noas easilyOAT E AAT OdisEGHA OCABIMEOEAOE8 )1
of the particles is not free, then it is affected by forces, and so its velocity changes in time. Hence,

OEAOA EO HAT IGEGHIA GRAOA AEOUS 8

Combining the above results with Proposition NN, we have

Observation N+ 3

Consider a collision between two free particles. In the CM frame, the poellision velocities are
parallel and opposite, and the velocities change direction at the collision.
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1.6 Energy

4EA AT TAADPO 1T £ Gérhektorgdotmoded pHydicd and diring thd\last century
or so, it has alsobecome of widespread interest in evenyday life, although in a less technical
language. Indeed, the modern society exploits energy sources to such an extent that ¢inéire

environment of the Earth is endangeredin this section, we will investigate the physical basis of
the energy concept.

1.6.1 Work and Kinetic Energy

4EA AAOEO 1T £ OEA AT OEOA AT 1 AAPO 1T &# OAT AOGCUG EO

Definition

Let a particle have masst and speedd. Thekinetic energyof the patticle is defined as

o Pass
C

At first sight, this looks just like a different measure of the speed of an object, aninhdeed z we
have noa priori reason to believe that this quantity is of any particular interest. The concept
used to motivate this definition is the concept ofwork:

Definition

Assume that the net force fieléP in some regionOP s in space ist 0 whereo  ofudr ¥ O.
Assume that the particle, which lives inside the regioi® and is only affected by the force field,
follows the aurve 3 O 0. In general 3 will not be a straight line. The work done on the particle by
the force field is defined aghe line integral

w ¢ o tds

Kinetic energy and work are very closely related concepts; indeed, the latter is the change in the
former. More precisely, assume that the particle travels between points and 0 in space along a
curve 3, under the influenceonly of the force fieldé. Let'O -6 andO -& 6 be the k-
netic energy atd and 0, respectively, where the instantaneous speed of the particleds and 6
(also respectively). Let3O h 'O 'O be the gain in kinetic energy during the journeypossibly
zero ar negative), and letw be the work done on the particle by the force field. Thewe have

Theorem (The Work Energy Theorem)
30 w8

10|n this sectiom A & AE i© AvkctofHEIA in gpdce such tha particular body located ato experi-

ences the forceé & . In other words, the field dependsn the particular body of consideration. For in-

stance, consider the gravitational field from a star. A heavy planet located at some paintvould experi-

ence a greater force than a smaller planet located at the very same paintThis means thatin this section

xEAT xA OATE AAT 6O OEA O& OAA EEAI A8 AEOI -thosoretdst OOA Oh
body. In later sections, we will employ the more natural definitions of force fields as the fields experienced

by a particle ofunit mass(in the case of a gravitational field) ounit charge (in the case of an electrostatic

field). In this section however, it is more illustrative to talk about the force field that is the actual force on

an actual body.

39/314



Physics Done Right, an Attempt

Proof

Let 3 be parameterised byod® ‘Owhere 'O 1ip is the unit interval; consequently,6 T 0
ando p  0.Then

wK £otd €00 tooQo aootooQo a 5(‘3200 Qo
P, . , L
an 0 K30

where we took the libertU T £ OOET C . AxOI 160 OAATTA 1 Axs8

Corollary

Let a particle travel along a curves in a (net) force field € such thaté ¢ is orthogonal to 3 at
every point oM 3. Then the work® 1 and so the kinetic energy of the particle remains e
stant during the journey alongs.

1.6.2 Conservative Forces

Many force fields of physical interest, such that the force fields of gravity and electrostatics, are
conservative a vector fieldé is OAE A  ddrservAtifedirOa domain O iff there exists a scalar
field %osuch that

£ 0 %0 h 1oN08
The scalar field%ois called theO BT OAT OEAT 6 1 £ @&dmimddokOlp @ anel:-Al Ah Al
ditive constanti! A conservative force field has the interesting property that the line integral
between two points 0 and U is independent d the actual paths we integrate along, as long as
of coursez the path starts atd and ends atd . In fact, the lineintegral of ¢ along any paths start-

ing at0 and ending at0 is equal tothe negativel2 of the potential difference %0 %00 , that
is,

N %0 %0 8

Path independence clearly implies that the curve integral along anglosedcurve 3 vanishes,
sinced O+ %0 %0 1L The converse is also true, as is easily deducédoreover, path
independencebetween every pair of points implies that the field is conservativeWe also notice
that the vector identity n = 1%, k  implies that every conservative vector fiéd is irrotational;
the converse is only true if the domain isimply connected, however.

The gravitational field and the electrostatic field are both conservative. This means, for instance,
that the speed (or, equivalently, kinetic energy) of a planet oiting a star in a closed elliptic o-
bit is the same each time the planet occupies the same point in the orttore generally, congil-
er any body in the vicinity of a star,and assume that itis only affected by the gravitational field
from the star. If we know the speed of the body asomepoint, we can deduce its speed any

11 |n pure mathematical texts the potental is often defined bye 6  n%.06 instead, without the minus

sign, and a vector field is said to be conservative if it has a potentbasuch thaté 6 "% 06 . Although

OEEO AAEET EOEI 1T UEAI AO AT T OEAO OAO 1T &£ AAT EOOEATI A bl OA
Mm% dE 0 N% O ¥ M%Ge O N%. 0 ; for example, you can always choo$é&% 6 k %o 0 .

27EQOE OEA 1 AOCEAI A®BA B0 av® wolilll hadehde®rElievied from the minus sign.

That is, we would have € 0 0 %0 %0 whereé 6 Nn%0 . In the onedimensional case (by

which | mean ons1), this reduces tg. "0 Q@ %@ %o where 'O® — %o [after trivial identif i-

cation of real numbers and vectors ima ]. Looks familiar?
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other point. In fact, since the potential only depends on the radial distance from the star to the
body, it suffices to know the radial distances at both instances.

Now, let usreturn to the planet orbiting the star in an elliptic orbit. We found that the speed (or,
equivalently, kinetic energy) is the same every time the planet visits the same point in the orbit.
Let 0 be a point in the orbit with kinetic energy’O , and letd be a point with kinetic energyO .
Let 3 be the part of the elliptic orbit between0 (start) and 0 (end), and letc be the work done
on the body as it travels fromd to 0 along3. ThenO KO 0O ® %0 %ol . If
& T kinetic energy is lost/O 'O ) during the journey from 0 to 0. This is clearly equivalent
to %0 %0 , that is,the potential is higher at0. On the other hand, ito 1t the particle has
gained kinetic energy © O), which is equivalent to%.0 %0 , that is, thepotential is

lowerat08 ! EEGE DI OAT OEAI AAT OEOO AA OAAT h 111 OAI

can give the planet some additionakinetic energy; in slightly other words, a high potential
means that there is ahigh OB 1T OAT O E Wkt engyQo gfdwA Notice in particular that
the quantity

0 % gdé %00

is aconstantduring the motion, where ¢ is the current position of the planet Indeed, fixsome
point O in the orbit. At this point, the kinetic energy iSO and the potential is %00 .Let0 be any
later point in the orbit. Here the kinetic energy iSO and the potential is%.0 . But

30KO O %0 %0 t+ O %0 O %0
which proves the statementlf a particle is located at a poinD, then
"Yh %00

is called thepotential energyof the particle. The sum

O ho 7Y
of the kinetic and potential energy of a particle (at some poinb) is called thetotal mechanical
energyof the particle. We have thus shown that the total mechanical energy éenstantin any
conservative force field.

1.6.3 Examples of Force Fields

1.6.3.1 The Gravitational Field

10O ET OOT AGAAA AAT OAn . Ax Ol divesthe fordexof gravly ddla & A OO A |
sive bodyd, the test particle(massd ) due to another massive bodyo, the source of the field

(massa ) as

: e Jc
€ O‘l—l8

Choose aspherical coordinate system such that the sourcé of the field is located at the origin.
Theni, the distance fromo to 0, is equal to the radial coordinate ofj, and™l is the radial unit
vector at 6. Since the force is proportional to the mass of the second body, it is convenient to
define the gravitational (force) field due tothe source0 as the force experienced by anit-mass
test particle. That is, we @fine thegravitational field to be

13 This is the reason why, in physics, we define the potential of a vector fialdth the minus sign.
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AP o Qe
€0h Ol— Ih
which now is a property only of the source. Nowany massive body® with massé& at o is af-
fected by the force
¢ & €08
The gravitational potential scalar field%.s defined bye o6 N%o0 . In polarcoordinates,

. a
%ol h—Fr 01_8

Therefore, the potential energyof atest body 6 with massd& located atois
Y A %00 8
1.6.3.2 The Gravitational Field at the Surface of the Earth

Locallyi4 at the surface of theEarth, the distancei AAOx AAT OEA %AOOESO A
body is virtually constant, as is the direction’l. Thus, we define

oD,
of —h

where U is the mass of the Earthto obtain the excellent approximation
€0 ®
(independent of 6) where 0 is a unit vector pointing along the waxis, which we choose to beli-
rected upwards fom the ground.Let 6 be a body with massx . The force of gravity ord is thus
€ ac a "a8
The magnitude™© & "Qs afamiliar expressionto everyone.The minus sign simply tells us that
the force is directed towards the ground. The potential is
%o QW
because 1 %o " €. Thus, the potential energy ob is
Y oa0e

Since the potential is determined by the force field only up to an additive ostant, clearly we
can choose the origin otoarbitrarily. Indeed, only differencesn potential energy ever determine
a change in kinetic energy.

Example N

Q . jJEC «pi jO8

SO AL L,

> Choose the zero of thedaxis to be at the ground; thus, the potential energy is zero heréhen, &
- aheight®y "Oh o8t , abody of masg  ¢8E Qas potential energy’y & " v @& Let the -

Y v 4EAT 1T AO Cci i & EO8 $00EIC OEA E£AI T R bi OAI

body be at rest, so its kinetic energy i©®  1* Hence, the total mechanical energp O

At the time the body hits the ground, the potential energy i& 11*so the kinetic energy is

~

141n a room in a building, say.
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O O Y am® vas

But sinceO K -& 6 we can easily solve for thespeed of impact

SO N N N N NN

) cOja ¢ x&ij&B
[Comparethis equation with Eq NN obtained from pure kinematic results in Sectiof.4.2] Using *

other words, during the fall gravity doeswork on the ball. The work is

30 A %t %Q  a'XB

Notice once again that the mass of an object does not influence its motion in a gravitatal field.

In fact, a body of mass is affected by the forceO 4@ O OEAO . AxOi 180 OAAII
Ao a'a

Since the passive gravitational mass in the RHS is equal to the inertial masé& in the LHS,

these cancel, producing

That is,"Qis the acceleration ofanyi AOOE OA AT AU ET AOAA EAI 1 1TAAO OE

For future reference, we give

Proposition

Consider a system off massiveparticles in a constant gravitational field. Then the gravitational
potential energy of the system is equal to the potential energy of single particle of the same
mass as the entire system located at the centre of mass of the system.

Proof

Letthere bed PAOOEAT AO xck I@Ehe kst dnd @sitiOrioOtdéh particle bed and
"I, respectively.Assume the force fieldis € 6 "M for some QN 5. Then the total potential
energy is

% 8% aH Q G as

N N N

On the othe hand, a particle of mass

located at

has potential energy
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Yh 0 "Q+
3]

thus™y 7Y o

1.6.3.3 The Electrostatic Field
Similarly, let there be a charged body with charger} at the origin. Theelectrostatic field due to
0 is the force per unit charge of a test particleghat is,

€ n Ao8
The electrostatic potential is
, PN
e T T
and the potential energy oo atois
Y R %0 8

NNN N

Example N+ 1

Let the two planes® Tmand @ p have uniform charge density ” [unit:# 1 ], ® Tbeing
- positively charged and® p being negatively chargedlt is then straightforward to show that
the electric field is

RN

for all N TP . Thus, he field is constant, just as thelocal gravitational field at the surface of

2 the Earth.The potential is therefore linear here as well:
%0 T—uB

wN N N

2 Letthere be a proton of charge] Ttthat is momentarily at rest atew TU It has potential energy?

Y f %t 1*and experiences the forc& WA —0o. When it reaches the planad p,
f its potential energy has dropped toY 1] %p —, and so its kinetic energy has increased té)
O K-a6  —. Solving foro yields
: L ;
6 ¢njar 8

The final speed thus dependsn both the charge and inertial massf the proton.
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1.6.3.4 TheGraphof a OneDimensional Potential

Consider a onedimensional potential energy functionw™ %0, like the one drawn below.

Figure 14. A one-dimensional potential energy function .

The forceon a particle with this potential energy function is

) N %0 0

T,
08

T @

Since this is merely aone-dimensional problem, it is rather silly to employ vectorial notation.

Indeed, each vector has only one component, and so it is better to work with this scalar camap

nent alone. Thus, we write

Ow ° W
where a prime denotes a derivative with respect tan Notice that, at a stationary point likeo, 0,
0,andO,» ® TmandsoOw T At a point with positive slopes @ T, the forceOw 1
acts to the left, and at a point with a negative slope ® T, the force'Ow T acts to the
right. That is, qualitatively, the particle behavessa ball on a hill (on the Earth) shaped like the
potential, always trying to roll downwards! Local minima of the potential, such a® and O are

stable equilibria, whereas local maxima, such a8 and 0, are unstable equilibria. Indeed, a ball at
rest at 6 or O will remain there even if you hit it with small forces every now and then, which
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does not apply to a ball at rest ab or 8, in which case even a minodistur bancewill make the
ball move away from the instable equilibrium.

1.6.3.5 The Rollercoaster

, AOBO OAEA OEEO Al.A$ h godel Trollefcoastet) Aeb the AFGoR B&END O
dimensional, restricted to @ T, say that is, let the track be the image of some intervatdo
under the mapo™  6HiQam hrt for some continuousO E A Fu@cEod8w™ Q. The track might
look like this:

Figure 15. A rollercoaster .

Let the rollercoaster car have massi , and assume that iperforms no propulsion of its own (no
motor); the only force making it move is the force of gravityWWe want only to take into account
the force of gravity, that is, essentiallywe want to neglect the forces on the cadue to the track.
Of course, we cannot just set these forces to zero, because then the car would fall right through
the track, and we would not be investigating a rollercoaster at all; instead, we would be invest
gating a (deadly) @rop towerd A O O But Aeuilil stillde able to neglectthe forces. To see
this, notice that, at any time, we can decompose the forég ¢ sffom the track into a part & par-
allel to the track and a partéy orthogonal to the track, so thats o4 4 &  £y. The parallel force
& is the force of friction, which always act in the direction opposite of the velocity, trying to
slow down the car. This can be made very small, and we will simpassume it is zeroOn the
other hand, the forcet is what iskeepingthe car to the track.This we cannot assume to be zero,
but since it is always perpendicular to the velocity, it does no work, and so we can neglecioid
when discussing thekinetic energy of the carConsequently, the only force affecting the speed of
the car is the force of gravity. The gravitational potential energis

Yo a'Moh
since the car necessarily is at heighf2w at @ Now, since theonly force that is doing work on
the car is the force of gravity, which is a conservative force, thtetal mechanical energyO is

constant Thusthe kinetic energyofthecars0 @ -6 O Yo O & Mw when
the car is ata That is,the speedo is only a function of Qw . The tangential force on the car is

€6a1 cAal 8 YI'HU

where "HY the unit tangent vector. In particular, a point on the track where the tangent is hir
zontal, such as ab or Y the tangential force
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toni cal BYIH 1vVie  —) ame  ®
OAT CAT 8 T o

That is, if the car is placed at rest at or "Y it will remain at rest there.

1.6.3.6 The Ideabpring
Let us return to the ideal spring. The force on the object attached to the free end of the spring is

¢ Qa8
Apparently, we @n forget about the spring and just think of the situation as a force field
€0 "Qathat affects the object. The potential energy is
Y 6 gm 8

Suppose that the spring is stretched so that the object is at rest@t @ 1 Then the total ne-
chanical energy of the objecti® O "Y& 1 -"Qv. Then we let go of the spring. When
the object flies past the origin, where the potential energy is zero, it hahe maximum kinetic
energyO  -ao6 O TYm -@ andmaximumspeedd  @ojd Q& ca Compare

with the result obtained from pure kinematics inSection 1.4.4.
4EA DBl OAT OE At the righfl('QE ©). TAeO
main importance of the ideal spring potential is
perhaps not that engineers and scientists use idea
springs in a literal sense every day (éhough that is
an important application of the potential). Ratter,
the ideal spring potential gpears very often in
DEUOEAO AT A AT CET AAOEIrC
EAS DI OAT Oksiéldr any gndlyiickdiehtral
function « in one dimension. Assume that it has
local minimum at some point; this point is natually
a very interesting point, since it represents a stable
equilibrium. Choose thew axis in such a way that
this local minimum occurs at the origin. Then Figure 1. The spring potential.

DA OU

e @ o T 'T[(bg' mTow ES8

Since the potential is only defined up to an additive constant, weay sete 1 T In addition,
since the origin is a stationary pointe @ 71 Neglecting thirdorder and higher terms, we
thus end up with

o (WX E~m

C

near the origin, where the constanfOh « 1. That is, the ideal spring potential approximates
essentially any local minimum of a generic potential! In addition, since the ideal spring potential
has sines and cosines as the kinematic solutions, this also explains why sines and cosines are so
abundant in physics.
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1.6.3.7 The Centripetal Force

In Section 1.4.3 we found that if a particle is moving with constant speed in a circle (in some

plane), then the net force on the particle has to point towards theentre of thecircle, and it has

to be of magnituded 0 j i where & is the mass of the particlep is its speed andi is the radius
ofthecircle.7A T17 x OO1T AAOOOAT A6 OEAO OEA OPAAA T £ OEA
the force does no work on it, sincé is always orthogonal to the velocity of the particle.

1.6.4 Other Types of Energy

31 EAO xA EAOA AT A1 O1 OAOAA Oxi OOUDPAOGE 1T &£ AT AoclL
category is made up of a large number of subcategories. Indeed, to every kindcohservative

force, there is a kind of potential energy, because arsychforce can do work and by means of

OEEO ET AOAAOA OEA EET AOEA AT AOCU T &£ A PA®OEAI A
ergy, and since the field is conservative, the potential energy isveell-defined function of the

spatial variable. We have #&eady encountered gravitational potential energy, electrostatic p-

tential energy, and the potential energy associated with an ideal springVe also found that the

001 OAI B dethédia®tBelsum of kinetic and potential energy was always conservedin

this section, we will discuss other forms of energy, and conclude th#te total energy is always
conserved

A Thermal Energy is the kinetic energy associated with thenternal microscopic
randomj OE A O E Ommotich i Aok liuidpo€lgaseousbject. The simplest
case is that of an ideal gas, that is, a gas where tasparticles do not affect each
other by forces other thanat perfectly elastic collisions and have no internal a-
grees of freedom (for instance, they do not rotate)n this case the average kinetic

energy-a U of a gas particle is related to the temperaturéYof the gasaccording
to-a0d -Q"Ywhere QEO " 11 QUi Alesi 60 AT 1T OOAT 08

A Electromagnetic Energy is the energy associated with an electromagnetic field.
Really, there is nothing fundamentally new going on here, since the electromagne
ic field is a couple of force fields, and as such, contains potential energy. The new
thing is that, contrary to the simple electrostatic field and the (classical) grawat
tional field, this field can propagate as a wave in space, and hence energylis a
lowed to move from one point to another as electromagnetic radiation.

We have considered conservative forces in quite some detail. Nopnservative forces are forces
that make anobjectlosetotal mechanical energy. Energy, however, is not lost. Instead, it appears
in other forms, such as thermal or electromagnetic energgonsider a ball released from a height
"Q mabove the groundln a highly idealised situation, it will bounceand come back to the initial
height "Qad infinitum; that is, kinetic energy and potential energy will be converted to and from
each otherz the kinetic energy being zero at the top and the potential energy being zero at the
ground z while the total mechanical energy remains constant.

In a real situation, however, the balwill hit the ground, and it will lose mechanical energy. It
might bounce and reach some new heighQ "Q and then bounce again up to some height
"Q "Qand so on, until it finally is lyingat rest on the ground. At each impact, it loses mechan
cal energy.Such an evenprobably will increase the thermal energy of the ball and the ground at
the point of impact. In addition, dust particles on the ground hit by the ball might be given kie

15 This result follows remarkably easily from a statistical physics approach to thermal physics.
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tion, essentially all mechanical energy has been converted into thermal energy. Still, the total
energy contained inside the lab (if property isolated) will renain constant. This, basically, fd-
lows since everymicroscopicforce of interaction, between every pair of atoms and/or molecules
in the system, is conservative.

Another typical example is a blocKwith no propulsion of its own) sliding on a horizontal track.
Due to friction from the surface,(again, this is a macroscopic manifestation of an intricate ¢o
laboration between a huge number of microscopic forces of electromagnetic naturej, will
eventually come toa stop, if you do not push it constantly Hence, mechanical energy is lost, and
the track and block will be heatedOn the other hand, if you push it with a appropriate constant
force, it will eventually reach a state of constant speed, where the friction vector is the exagt-o
posite of the force yu supply.

1.6.5 Many-Particle Systemddecomposition of Kinetic Energy

We will now investigate how the kinetic energy of a system of particles differs between different
frames of reference. To this end, consider a system®@® A OOE AT AO xEIkth Bhé AAD
mass of the'th particle, and let’l be its velocity relative to a frame_ p. In this frame, the kinetic

energy of the'th particle is

o P&
q

and so the total kinetic energyof the system is

o o Paos
N N c
Let ¢ N _ bethe CM frame of the system, the origin of which has coordinatés o relative to
_pattime o Let"l be the position vector of the'th particle relative to ¢, sothat’l 6 0 o

"I 0. Then the total kinetic energy of the system, as seen fronp, is

(o) Pa o Pa g1s Pa o Pa o
. G . G . G . S
Pa & cbi1 7 Pat 24 coin Pao s
N c N c N c N c
The middle term vanishes, for
p, .o . . U o .
EG qu t’l Lt a ’l vt I otl vt

N N N

because the momentum is zero as measured in the centre of mass framke first term, on the
other hand, is simply
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Notice thatO B, -& & s the kinetic energy as measured in ¢, the centre ofmassframe

of the system. This is thdntrinsic kinetic energy of the system. [Notice thalO O if p ¢,
that is, if O ] On the otherhand, -0 0 is the kinetic energy of a particle of mas§ moving

with speed 0. This is theextrinsic kinetic energy of the system, that is, the kinetic energy of the
system when it is considered as a point particle of mass located at its centre of mass.

Exercise: We have shown that the total kinetic energy of a system of particles, as

seen from some inertial frame, can be written as the sum of the kinetic energy of

OEA OUOOAI OOAAOGAA AO A DPIET O DPAOOEKAI A DI ¢
tem, that is,the kinetic energy as seen from the CM of the system. In the section

about momentum, we also treated multiparticle systems and different frames of

reference, but we gave no similar decomposition explicitly. Why?
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1.7 Rotational Motion

We will review the main results regarding rotational motion.

171 a2YSyild 2F LYSNIAFXZ 2N Ww2idl A2yt al aaqQ
Consider a system of) particles that are all rotating about the ¢ axis with the sameangular ve-
locity 1 6 and have zero velocity in theo direction. In the continuous limit O © Hy, this be-
comes a model of a rigidody rotating about the d axis. As usual, lety  phcfB i) be the set of
particle indices and let'T 6 & 0 ho 6 it be the position of the’@h particle, which has mass

G ,attimedaletQh @ & be the radial distance from thed axis to the particle. Then the
speed of the particle iy h Q] andits kinetic energy becomes

—p P, p, .
Oh =a v —a Q 8
q q

Consequently the total kinetic energy of the system is

o~ . p, . P,
O h O —a —
q = CD

N N

where

T anQ

N

is the moment of inertia of the systerrelative to the ¢ axis]. The continuous case is now obvious:
For a rigid body occupying a voluméDd O s ,the moment of inertia relative to thed axis is

0 Qo6 " o0 Qw
where” 0 is the density ato ¥ ‘O. The kinetic energy of this body, due to its rotatiormabout the &
axis, is
o Pop
C

where] is the angularspeedof the body.Notice that the moment of inertia plays the same role
when it comes to rotational motion asthe (inertial) mass does when it comes to translational
motion. And just like mass, the moment of inertia is an additive property; that is, ihe rigid body
consists of twodisjoint parts, 0 and 6, and these parts have moment©and 'O, then the moment
of inertia “of the entire body is'O 'O 0. Indeed, if the volumes occupied by these two oo
ponents areO and'O ,thenO * 'O ‘OandO, O 1 so that

™ 7000 Qw "0Q0 Qw "0'Q6 QK O 08

Be sure to notice that the moment of inertia is notintrinsic property of a rigid body. Instead,
it is a property of a rigid bodyanda chosen axis of rotation.

Behold the beautyof the theory:

Linear motion: (6] —a 0
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Rotational motion: O %’O ]
Kinetic energy (Half) inertia; re- Kinematic meas-
sistanceagainsta ure of motion
change of motion (squared)

1.7.1.1 Examples
CYLINDER:Let us compute the moment of inertieof a homogeneous cylindeiO O s with radi-
us'Yand height™Qwith respect to its axis of symmetry. By definition,

O Qo6 Qa Qo " QB
Introduce cylindrical coordinates if . In i «-épace the region O corresponds to
0 mhY mg*  mHQ(say), Qo i Qi Qea@&@if fir i sothat

O "IQE Qe Q8 1 Q1 Qe Qa "fTE'Y t¢r tQ E"'Y"Q gi‘)'Y

whered h ” 1'Y “"Qs the total mass of the body.

BALL: Aball’lOO s of radius 'Y centred at the origin with respect to the & axis. Introduce sphe-
ical coordinates i h- . The setOin ® cr$pace corresponds to the se® mhHY T
gt ini —spacg andQw i O EIQi 'Q—ow the radial distance

Qihk 1OE+H

and so
" Q6 Qa QO " Q0 "I OEFQi Q—Q* 1 Qi OEFQ— Q-
”tE'Yt—tc“ lu—"'\( SD'Y
v o) pu v

whered h ” £-“"Y is the mass of the ball.

1.7.2 Angular Momentum
Let pN _ be aframe of reference, and ldi be a particle with mass , position ™l and velocityl.
The quantity

Eh 1 1A’
is calledthe angular momentumof the particle, where’l is the (linear) momentum of the patrticle.
For a system of particles, the angular momentum is defined as the sum of the angular momenta
of the individual particles.In our usual notation, we write
Eh g
where £is the total angular momentum of a system df particlesx E OE O Edd, i hith 1Bl O 6

angular momentum of the"@h particle is €. The analogous definition in the continuous case is
obvious.

Now we restrict our attention to a very important special case, hamely, the case of a rigid body
rotating about one of its axes of symmetry. To make this precise, we define
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Definition
Letd be the linear map
® Al OBt m o
6dquom OB+ AT-©06m wh
ol T m o p «Q

that is, a rotation—radians about thed axis (in the positive sense) If&0O s then we denote the
image ofcounder a linear mapo by 0 @ , that is,

6 h ova g O60MNODS

Consider a rigid bodyd occupying a volumeO O s . Let” & be the density ofd at o8 ‘O. The
rigid body 0 is symmetric about thex axisiff

and

"0 0 "oh | RO nNa 08

Consider a rigid bodyo that is symmetric about thed axis. The total angular momentum is
EK o e T 0B

A general point 0 on the body is shown below, together with the direction of the cross product
"I "1, where the velocity vector is pointing into the page.

Figure 16. The cross product "l I

Since the body is symmetric about thér axis, the projection onto thew eplane of the integral
(which is a vector) must vanish.Hence, it will suffice to compute only theXx component of the
integral, which is given by the integral of the projection ofhe integrand to thed axis; in symbols,

g Mo 1o t6” 0 Qwos
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Now
SI6 "1os SIoslos
since™ 6 U’l 6 . Furthermore,
oh sles 1 Q

where] is the angular speedand the radial distance between thé axisand ¢ is

Q 10EB
Consequently,
S16 “l1os Sloslos i1 Qi1 OEH
whencets,
Mo 1o t6 1] OERROEY i1 OE+s
Thus,
3 i1 OER 60 Qwod i OER 6 Quw) 6 Qo6 " 0Qw ‘08

That is, we have found

Proposition

Let O be a rigid body that issymmetricand rotating about the ¢ axis, and denote its moment of
inertia and angular velocity by ‘Gand |, respectively. Then the angular momenturof 0 is

€ 08
Behold the beauty of the theory:
Linear motion: l a N
Rotational motion: € O
(symmetric caseonly) Dynamic measure of Inertia; resistance Kinematic meas-
motion againsta change of ure of motion

motion
However, this time the symmetry is not perfect. Indeed, the equatioE O only holds for a
rigid body that is symmetric about the axisabout whichit is rotating.

1.7.3 Torque
Let © be a particle with massd located at’l, and leté be the net force on the particle. The quaiit

ty

h ¢
is called thetorque on the particle. The torque on a system of particles is defined as the sum of
the torques of the individual particles, that is,

h 8

160ri 1 OEHptAT © —ifyou prefer to think of the scalar product that way.
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We have

Proposition

Consider a system of) particles, and denote the angular momentum and the torque on the sy
tem by&and , respectively. Then

1@8
Qo
which could also serve astheddfiEOET 1T 1T £ 001 ONOAS 8
Proof
¢ 0 " ol Q " oMl "l o Bl 4 'H ¢ K 8
Q0 Q0 a Qo a a ¢

N N N N

o

Just as force is the rate of change of (linear) momentum, torque is the rate of change of angular
momentum. If we are dealing with a rigid body symmetric and rotating about the axis, then we
also have

E

Qo
where h Q jQds the angular acceleration. That is, we have a rotational analogue ofwde
011860 OAATTA 1T AxA

Linear motion: £ a H
Rotational motion: O
(symmetric case only) O0&1 OAAS Inertia Acceleration

1.7.4 Conservation of Angular Momentum

We have seen that, in any isolated system, the total (linear) momentum is a constant of motion.

We will now see that the same thing applieso the total angular momentum of such a system

but in order to prove this, wewill find it necessaryOT OOA A O1 ECEOI U 0001 1 CAC
third law .

Consider an isolated system of) particles in which the force on the'@h particle due to the @
particle, is€¢ , and define¢ as usual. Since the system is isolated, there are no other forces

affectingthe particle. Thusthe total force on the'@h particle is

€ ¢

and so the torgue on this particle is

Therefore, the rate of change of the total angular momentum is
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O &

Now, we have tantroduce

l 8Ll GKSaAa oO0¢KShirdlawyRy3d bSgiz2yQa
Let 0 and & be two particles located at'l and”l , respectively. If ¢ is affecting6 with force € ,

then 6 is affecting0 with the force & ¢ andé¢ (andé ) is parallel with the displace-
ment”l 7l .
yT EAAOh xEAT TTA EI ACETAO . AxQOil 18 DFigdiED,DAe 1 Ax |,

doesusually assume the parallelism between the force vectors and the displacement vector. In

addition,most £l OAAO xA ET T x 1T &£ OAOEOAU OEA OOwdrshic OAOO]
COAOEOAOQEIT 1T h # Udnp this skén@forin,At is bbvidudthas J 8
T € h | 6oy o8

Thus

i)

and we have shown

Theorem
I 000I ET ¢ OEA 00011 ¢ Alhetbtal angalar momedtunh & an isQlddd &4 1 A x h
tem of discrete particles is constant in time.

1.7.5 Decomposition of Angular Momentum

Consider any system of particles, and letp be a frame relative to which the centre of masis
located atd o at time 0. Let "I be the position of the"@h particle, with massé |, relative to _ p,
and let”l be the position relative to the centre of mass. Then

where

EK T al vo To & vo 1o

N N
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The two middle terms vanish. Indeed,

since the total momentum’l is zero as seen from the centre ahass frame(Proposition NN),
and

N N

because — B« & "I 0 are the coordinates of the centre of mass expressed in the CM frame.
Thus,

that is, the total angular momentum is decomposed into two parts: the total angular momentum
0 0 0 of the system as a whole [considered as a point partictef mass0 at its centre of mass
0] and the total angular momentumB . "I 6 & °I o due to the internal structure of the sg-
tem.If px _ ¢ where_¢isthe CM framethen 0 and

€ o 4l 0OKER
that is, the quantityB« "I 6 & "1 o is really the intrinsic angular momentum of the system
in the sensethat it is the angular momentum one would measure in the rest frame of the centre
of mass of the system. In any other frame, one obtains the total angular momentum by adding
the extrinsicangular momentum® 0 0 to the intrinsic angular momentum, which is due to the

motion of the centre of mass, that is, to the motion of the system considered apaaticle without
internal structure.

For instance, consider a planet orbiting a star. The total angular momentum d¢fd planet is then

€ & oactopEd
where & oAt @ 00 is the angular momentum due to the orbitabout the star, and
EsphiBy T 0 a1 O0EO OEA AT COI AO 111 AT OOiabodk @lownOl
axis.
Notice that, in the special case & rigid body spinning about a symmetry axis,

E 0 00 ©
where Qs the moment of inertia @bout the symmetry axis) and is the angular velocity of the
spin.

1.7.6 Decomposition of the Kinetic Energy

We will use the same setup as in the last sectiobut instead of analysing the angular monme-
tum, we will investigate the kinetic energy.To this end, we can employ the results obtained in
Section 1.6.5. Hence, let ¢ N _ be the centre of mass frame of the system, in which the kinetic
energy isQ: i ¢ & dhigiis the energy associated with the motion inside the system. In particular,
this contains any kinetic energy caused by spin. LetpN _ be any inertial frame, rehtive to
which _ ¢ is moving with speedv. If0 is the total mass of the system, then
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e, p" A} e,
O EUU Q1 0AOT Al

is the total kinetic energy of the system as seen fromp. In particular, if the system is a rigid
body rotating about a symmetry axis, then

: P. . P.
O -uvu =7
C C
where Qs the moment of inertia and is the angular speed. For example, the body could be a

planet orbiting the sun. Then-0 U is the kinetic energy of the planetz considered as a point

particle z due to its motion about the sun, wereas-0 EO OEA OEI OAOT A1 8 EET A
planet, due to its rotation about its own axis.

1.7.7 Example: ARolling Sone

Consider aball-shapedstone of radius i and massa that is rolling (without slipping) down a
hill. Of course, we will not ignore friction, because this is what makes the stone roll. However,
due to the rolling, the lost mechanic energy is very smalh fact, we will assume that no mecha-

ic energy is lost at all. Let the hill be dieight "Qand inclination| , as indicated inFigure 17.

Figure 17. A ball rolling down an inclined hill

According to Proposition NN, the gravitational potential energy of the ball is the same as the
gravitational potential energy of apoint DPAOOEAT A T £ OEA OAI A 1T A0O 11 AA
mass. This potential energy is simplyd "Qcat height @ The difference in potential energy le-

tween the top and the bottom of the hill is thusYh & "(@ since we assume that the ball is at rest

at the top of the hill, this is the total mechanical energy of the system.

At the bottom of thehill, the total mechanicd energy & "(Mis divided into translational and rota-
tional kinetic energy in an additive fashion according to the last section. That is,

P, . P,
a'm —av —
G CD

where v is the (final) translational speed of the ball} is its (final) rotational angular speed, and
the moment of inertia
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according tothe Examplesabove.At first sight, it might look like 0 and] are two independent
variables, but they are not. Indeed, given a fixed speed the ball has to rotate with a certain
angular speed . Tofind the quantitative relation, assume that a ball of radius is rolling along a
straight line and has travelled a distancen 0 at time 0. By then it must have madev 0 j ¢* ifull
revolutions [sincew m 11, or a rotation of

—0 ¢‘fwojc¢‘i woji
radiansaboutits axis. Differentiation yields
1 0OK—0 ®OjiHULO|iI8

30A00EOB0ET T ET jvwqg UEAI AO

o P LV
amzau (?—

Yalye)

which is solved with respect tol to obtain

a "M
22 Pl
ai (@) X

Had we not taken the rotation into account, we would have used "M -&a 0 and found

0 B 4EOO0Oh xA AAT OAEOOACAOAS 0ORA AAEAAAOGO i £ Ol
Notice in particular that the final speed0 does not depend on either the mass or radiusf the

ball, not even when rotational motion is taken into account. As a concrete example, @t ol .

Thend  p XX @& ¥ j Owhen rotation is taken into account, andd  ¢'CQ x& ¥ j O

when rotation is neglected. The effect is not negligible at all.

LetusendOEEO OAAOQGEIT 1T AU AgAi ETETIC OEA OOEAPAGS 1T £ OE
(0 ngh AAAT OAET ¢ Oi ¢ hendHe Aall ke thadelled & @rtical distancéQ

the height of the plane. However, there is nothing special with this particular height. Instead, in

general, the speed i ¢"Quwhen the ball has travelled a vertical distanceofor all @ 1T A

vertical distance wcorresponds to a distancan wA @ Aalong the slope, if we introducenas a

coordinate along the slopewith w T at the top. In addition, since the ball is moving along the
slope,b 'Q @Q oHence,

Qo "M E lta

00 q Eltw
or

p -

—_— QOE |

NoQ o ¢ i

which is a separable firstorder ODE, whichis integrated to yield
Ao COETD

when we impose the natural coordinate restrictionw m 1t Thus?,

17 This is an overly involved way of obtaining this simple result. Indeed, thirce of gravity on the ball is
"O @& "Gand its component along the track iSO & "D E | Thus the acceleration is constant,
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P

0 E"QOE'ETO h

that is,w® 0O just as in the case of free fall. When the rotational energy is taken into account,

or

which is integrated to yield

7A OAI AOE OEAO OEA OOEA®KG® d)A&he@andant | @fhasibeek O OE A

replaced by—

@ B8, however, and so the speed Hlightly lower at each point.

% OB 0 "OETo+ ®

ET OT 1 OAAG

-"QOETt6 imposingL 1t

mand @ 1t

8

(T xAOAON

i AOET A thé cade @herk Fhérathtibnal enerfys thkerfrito account, and in

OEA 01 O

OEEO A A@dlyitvdved I6dedd Of we also consider the rotational motion, we need to consider the
force of friction, causing the torque that makes the ball rotate. Thus threet force will be different from

a DETitwillbed DET "Qoeaopi OEIT
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1.8 Y S LJ LavIdfEPlanetary Motion

+ADPI AOBO 1 AxO 1T £ bl fAndalnévalHgordmb édBcérmingthednbtiorOdE tied A
planets around the Sun, discovered by Johannes Keplgl571-1630) in the early seventeenth
century. They are

1. The orbit of every planet isan ellipse with the Sun at one of its foci.

2. The radius vector from the sun to a planet sweeps out equal areas during equal intervals
of time.

3. The square of the orbital period of a planet is proportional to the cube of the sermajor
axis of its elliptic arbit. The constant of proportionality is a propertyonly of the Sun.
Yyl OEEO OAAOQCEIT xA xEIl AAOEOA +API AOBO b-AxO O]
lished almost a century after Kepler discovered his laws by investigating data obtained blyet
Danish astronomer Tycho Brahe (15461601).

1.8.1 Ellipses
Since we will be working a lot with ellipses, we will reviewsome basic properties of these
curves. (SeeFigure 18a.)

Definition
An ellipseOis asetof points afwo satisfying the equation

w W _
- - ph T w ®
W W

in a suitably positioned and oriented Cartesian coordinate systenThe wand waxes are called
the major and minor axes of the ellipse, anthe constantscyand Gare called the semimajor and
semi-minor axis lengths, respectively.

.1 OEAA OEAO OOAI E8 Hie elipieEiOalsd thedikagdO AfAtheOnte®at A1 /S 8
'O mic“ under the parameterisation map
em oftdy DATGOOEBTh '@
Clearly the ellipse is a closed curve symmetric about both its major and minor axis, and if
¢ H | we obtain a circle of radius .

Definition
Let Obe an ellipse with semimajor and semiminor axescand & respectively. The quantity

E:l £-

fh p

is called theeccentricityof the ellipse.

Notice that the eccentricityf ¥ Tip is adimensionlessmeasure of the amount by which a circle
EAO OI A Aby@ hbeak adsfoimAtiarg in order to becomethe ellipse. Indeed, in a at
cle® ®andsd  TUAtthe other extreme ifd] ®thendj & Tandsd  p.
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Definition
The two points

nO h

are called thefoci of the ellipse.

Notice that"O and "0 both lie on the major axis, thatO

- wT

W p

well-known fact about the ellipse:

"0, and that§Os SOs UH

& displaying the factORON E T'@. Now we will prove the perhaps most

Lemma
Let"O and™O be the foci of an ellips® Then®d "0s SO 0s ¢ 0O~ O
Proof
LetON O Thend c¢h @ p — forsomew™  ¢fd andwe have
O "Os $O Os
\ e 5 5 (l)
O O ® WP -— T
0
[ 5 \ 5 (l)
O O ™ ©p —
0
® WO O O —— O W O O —
&) &)
Y% ‘o P e PP E B %o
of o
o w ooT T W (]oT w : w
o C(I) p P 5 p C(I) o P 5
6 2 o7 2 -
‘w Pl P& Tw
o T @ T @ o T @ T @
p 5 p 5 p 5 p 5
) r o r o )
Y o p R S

sincexs  Gandj N TP .
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An alternative characteristic of the eccentricity is given by

Lemma

Let "be the distance from the origin to any of the two foci of anlligse ‘O, and letwbe the semi
major axis. Then the eccentricity Q@

Proof (again)

no

Sl £a
)
€

Sl D

PK p

by the definition of the foci. o

Definition
The distance between any of the foci and the ellipse as measured along a [paeallel to the mi-
nor axis is called thesemilatus rectumof the ellipse.

Lemma

The semilatus rectum of an ellipse of eccentricity and semimajor axis length®is® p |

Proof
The foci are located ato WM @ andw T If ofto ¥ ‘Othen o & O pandso
W Op — Op — - — —  Qp § . b

Figure 18a shows an ellipse with ¢k ¢®p& together with its foci. The eccenticity of this
ellipse isi T ¥its focal length isp®, and its semilatus rectum isp&.

Figure 18.a) An ellipse and its foci. b) The same ellipse translated to the left so that its right focus is at the
origin.
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1.8.1.1 The PolaEquation
We end thissubsection by giving an alternative characterisation of the ellipse, namely, thgolar
equationi i * of an ellipse oriented the usual way butith its right focus at the origin We
start with the usual equation of the ellipse:

@ W - _

-, = ph T w o8

@ W

Since the right focus is located 80 W w ot follows that

o Mo B @
R o> P

is the Cartesian equation fothe sameellipse but translated so thatthe right focusis found at the
origin instead (seeFigure 18b). We now introduce polar coordinates

w 1AT«0
w i0BI
and obtain
TATO O i OBl
- : p38
W W
Observe that
e o © Kih & dp T
o p 5 p
so that the equation can bevritten
iAT«O OBl
o T ———— p8
w op T

We solve fori and find

Lemma

The polar equation of an ellipse with semimajor axis along thee  Taxis and the rightmost
focus at the origin is

' 5 TATO

where ®is the semimajor axis length and is the eccentricity.

Again, this curve is shown irFigure 18b. We remark that the numeratorin the polar equationis
the semklatus rectum of the ellipse.

1.8.2 Hyperbola
We will also need some familiarity withhyperbolae, so we give a very brief treatment of these
curves in this subsectionSeeFigure 19a.
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Definition
Ahyperbola’Ois a set of points afto satisfying the equation
w ()
o p

7
for some ¢ftd  Tin a suitably positioned and oriented Cartesian coordinate system. The tw
connected partsO h o M 'O Cb  p are called theright (+) andleft (M branchesof 'O

Notice thatthe branch™O of the hyperbola is the image ofi under the parameterisation map
om i WAT OOEDE o~ a8
Hence, in a sensdhe hyperbolic functions are to hyperbolae as are the trigonometric functions to
ellipses Notice also that hyperbolaare open curves and that, far from the origin, the branches of

a hyperbola are closely approximated by the straighline asymptotes

. W,
w - B
()
Definition
The quantity
i h ©
P %
is called theeccentricity of the hyperbola.
ClearlyT  p, in contrast to the ellipse, where the quantity with the same name has p.
Definition
The two points
"Oh ®» woh "Oh O o
are called thefoci of the hyperbola.
OEA [l AE FiyukeA9a Gigplayd B Ayped

Notice thatSOs sOs ¢h AT A Ol

bola and its foci.
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Figure 19. a) A hyperbola and its foci. b) The left branch of the same hyperbola translated t o the right so that
the left focus of the hyperbola is at the origin.

1.8.2.1 The Polar Equation
We will need the polar equation of the left branciO of the hyperbola. To this end, we start with
the Cartesian equation for thdeft branch of thehyperbola,

® w P
- = ph W T
w w

and, just as we did with the ellipse, we translate the curvieorizontally,

o N o ® . —
_— - ph ® &
® )

to obtain aleft branch of ahyperbola with its left focus at the origin seeFigure 19b. Finally, we
introduce polar coordinates,

TAT0 Mo OBl R e
= ; ph 1TAI«O ® w8
W W

Solving fori yields

Lemma
The polar equation of the left branchHO of a hyperbola "Owith its left focus at the origin is

where ®is the semimajor axis length and is the eccentricity, and wheré AT«O0  p.

Again, this curve is shown irFigure 19b.
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1.8.3 Polar Coordinates
Before continuing, we will derive the formulae for velocity and acceleration in (planar) polar
coordinates i , defined by
w 1AT«O0
© 10BEI1
where dfto are the Catesian coordinates of some inertial reference frameAt each point in the

plane, we introduce the polar coordinate basis vectord and . Unlike the Cartesian coordinate
basis vectorso and 0, the polar basis vectors are different at different pointén the plane.

Fix the angular coordinates and vary the radial coordinatei ; this parameterises a radial line.
The derivative is

and therefore we define
I ATGO BT
as the radial basis vector at the pointi fr . Notice that it is of unit length. Similarly, fixthe radial

coordinate i and vary the angular coordinates to obtain a parameterisation of a circle. The &
rivative is

T w L.
T OB
Y
Al@
'|' °
and so we define
OBIMIT0

as the angular lsis vector at the point i b» . Notice that it is of unit length and that
"It Tt
everywhere; that is, the coordinate curves of the polar coordinate system always intersect-o

thogonally. Now, let”l ¢ be the geometric radius vector of a particle at timé. Let i o 6 be
the polar coordinates of the particleat this time. Then

o 10710

where "l ¢ is the radial unit vectorat the point i o f» 0 .Differentiation yields the velocity

T 10710 10710
P00 10 OBIMAIO o
10770 100 0O

OOET € v @md e chain rule Differentiating again, weobtain the acceleration
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TO 10670 1076 10e0 0
1070 10 OBWRIO o
i0s0 Al OBIs 0
10710 10.0 o 0
{0 10-0 M0 co+0 i0-0 08

1.8.4 TheSimpleModel

Initially, we will use a slightly simplified model of the solar systemWe will assume that theSun
is fixed at the origin of an inertial coordinatesystem.Thus, asume that the Sun is located at of
our inertial frame _pN _, and let"l be the position of a planetLet 0 and & be the mass of the
Sun and the planet, respectively. Then theet force on the planet is

00 a,

€ -
|

in spherical coordinates i - .18 The torque on the planet is
00 ¢,

KT ¢ i i I

and so its angular momentum is a constant of motionWwhat is the angular momentum? Well,
EKTT T i a’l8

Since this vector is constantits direction is constant, and sathe orbit is restricted to a plane,

namely, the plane with normal direction’E Indeed, sinceE 1"l &’1,’EU 1 at all times,and if E

is a constant, ther| has always to be orthogonal to the same direction, and all such vectors lie in
the same planeThe magnitude of the angular momentum, which is also constant, is

Oh s 1 VOETIR 8
50ETC jnwgq ATA jvwqg xA AAT xOEOA OEEO
0 ¢ 97 &’s 97 ai7o6 i+ s 97 daie s &i -8
It is customary to introduce the quantity

i b Lo
(o

the angular momentum per unit masslts magnitude, which is constantjs
"Oh §s i 8

1.8.5 Are theOrbitsCirculaf?
Simple [but not too accurate] astronomical observations seem tagree with the qualitative fea-
tures of circular orbits around the sun for all the planets7 A A1 01 ET 1T x OEAO
admit circular orbits. A planet orbiting the star in a circle of radiud requires the force to equal
the centripetal force
au
0 =

if its speed isv. Since the force is of magnitude

18 This doesnot contradict our notation, according to whichi h $ls Indeed, the lengtrglsof the radius
vector equals the radial coordinatd of the point at which the radius vector points.
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theory requires

That is, given adistancei from the star, the speed of the planet in its circular orbit needs to be
precisely "O0j i, independently of the mass of thelanet. Put differently, we have shown that

CAXOT 160 1 AxO AAI Edh addod A Ddt & pianek thedi& phtGrhorbidwvitA the

exacty right speed (given the distance to the star)will follow a circular orbit, indefinitely. But is
everyclosed orbit necessarily a circle? It is not. The most general closed orbit is allipse the

circle being nothing but a special case @nA1 1 EPOA8 4EEO EO OEA AT 1T OAT O
will show next.

1.8.6 The General OrbitY SLJ SNR& CANRBROG [ &
Nex OT T80 OAATTA 1 Ax £ O OEA bl AT AO EO
. 00 q,
aH 18

i
Since we have already determined that the orbit is restricted to a single plane, we mawithout
loss of generality z choose the spherical coordinate system so that the orbit lies inside the
— *“j ¢ plane. In this plane, the remaining spherical coordinatesi v coincide with the (pla-
nar) polar coordinates.

Now, the acceleration vectoiHis a geometric vector, but its components differ between different
coordinate systems. In polar coordinatesye have derived the acceleration

H 1 i 7l cgie e

where the derivatives ofi ande AOA OEA AAOEOAOEOAO 1T £ OEA- Dl AT A<
spect to time and”land are the polar basis vectorat the current position of the planetHence,
NAxQOI 160 OAATTA 1T Ax jnvq EO ANOEOAI AT O 61 OEA OuUO

C "0

l l ] —_

i

Cie i T

since. —"lis also a vector at the same point and expressed in the same (local) basis.

We will do two things now:

A Introduce a new radial coordinate, and

A introduce a new problem: Instead of findingd™ if , we wish to finde ™ i.
The new radial coordinate is
P

6h -
l

which implies, assumingQ T(so thate is never zero)

9 —h 1 PR 2 RRO 09
5" ' &' ' & 5. Q-
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and finally,
0. Q Qo ,,'Qé.t.8
9 @ o o
If we define
ERSER |E
o
OEAT xA EAOA OOAT O&I Oi AA jwvwqg ET OI
o 0 o "O0o 8

Divide by 6 to obtain
Q6 Qo "Ouh
that is,assuming’Q T,
6 o E8
Q
This is an inhomogeneous constantoefficient secondorder linear ODE. The homogeneous 3o
tion is
6 « 00BIT 6AT.0
and a particular solution to the full equation is

(’) d ,—8
4EOOh OEA EOI1T O110606EIT 1T &£ jnvqg EO
. PP 1
0 OOBEIl 0AI-O —8
Q
We assume that &M i . Indeed, we already are failiar with the circular orbit. The Sve-
dish hjalpvinkelmetodyields
6 6AT O ov
)

for6h Mo 6 Ttand somég N q. Obviously, we can choose the polar coordinate system in
such a way that tand then the solution is

) OAT«O “068
0

Recallingthat 6 -, solving fori,and defining

i 0Q o+ “ i T Q .
e N e T Oop
assuming’  p,we obtain
&
1 ~DT 8
TAI<O p
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1.8.6.1 Casel
If
. 0Q
T K o5 P
this is the polar equation of an ellipse withits right focus at the origin (where the Sun is!) semi-
major axis® 1T, and eccentricityf N Tdp .

1.8.6.2 Case 2
If, instead,

TKan h
oo P

then we can define

v T T
wh o = = L
op T 0f p

to obtain

wp T Wi P

' TAT-0p TAIO p

which is the equation forthe left branch ofa hyperbolawith left focus at the origin (where the
Sun is), semimajor axigd Tand eccentricity]  p.

1.8.6.3 Case 3

In case ofthe (exceedingly rare)coincident

0Q .
"0O0

xA T AOET 001l U EAOA OI OAOGOOT O jv4qp HOEPhAA VEG OEF

yields

f K

i AT-0 p gs
Recallingthatd 1 ATeGndi  ® &, this may be written
W 0 W (')E'
or
p O,
W <

which clearly is a parabolaThe origin (the location of the Sun) is a distancgj ¢0 to the left of
the vertex of the parabola. This point is called, no surprise, tHecusof the parabola.

1.8.6.4 Case4

In the derivation above, wealmost tacitly assumedthat the constant’Q 711 For completeness,
we now investigate this (rather trivial) possibility. Indeed, if'QK i « k 11, motion is clearly
purely radial,and. AxOT 180 1 Ax jnqgq OAAOAAO Ofi
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"00 .
| -— h

|
which, of course, can be written

00 &

ai ih

and it is obvious thatthe body is in free radial fall towards the Sun; the trajectory is thus a
straight line before the body is engulfed by the Sun.

1.8.6.5 Summary

We have shown that the orbit of a massive particle in a gravitational fieldlom a fixed star, such

as a planet or a cmet in the vicinity of the Sun, is either of theonic sectionsthat is, an ellipse, a

hyperbola, or (rarely) a parabola. Of these, the onlglosedcurve is the ellipse, and so it follows

that the orbit of every planet around the Sun is an ellipse, and wave also shown that the Sun is

A0 TTA T &£ OEA &£ AE8 4EEO EO DPOAAEOGAI U OEA AT 1 OAIl
$EOOAT O AT i AOO ADPPOT AAEET ¢ OEA O1T1 AO OUOOAI AOA
their orbits are almost certainly hyperbolae. The fact tha the curvature of the hyperbola tends

to zero as we move away from its point of symmetry is clearly related to the fact that, far from

the Sun,almost) 1 I &£ OAAO AAO 11 OEA AT i1 AOh AT A OI h AAAI
travels (almost) along a straight line.

1.8.7 Y S LJt Sededlzaw

We have found that the angular momentum

0 ai e
is a constant of motion, and, in fact, this statement is equivalett + AT AO8 O dedd] T A 1 A x

the area swept out by the radius vector during @ (infinitesimal) time ‘Q ds equal to the circular
sector area

06 % q.
C
where 'Q «is the corresponding change in the polar coordinate. But
Qe
05 21 a. 2 Zlins Bi c0e Pmo
C ¢ Qo C C
where 'OK 0j & is the (constant) angular momentum per unit mass, whichplies
QO P, w n sm ca oA
-Q Al 1 O®OAI O

Qo ¢
That is, the rate of sweeping out area is constant in time, which is precisely the second law of
planetary motion.

188 YSLI SND& ¢KANR [ ¢
The orbit of a planet is an ellipse

wp T

P AT«O p
where Qis the semimajor axis length and is the eccentricity. Thus the semiminor axis length
is® Mp | and therefore the area of the ellipse is
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b wo“ ®* p T 8
+ADI AO8O OAATTA 1 Ax jvq OwmfHepdnétbl EAO OEAO OEA 1 C

5 <O Vp T

Yh'QEj)’Qc‘) Qo
"0O0 AAAT OAET ¢ O1 jwvqQh
5o 0 Q
wp "00

which is a link between geometrical properties of the ellipse (the LHS) and dynamical properties
of the planetary orbit (the RHS); in particular,

OEOO jnwqgq AAT AA xOEOOAI
Cd)“mp—T cu

&) 8
Ouwp T N"Ov

Thatis,”Ye ¢! and the constant of proportionality,m—ﬁ EO A POl PAOOU é&4& OEA
OAOU OUOOAiI 6gqh AT A EO OEAOAAEI OA OEA OAI A &I O Al
contents of the third law of planetary motion.

1.8.9 TheValidity of the Simple Model

We have considered aomewhat simplified model of the Surgplanet system We have assumed
that the Sun isfixed at the origin of our inertial reference frame, but that is clearly not the case.
Indeed, since the planet is affecting the Sun with the force of gravity (equal in magnitude to the
force by which the Sun affects the planet), the Sun is accelerating, andsere cannot existany
inertial frame relative to which the Sun is always at restNotice, however, that the motion of the
Sun is extremely small compared with the motion of the planet, since the Sun is very much fea
ier. Indeed, the ratio between the mas of the Sun and the mass of the Earth is about 3880.
The heaviest planet in the slar system is Jupiter. The Suupiter mass ratio is about 1050.
Hence, even in this case, it is a fairly decent approximation to consider the Sun as being fixed at
the origin. At the other extreme, the mass ratio between the Sun and a comet or asteroid is huge,
and the approximation isessentially without error; for instance, the ratio between the mass of
the Sun and the mass df A1 1 cAmeBiialmostp Tt .

We have als neglected the gravitational influence of the other planets (and other bodies) ortai
ing the Sun; of course, these will influence the Sgplanet system. However, again, the mass of a
planet is generally negligible compared to that of the Sun, and so therSa barely affected. Also,
the influence on the Earth (say) from the other planets in the solar system is almost always ge
ligible compared to gravitational attraction from the Sunfor the same reason.

Still, one might wonder if there is a way to improvehe model, and, indeed, there is. Since the

solar system isvery isolated in the galaxy, the gravitational fielddue tothe rest of the galaxys

almost constant inside the solar system. Hence, any patrticle in free fall in this region of space

were it not for the solar system,would serve as the origin of an inertial frame to an outstanding
approximation.! © xA EAOA OEi x1 ET DOAOGEI 66 OAAOGEI T h 00,
the solar system. In other words, the CM frame of the solar system is almost perfect inertial
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frame. This frame should be used for a more advanced treatment. In particular, this would make
it possible to study systems of two bodies, gravitationally bound to each other, where their
masses are comparable, e.ginary star sysems, or big moons of small planets (considering only

the planezmoon system).

Let us investigate the centre of mass of a twbody system Hence, leh and 6 be two massive
bodies, where the masses may be of the same order of magnitude. If their positions drand ™l ,
relative to some frame of reference, and their masses ate and & , respectively, then the CM
is located at

n DO(I a ’l 8

whered h & a is the total massHence,

P oom  w o~y G S a oa
— a a ’l I | -— p — 1 I —— — 1 |
V] V] V]

d 0 0

" T 8

The geometric interpretation of this is obvious: you get to the CM)( by going to the firstbody
(") and then you god j 0 of the displacement from™ to "I . Hence, in the limitd jO © 1
(essentially all the mass belongs t@), 4 © "I, while in the limit & jO © p (essentially all the
mass belongs ta5), 1 © 7l . Let s consider a few atual figures: leto be the Sun and be the

%AOOEh *OPEOAOh AT A (AT T AUBO GAJU ale@bfollodsODAAOEOAT L

| Earth Jupiter (AT 1 Aus O
d jo ogtip 1 wdip T pptp 1
The actual distance betwee® andthe CME Oh £OT | | » gh

R B
SENERECUIINE

Assume that the distance between the Sun and the Earth, Jupiter, ancdA I 1 obroed i©p! 5
v! 5 ando d § respectively. Then the corresponding normalised distances are given below;
the values are normalised in tems of the solar radiusi .

| Earth Jupiter (AT 1 Aud O

N 1gige T8t @ B p Tl x&tpm b

Clearly, the CM of both the Sigkarth and the SugHalley system lies almost at the core of the
Sun, while the CM of the Sugdupiter system liesalmost precisely at the surface of the Sun.
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1.9 Classical Gravitg Gaussian Formalism

Thefoundation of classical gravitye O . AxOI 180 1 Ax | £ O1 EOAOOAI COAO
, a a
€ “O—‘l "l
introduced in previous sections.In this section we will derive’ A O O Ofor ghavityx This is a-
tually a very easy taskowing to the general machinery of vector calculusbut it consists of a fair
TO01 AARO T £ 0OO0APOR AT A xA xEI1 ET OAOOECAOA AAAE |
the topic:

Lemma

Assume that thegravitational field is

(that is, there is aparticle of (active gravitational) mass0 at the origin). Let "Ybe a sphere of
radiusi  Tcentred atthe origin. Thernt®

etQA 1 "0D

Proof

. 00, .. ... IR
€ tQA I_I ti OEFIQ—Q- ‘OO0 E+Q—Q

00 OEK— Q- 1¢ OB
o

Since the gravitational field is conservative (it has a potential), it is irrotational. But it is also of
zero divergence.

Lemma

The gravitational field

is divergencefree, that, isn t¢  Teverywhere except at the origin.

Proof

p | R O ) Yoo
nte — — | OEH — — [ OEHT™

T OB | l - Lt m

19 When talking about the flux through aclosedsurface we always mean the flux from the interior to the
exterior of the surface, unless the opposite is explicitly stated.
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because thei -dependance in the fieldcomponent "O0ji is precisely compensated by the

scale factori O Eof the coordinate system. o
Lemma
Let
, 00,
€0 —1

be the gravitational field. Then

etQA ¢ "0D

for any closed surface’Yenclosing the origin.

Proof

Let] h I E+ SlIsbe the distance between the origin andY Introduce the sphere"Y of radius
1 J ¢ centred at the origin, and letO denote the bounded region in space the boundary of which is
T O Y Y.

Y
Figure 20. A bounded region .
By Lemma NN,
EtOA 1¢ "0D
and, applying the divergence theorem t® and! ‘QOwe find
¢ t'OA - Oéof’QA ¢ t'OA nteQw Tt ¢ t'OA ¢ "00
EOT 1

where b § st TGA 1 "OUs the flux through"Y in the direction out of O, that is,towards the
AEOT i
origin. 4
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Lemma
Let
, 00,
€0 —1
i
be the gravitational field. Then
ETOA

for any closed surface Yhot enclosing the origin.

Proof

Let O be the volume enclosed byY so thaty T OThen

¢ tOA ntEQ® 18

Lemma

Let “Ybe a closed surface, thiterior of which contains a particle of mas$ , producing a gravif-
tional field €. Thenh ¢ t'GA  1“ "O0

Proof

Choose a coordinate system in which the particle is at the origin and apply Lemm&alN 4

Lemma

Let "Ybe a closed surface, thexterior of which contains a particle of mas® , producing a gravia-
tional field €. Thenb € t'CA T

Proof

Choose a coordinate system in which the particle is at the origin and apply LemnNal. o

Lemma

Let “Ybe a closed surfaceand consider a system df particles (index set@) with positions "I and
massesd .Let... "IN E1"0. Leté be thetotal gravitational field due to alli particles. Then

etQA 1 0D

where
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is the total massinside™Y

Proof

The gravitational field at”l from the “@h particle aloneis

3 @ "I 8
Sl Is
Since you add forces to get the net force, the net gravitational field is
€ €8
Then the flux
¢ t'OA ¢ 1QOA ¢ tOA ¢ tOA 8

Now, by Lemmas Nl and NN,
¢ tOA ™ 0 ..8
Thus

¢ tOA ™0 ... ¢ 08

We havetherefore shown

t NPL2AAGA2Y oDl dzaaQ [ ¢ FT2NI DN} GAlG@0

Let "Ybe a closed surface encompassing a total mass If € is the geometric net gravitational
field in space, then

etaA ¢ 08

If we have instead a continuous distribution of mass, given by a mass density functionthen we
obtain

Corollary
ntA 1t "8
Proof
Let Obe any bounded region with boundaryyY 1 @ 4EAT ' AOOOG6 1 Ax
¢ t'OA ntEQw
but
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etQA 1 00 1 O " Q&

Thus, since this has to hold for every bounded regio®,

nte ™ B

191 ! LILI AOF GA 2y Jor@dvityDI dzaaQ [ | &

Proposition

Consider, centred at the origin, a spherically symmetric body0 of total mass0 and radius Y.
Outside the body (ati  'Y), the gravitational field from 0 is identical to the field that a point
particle of mass0 locatedat origin would produce.

Proof

Let"Y be a sphere of radius  "Ycentred at theorigin. Because the body is spherically symme
ric, it is obvious that the actual gravitational field is € 6 "Oi "l for some function "O Now

" AOOOS 1 Ax A O COAOEOU OOAOAO
etOA 1" "0D
while
¢ tOA Oi 1t OEFIQ—Q+01 i  OER— Q- 101 8

Combining these resultave find

™ 00 1 "0 i
and so
o~ 00
Oi -—
1
yielding
00,
€0 —"I8

o

Consequently, as long as the body is spherically symmetric and has massthe gravitational
field outside the body is independent of the internal structure of the body. For instance, a point
particle of massU produce the same external field as a huge star of total mass as does a thin
(and hollow) spherical shell of totalmassb .

Proposition

Inside a spherically symmetric shell of radiusY, the net gravitational field due to the shelvan-
ishes.
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Proof

Same as last proposition but with ~ ‘'Yandb £ t0A T 4

Consider now a spherically symmetric ball. It is obviougfrom symmetry) that the net gravita-
tional field from the ball vanishes at the centre of the ball. Moreover, if we know the radial i
tribution of mass (the radial density function), we can compute the field at every point. Therst
plest case is given below.

Proposition

Consider a homogeneous ball afensity ” and radius'Y. The gravitational field tends linearly to
zero as one approaches the centre of the ball along a radius.

Proof

We wish to find the gravitational field ¢ inside the ball. From symmetry, ti is clear that
€ 0 'Ol "I Let"Y be asphere of radiusi 'Y concentric with the ball. Inside"Y, the total
mass is

o T
U _H l ” 8
o
AEAOAE OAh ' AOOOGS 1 Ax &£ O GCOAOEOU OAAAO
cton 29 o
o
while
£ {'0A 01 "lti OEFIQ—Q+ "Oi i OEIQ— Q- 101 8
Thus
PR ot 10
yielding
T
"Oi - a
o
and
1
€0 Sl O '3
Clearly™0® i. o

Occasionally the last three propositions are referred to as thehell theoremsNeedless to say, it
requires quite a lot of work to prove them using onlythe usual formj o€, Ax OT 1T 6 O i-1 A x
versal gravitation (and not the Gaussian formalism).

Combining Propositions NNM, we have that a ball of radiu¥, constant density” , and total mass
0 -“'Y” produces the gravitational field€ i - an —"l'in its interior (1 ")

and the fielde i —"lin its exterior (i ~ 'Y). Thus, the potential is
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Ov o' 00 "
—1 —
) cY cY
B "0b '
—_— iy
i
where we have slifted the interior potential by an amount ——in order to match it to the exe-

rior potential. We chose to shift the interior potential and not the exterior potential because we
are fond of theconventional behaviour %.i © Ttasi © H.

The Sun is most dinitely not of constant density, but to get an idea about the potential, we will
use the mass and radius of the sun &s and"Y, respectively, to ploti M %oi .

Figure 21. The gravitational potential inside and outside a homogeneous and spherically symmetric body

Notice that the slope tends to zero both as© 1 and asi © Ho, as expectedThe highest slope
(that is, the strongest field) is found near the surfacé Y. Of murse, we can also find the @-
tential along a full straight line through the origin. Indeed, we only need to construct the even
extension offs . Doing so, we obtain
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Figure 22. The gravitational potential inside and outside a homogeneous and spherically symmetric body

Finally, replace the solid ball by a thin, hollow shell of the same mass and radius. Then thesint
rior field is zero, and so the potential is constant:

Figure 23. The gravitational potential inside and outside a homogeneous and spherically symmetric thin
shell.
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Of course, all these images should be compared to the graph of the potential form a point mass
(of the same massat the origin:

Figure 24. The gravitational potential from a point mass at the origin
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2 ClassicaElectromagnetism

N

Figure 25. A diagram that we will use in Section 2.3.1 to find

the electrostatic field from an infinitely long, uniformly

charged wire, using only the classical Coulomb law . In this

chapter, we will also introduce the Maxwell equations, and

OO0A OEAI O OOAAEOAT OAOG biehkA 1T £ OEA 11 00 EAOAE
throughs in the history of science, namely, the fact that light

is an electromagnetic wave.
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2.1 The Four Classical Laws

We will now review the four major resultsof classic electromagnetic theoryln addition to Cau-
1 T 1 A8 @hich deschbes theelectric field Adue to (static) charged particles we are familiar
with the BiotzSavart law that gives themagnetic field due to a (stationay) current of charged
particles. If the current'Qunit # Q £1 1| x O OE O O CE 3, fhenlhe BédyAeific figlddad® O O A q
is
o 00 106
Ao s L
‘i O
where ‘ is the magnetic constar®, 6 N 3 is the current point on the curve,d is the vector line
element, i 6 h % 0 sis the distance fromo to 6, and’l 6 is a unit vector pointing from 6

to 0.The Biot3 AOAOO 1 Ax Ei bi EAO OEA 11 bi OA8O AEOAODEOAI
2d 0

where "Gs the charge current flowing through the closed loo [that is, flowing through any
surface the boundary of which i3]. Notice that magnetic forces arise when charges are inan
tion only. Lateron, we will see that the special theory of relativity aatally describes the magne

ic field as a relativistic correction of the electrostatic field. In other words, electric and magnetic
forces are merely two aspects of the same physical phenomenon, tk&ectromagneticfield.
Hence, electric and magnetic forces can lmified in a single electromagnetic theory. This is why
we talk about the four forces of nature, and not thdive forces that would result if we replaced
@lectromagneticddwith @lectricBand Ghagneticd tWoGeparate entities.

In fact, unification of the forces of nature into more fundamental theories is one of the mosi-u
timate goals of modern theoretical physics; this far the greatest achievement in this fielsl the
unification of the electromagnetic brces with the weak nuclear force, the sealled electroweak
unification. This, however, goes far beyon@®impledrelativity theory, so we will not discuss that
topic, but settle for a description of the beautiful electromagnetic unification.

We have now brmulae describing theformation of the electric and magnetic fields. The third
ingredient of electrodynamics is&« AOAAAUG O 1 Awhich gdantifids théphéhaniemon of
electromagnetic induction, that is, the generation of an electric potential du a time-varying

magnetic field. Thestandard expressionfor this law is

a L noa
T o
where “Yis any surface and "Ws boundary. The surface integralA "ACGA of the magnetic field is

called the magneticflux, and therefore the lawstates that the electromotive force[which is a
potential, not a force]B A around a closed circuit is proportional to thetime rate of change of

the magnetic flux through the circuit.

The fourth and final law of electrodynamics is the law statingg A AAOAT AA 1 m/ Oi ACT A
pi 1 AGdh 1T AT AI U

ACA T

20|n Slunits,, t“tfpm 60T ! i
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where"Y T dis any closed surface in space [being the boundary of some volundg This law is
also a consequencef the BiotzSavart law.
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22al EgSftQa 9ljdza A2y A

The laws of electromagnetism are normallgtated as theMaxwell equations

Original law Differential form Integral form
N )
#1 01 TTASONTA — AQA T (M1)
, e 7 , - A
L'l DT OAGO n A & “f }5 A EQA }TQA (M2)
0
------- wn 1A - Aon
&AOAAAUB O A — 7o (M3)
No magnetic NEA T NOA T (M4)
monopoles

In this table, wis any volume and'Yis any non-closedsurface.Consequently] dis a closed st

face and "M a closed curveWhen formulated in this way, the Coulomb law(M1) is often called

5 AOGOOS 1 Ax8h Al A (OHEOOKAI | RAT BtrihAgdaishiDwd | A x
that the differential forms and the integral forms of these two laws are trivially converted to and

from each other by means of the @A OCAT AA OEAT O Aof vectoi cddlculusAOni@d 1 A x
other hand, the differential and integral forms of the Ampere and Faraday laws are trivially ne

OAOOAA O AT A £O01T 1 AAAE 1 OHWOtWAUOABAI & EEOG ODKE
Ei 0i 6 ANOAOET 10 AOA ANOEOAI AT O O1 OEA OAe 1T &£ OE.
well equations (in either form) are equivalent to the classical four theorems, with one notable

exception, as we will point out shatly.

We will now investigate the Maxwell equations one by one. The first ongM1), relates the
chargedensityscalar field” [unit #j | ] to the divergence of the electric fieldA It follows from

the notation used in the table thad a ” Qb the total charge enclosed by a(M1) is equiv-

alent to the old Coulomb inverse square lakkT DOAAEOAT U OEA OAI A i-xAU OE!/
OU jvq EO OAT AGAA O1 . AxO1 180 1Ax 1T /£ O1 EOAOOAI
Gaussiarform # I O1 1 | AdisdperiorAmsituations where symmetry is present

The second Maxwell equation(M2), relates the curl of the magnetic field to the charge current

density field £ [unit # Qi I 7 ] and the time derivative of the electric field.With the re-

striction T AT 0 ,as is the case if a constant current is flowing in an infinitely long, straight
conductor, OEEO EO ANOEOAI AT O Oi .TneE Addifiohatterm iTB1TADAD O AE OA
called- A@x Al 1 & O arfdllitshécAs&iyGsdisplayed in most courses in elementary electr
magnetics.Notice thatA £€0A “Os the current[unit 6j i 0] flowing through the surface™Y

tion, and the fourth Maxwell equation, (M4)h OOAOAOG OEAO OEAOA EO 11 Oi

~ A oz o~

2.2.1 The BridgebetweenMathematicsand Physics

The Maxwell equations completely describe the electromagnetic field. But wha @he electro-
magnetic field® Indeed, the electric and magnetic fields anmere mathematicalconstructs that
assignvectors to each point in spacewhat are these vectors?The physical interpretations of
these fields, or thedefinitions of the fields,are as follows:
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A The electric fidd "Ais the uniquevector field satisfyingé  Awhere £ is the (physically
measurable) force on a test particle with chargery 1, which isat rest with respect to
the system of coordinates.

A The magnetic fieldAis the unique vector field satisfyingé 1A {1 "Awhere ¢ is the
(physically measurable) force on a test particle with chargery 1 and velocity "l

with respect to the system of coordinates, and wher&is the (now well-defined) electric
field.
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2.3 Examples oHectromagneticHelds

We will derive some simple examples of electromagnetic fields.

2.3.1 The Electric Field from a Uniform and Infinite Charged Wire

As our first example, we will derive the expression for the electrostatic field outsidan infinitely

long wire with a constant charge dengy [unit #11 ]. First we will do this from first principles,

OOCET C TT1TU #1 01171 A60 1 Ax8 4EAT xA xEI1 OAAT OEA
both confirm the latter and better appreciate the benefit of the latter in systems with symmetry.

2311 ! LIINR I OK MY [ 2dzZ 2Y0Qa [ ¢

Introduce a cylindrical coordinate system such that the wire is situated along thé axis. From

symmetry reasons, the electric field cannot depend o@or « ; nor can the electric field vector at

any given point have anon-zero projection onto dor . Thus’A ‘O “I. Now consider the point

ik ihfi . By our symmetry considerations, it suffices to compute the electric field at
this point (which depends oni only).

0 ifm

N

Figure 26. An infinite, uniformly charged metal wire

Consider a small partQ ¢of the wire located atd (between dand & 'Q gsay).The distance le-

tween this part and the field pointd isQa h Ma 1 , and so thispart of the wire will con-
tribute with an electric field
g —
O —la
Y .[HT ’Q q Y
where "l & is the direction from the part'Q ¢to the field point 0. But since we have already €-
termined that the net electric field atd (or anywhere) has only a radia component, it clearly
suffices toconsider only the radial projection of eachJA & . This is
Sl Tatn L ATl @
y o “ac o~ L
Y .[HT Q q |

O Taa

But the angle

and, therefore,
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and
’ k] l ” ‘Qd
m q I N i 8
™ g 1!
Thus, the total field experienced ab is
. , , i " Qa T
O i Q0 & — —-h
A aT'T «Q [ ! ¢TI
that is,
A —"I8
GT i
2312 ! LILINR I OK HY DI dzaaQ [ &
4EA AAOEOAOQEITT 1T &£ jvwqgq EO Z£AO OEIiI i A0 OOEITC
A O1i "ldoes only depend on the radial coordinate, and at any point, the field vector can

only point along the radial direction. Now, consider aolid cylinder ‘O of radius 'Y and height'Q
with the & axis as its symmetry axisThe total encompassed charge (insid&y is 0 h ”"Q Thus

"AOOOGE 1 Ax OOAOAO
wan O @
T T
where! Qs the boundary ofO, and is composed of one cylindéyand two disksO andO . Since

the electric field is perpendicular to the disksO and O, the flux through these disks vanishes,
and we are left with

AOA AOA 01 IHIQ%Qa @ Qe Q¢ ¢"@ Q
if the cylinder occupiesa™ & fix Q. Thus
¢“'@ Q —

or

so that the sought field is

2.3.2 The Magnetic Field from a Stationary Current in a Straight Wire

Consider again an infinite wire along the axis of a cylindrical coordinate system. This time, let
the wire carry a constant electric currentunit # Q in the 0 direction. From symmetry, the
magnetic field cannot depend ond or . Therefore, it suffices to compute the field at
i P Fx i rtvt . Also by symmetry, at any given point, the field \&@or cannot have a proje-
tion in the 0 direction. However, since we have broken the symmetry by assigning a positive
direction of the current along the wire, the field vector can in fact have a nexero component in
the direction. Indeed, theright-hand rule assigns to a positive direction of the current, a pes
tive sense of rotation around the wire.
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This problem can be solved either naively using the BipBavart law, or more efficiently (again

AOA O1 Ouiil Adouq OOET ¢cwélkiemonstate Oddhdagprodcke® A OE OAT 1 A
2.3.2.1 Approach 1: The BigBavart law
The BiozSavart law is

CoR 1o

Ao QA o —FF8

™“1 0

Now 3 is a straight line, and sdd is constant. The integrand is a vector with the direction of
d "1 6 . Thisdirection is perpendicular both to the wire (C¥) and to thedirection "l 6 from
the current point 6 on the wire to the field point 6. Given a fixed field pointd, such as
i i i, the latter (1 6 ) lies always in the same plane. Thughe direction of the in-
tegrand is constant, and, in addition, is given by the rigttand rule. Integrate from & Hto
@ H.Thend 'Qé and so the direction ofdd "l 6 is everywhere that of . Consequently,
A6 01 ,andasmall contribution

0 . C OQGIE 1
™l O ™ a |
where
| h” ehl AOADHAI
so that
SRSV PR I o i
OEIl ORAIOADAH - —
a i Na i
P &
and
i~ © 0 Qa
QA —— — 8
™a 1)
Therefore, the total magnetic field ab is
o . “ 01l Qa O] Qa "0
Al §2A % “ ] \ - i “ oy 8
g Ta 1 T P N ‘il
Thus
w 0O
A — 8
¢

2322 ! LIINRF OK HY ! YLIBNBQa [/ ANDdzAGEHE [ &

4EA AEOAOQOEOAT 1 Ax EO OOPAOEI O E1T OEOOAOQEId O xEOE
001 OOAOEAO j AT i PAOAA xEOQOE #I1f@évityiwhAed iOcorhebto grée AT A AC
OAOCET T ATl Z£EAT AO j AT i PAOAA xEOE . AxO01 160 1Ax 1T &£ C

Indeed, since we know that the field has the forifiA &6 i , we introduce a circular loop3 of
radius i around the wire, at some height. For simplicity, we takes to be the image of
em ik 1P hT ase N T . Then the circuital law states

Atd O
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while
At 61 ti Qe 011 Qe ¢“ 61 18
Thus
"0 ¢“ 0611
and so
. e
01 PP
¢ i
and
. 0O
A — 8
¢
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2.4 The Electromagnetic Potentials

In the electrostatic case, where there is nelectric current z and therefore no magnetic fieldz,
A and so (M3) states that the electric fieldAis irrotational . Therefore, thereexists a poten-
tial scalar field %g odefined up to an additive constantsuchthat

A %8

This electrostatic potential, measured in volts, is familiar to everyone. For instance, ttabsolute
difference 964 o %g o1 sin voltage between the two poles of @ypical battery, located at’l
and’l, isp® 6. Now (1) makes (M3) an identity, whereagM1) yields

%o —
T

which is knownas0 I EOOT 1 6.0 paktitu@A i©&tulm,” k mand

N %o T
whichis, ADI AAAGS CGivEnNe®AOERRA AT A O Gegi@EQiE doacithe B OT EAAS
richlet problem of finding % QA OE OAUET C , Arbdl é D d&nd satisting té GoEnical
ry condition %g o1  "Q"l for all "IN T ‘Qwhere Qs a given function on the boundary ‘QOhas a
unique solution. A standard way of findingthe solution in the two-dimensional case [that is,
00 x ] is to employ a conformal mapping ofO into some simpler region Osen which the
solution is known. See(Saff & Snider, P03) for details on this technique.[Notice that every
three-dimensional problem with cylindrical symmetry is equivalent to a twedimensional prob-
lem]

Inthe nonOOAOEA AAOARh jvwq AdvadAfidld ith a nbrfzerdrdtatienka- ) T AAA 2
not be the gradient ofany scalarfield 6, because of the vector identitt  no . But (M4),
which, as it standsjs the most general form of this Maxwell equationimplies that there exists a

vector potential’Asuch that

A A3
This makes (M4)true due to the vector identitynt 1 "A 1t Now, let’Abe any such vector
potential, and considerthe vector field

.~ TA
h A —8
T o
Then
-~ T‘A - T'A L/ T o, i/ T

by the full (M3). Therefore s irrotational, and so there exists a scalar potentidlosuch that
N % which is welldefined up to an additive constant. Le%obe such a potential. Then, by
the definition of we have

Propositionl

Given an electromagnetic field AiA , there edsts ascalar field%.and a vectorfield Asuch that
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Definition 2

The scalar field%.and the vector field A of Proposition 1 are called thescalar potentialand the
vector potentialof the electromagnetic field, respectively.

Notice that in the electrostatic case, the scalar potentidoreduces to the familiarelectrostatic
potential %o discussed earlierin that A n%ain this case.

The vector potential is not unique. Indeed, given a vector potentidh, consider
Ah A
where[ is any scalar fieldThen
n A n A n  n A n n  n A A
and so’A is also a vector potential forA This freedom in choosing the vector potential is called
gauge freedomand any additional requirement that will fix any particular vector potential (or,

at least,which restricts the class ofadmissible potentials) is called agauge choiceWhat happens
to the scalar potential%ewhen we replaceAby A 'A  1J ?Note that

. A A A
A N %o T—‘ N %o T— VAT N %o T—‘ n T—l—‘ N %o T—|—‘ T—‘
T o T o T o 0 o) o)

and, clearly, we have toeplace the old scalar potentiabscby

%0 h %o T—r8
T o
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2.5 Electromagnetic Waves

Before Maxwell, the nature of lightvas unclear. Newton thought of light as a current of particles

but at the turn of the eighteenth century, there werealso physicists that believed light to be a

wave [of some sort] travelling through some medium, the seA A1 1 A A, in@nkich EhA €afhe

way that sound travels through mater. In 1801, it is believed, the English scientist Thomas

Young performed his famous doubleslit experiment, demonstrating the wavelike properties of

light, and, by so doing, settled the conflict in favour of the wave hypothesisNot until the advent

of quantum mechanics|Compton scattering, the photoelectric effect, etcdid the particle nature

manifest itselfexperimentallyh 01 UEAT A OEA OAiI OAT A 1 AOOOAS OEAOD
(AOA xA xEIl & AGO i1 OEA x Addimedtiid sufport dwael ECE O8
theory of light, it said absolutely nothing about what kind of wave lights. After all, any mathe-

i AOEAAT NOAT OEOU OEAO OAOEOZEAO OEA xAOA ANOAOE
the pressurein a gas (as irthe case of sound)a force field, or something else.

Today we know better.Light, and, more generally, electromagneticadiation, is a wave of the

electric and magnetic fields, that is, each component &and "A satisfies the wave equationAs

force fields, however, they require no mediunthrough which to travel. Hence, there is no need

Al O Al Un Oir&sE beiBgiadpressure wave, soundoesrequire a medium, in which the

pressure can bevaried according to the art of Fourier synthess. We will now see whatled the

physicists to the discovery that light is(very likely) an electromagnetic wave2!

First, afew definition s that extenddifferential operators normally applied exclusively to scalar
fields to vector fields, basically by letting them actomponentwise on thevector fields.

Definition 3

Let’ A & M M be avectorfield. Then weAA £ZET A OE AARO €O AYOE Ao O
which is now amatrix whose columns are the ordnary gradients of the scalar components oA
Furthermore, for any matrix 6, we define OEA  OA E,OvkhiorC & TndwA & vector, by
ntd6h ntAmiAmEA where A is the '@ column of 6 treated as a vector Finally, we

QU

These definitions imply

Corollary 4
LetA © I B bea vector field Then

nA nomomo 8

Now, consider the Maxwell equations in vacuum. They are

21| hatewhen upper secondary school teacherdefinel ECEO AO OA xAOA8 xEOET OO OAUE
OxAOAOGE8 ) OAAATT T1TA Al AOGOI AOA Ziifybu indkd sBundditiniyh OAE A Ol
AT T OCE AOANOAT AUR UIAXBI10EICAD ATEGEHE OAIGE CH G& Al A AROT O1 A8
that was almost a valid conclusion.
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ntA 7 -6p
n A ‘TTTA 6
T o G
- T'A
n oA — -60
(0]
nt’A 18 - 6T

Differentiation of (MV2) with respect to time yields
T'A T A
T o 10
and, using (M/3) to substitute fort /AT pwe obtain

noon A ©f T 7A8
1o
It is straightforward to show the vector identity
noon A nntA nA 6)

wheren is our new vector Laplacian In this case the identity yields
n . A
nntA n A ‘T —/—8
But sincen t A mtwe simply end up with

TA . .

which is the (vector) wave equation with speed

@h ‘L_s
T
By Corollary 4 this means that eaclfscalar field) component of Asatisfies the ordinary wave
equation. Similarly, differentiation of (MV3) yields
2 LA
T o To

where we use (M/2) to obtain
p . T A
n ——n A —38
“T To
The samevector identity (V1), together withn t’A 1, then gives
LA oA 7
7o ¢
with the samespeed@ We have thusseenOEAO ET OAAOOI h - AgxA1 180 AN
wave equations for the electromagnetic fieldThis means that in vacuum,we can apply all the-
rems on thethree-dimensional wave equation to the electromagnetic field; for instance, all ete
tromagnetic signals necessarily travel with the constant spees” OO AT 1 8 Gthérdlisn&l 1 1 AA
equivalence between the full set of Maxwell vacuum equatisqfMW1-MV4) and these two wave
equations. It is easy to see that this cannot be so. Indeed, the wave equations are perfectig-sy

96/314



ANDREAS REJBRAND DRAFT http://english.rejbrand.se

metric in Aand A but the Maxwell vacuum equationgMV2) and (MV3) are not, because
[ T p.
Let usnow investigate a generalplane-wave solution of the Maxwell vacuum equationsWe wiill
postulate amonochromatic plane-wave Afield and investigate the requirementson Aand "Aim-
posed bythe vacuum equations in this casero this end, tioose a(constant) amplitude vector
‘A, a(constant) angular frequency, ,and a(constant) wave vectori and set

Ao AOETO iio

which is a monochromatic wave travelling in the direction ofi with phase speed jQ

where_ —is the wavelengthand’ —is the (ordinary) frequency.In this case(W1) reads

1 AdD O QAN

and is clearly satisfiediff ® 1 j QHencethe constant®K pj ‘T inthe wave equations ifn-
deedequal to the phase spegd ‘Qof the plane electric waveBut what about the original vacuum
equations?Now (MV1) reads

TtA AT100 ii6 m lovah lova

and, consequently, it implies

i UAS
The third vacuum equation, (MV3), reads
e a w e TA
A T Al100 1to —38
T o

Therefore,
A & 13 i A 0BT Ti6 H
for somepurely spatial function g © s . Now, define (the constant)

’AHWBT n

as?2to obtain

Adp AOEBTo Tto H
where

A Uih "AUAS

The vacuum equations do not demand that k in all space; the only requirements on this
term are that it is solenoidal (that is, divergencefree) and irrotational. The divergencefreeness
follows immediately from (MV4) by linearity of the divergence operator andthe fact that’/A UT .
The fact that™H s irrotational follows from (MV2), as we will see in a momentThese are the

only requirements onHo ; any suchfield "Hd will work with the vacuum equations. In particu-
lar, any constant vector fieldHd is admissible.

The static field™H is to be interpreted as themagnetostaticbackgroundfield. Indeed, in the case
of a plane, monochromatic EMvavein an earthbound laboratory,

22 Notice that we may write— T A -1 A -1 A wherel h -T.
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Adv AOEIO ito

Add AOBTo Tto H
where "H> is the magnetic field of the Earth, which locally is constant to an excellent approxam
tion. We @an thus decompose the magnetic field to two parts: A OE1T 06 T to which is the
magnetic wave required to accompany the postulated electric wavA OE 10 T to, and a
static background part™H , which is not to be considered as a part of the EM wawhile study-
ing the EM wave, therefore, we neglect the background field, and so we 3¢ k .[Neverthe-
less, we will keep including a shaded termiHd in the equations to follow just to motivate the
promised resultn  "Ho ]

Now, let usmoveon. (MV2) gives
A1 A6 Tt 1 O T —8

But Ais known, so

A 7T AT1Go 1t n THO 1 F AAT100 1te8

In addition,
’” “ pn i ’” o TQT
A K— 1 At A 1 —
] ]
and so
Q. . oy e
1—AAI100|t0 n H 7°‘°7T AAI100 1 to
or

—' 7T p AAT100 1i6 n M8
Recalling thatHd k , we thus regain the result

= T o T p8

On the other hand, if we consider the static fieldHd [that is, stop neglecting it!] and recall that
the above relation already has been established, then it follovikat "Hb is irrotational , as prom-
ised. As indicated above, any constant fieldHd , such as the locally constant earthly magnetic
field, is solenoidal and irrotational, and thus provides a concrete illustration of the static b&e
ground field.

Conversely, if we hadbegun bypostulating a monochromatic, planewave, magneticfield, then
we would have obtained a solenoidal and irrotationalelectrostatic background field term, in
addition to the electric wave that need4o accompany the magnetic waw, that is

Ao AORHIO Tio HO

Adv  AOEBITO Tto8

field. Because it is irrotational, it is a potential field, and thus the gradient of a scalar potential
%00 . ButsincelntHO nt n%00d N %0 T, the potential is harmonic. That is, the static
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background field has to be the gradient of a harmonic function. Buhtis is exactly what we would
expect, becaus¢he electrostatic potential is harmonic (in vacuum)!

In any case (postulating a planavave electric field or postulating a planewave magnetic field),
the background term needs to bestatic; it may not vary in ime. This is because of the intea
tions between the electric and magnetic fields. Indeed, a timearying magnetic field would d-
fect the electric field (which we have already fixed), and, conversely, a timarying electric field
would affect the magnetidfield.

To summarize, we have found that
A -AgxAT 160 ANOAOCETT O AAITEO bPI AT A Al AAOOT T ACT A<

A A planeAfield wave must be accompanied with an equally plane magnetifield wave
(and vice-versa). These waves ar@scillating in phase

A A plane EMwave must be transversali.e.’A Ui and’A U1 . That is, the/Aand "Afields
are always perpendicular to the wave vector.

A The electric field(wave) is perpendicular to the magnetic field(wave),i.e.’A UA.

A An electromagnetic wavehas the constant phase speed—=8From now on, we will de-
note this speed of lighty the symbol®. This is equal to theconstant in the wave eqa-
tions (W1-W2) for the electromagnetic field

A 'O ®6.[This follows from™A K — 1 A ]

-Agx A1 180 OEAT OU OEOO CEOAO /A eledidringriett waveinEl Of O1 A
terms of fundamental physical quantities Around 1862, one knew the speed of light to a rease

able accuracy, and one noticed that was rather close to the(also known) numerical value of

pi “ T , which, combined with the newly published Maxwell theory, strongly suggests that

light is in fact an EM wave, anduring the years to come, all doubt was removed:ight is an ele-

tromagnetic wave!

2.5.1 TheBpeedbf Light

, AOGO OAOI I OA GEACETITAD UAECREEG®D | @B D1 U DPOAOAT A Al
@orgetdto motivate why one should setthe constant of integration™ k above]: As we have

seen,® pj T ° is thephasespeed of light.However,E O x th&phas&3peed of light that

was known (approximately) in 1862; instead, it was thespeed of propagatiorof an electromag-

netic signal This is the constantoin the wave equations (W1)(W2), but, again as we have seen,

this is equal to the phase speed.

Indeed, the wave equations (W1 W2) are satisfied inall of (empty) space, and so the eleatr

mag AOEA EZEAI A EAO O OAOEOAEU OEAI Al OBut@Ed OEAAS
fundamental theorem on the threedimensional wave equaton that any signal travels at the

speedc) no more and no lessVore precisely, we have

Theorem 6

Let 6 ofd be a scalar field in spac¢ime satisfying the wave equationd wn 6 Tevery-
where and the initial conditions6 ot~ %006 ando oht [ o . Then
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sofd — oYL P woqy

T“00 T OT“®O

whereY 6 nNa d® 0Ss O

The proof of this theorem can be found irfWalter, 2008, pp. 234238). Notice that the solution
at any given point ofd only depends on the value of the initial conditions a distancé @way
from the point. That is, information about the initial conditions travels at the speedb Since the
EM field at any particular moment of time can be used as the initial conditiona the problem of
finding the field at later times, it follows, for instance, that a beam of light has to travel with pr
cisely the phase speed of the electromagneticwave.
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2.6 Inconsistencies with Classical Mechanics

2.6.1 TheSpeed of Light

Let 0 be an observer standingat rest onthe ground of the Earth, and let be a passengein a

space shiptravelling with velocity "I with respect to & and the ground.Imagine that 6 fires a
cannon ball in his direction of motion. Relative tod and the spae ship, the velocity of the ca

non ball is“l. According tod, of course, the velocityof the camon ballis "l I, and the speed
0 O 0O.Thisis selfevident from aNewtonian point of view.

Now, letd fire a laser gun instead. According t@, the laser beam travels with speed. There-

fore, classically, one would expeab to observe the beam travelling with a slightly higher speed,

namelyd . Of course, sincé | 0, we haved @ @& and the difference is barely deted-

ble, if at allz but it is there. Nevertheless ET T x O Al AAOOT AUT AT EAOh AT A - A
very clear:relative to 0, the beamhasto travel with speed(fo, no less and no more.

The reader might think this is not a fundamental problem simply because light igrofoundly
different from matter, e.g.from a cannon ball Nevertheless,it is! Later on, when introducing the
special theory of relativity, we will see exactly hev fundamental a problem this is;the ramifica-
tions are overwhelming.Of course, sincev is such a great number, the discrepancy between the
classical expectations and the real case is most often invisible to us. But at high speeds, when
0L @ ceasesto bevalid,so doest @ @, and all the strange effects of special relativityer
veal themselves.

On a historical note the difficulty associated with the constant speed of lighas predicted by

-Agx Al 1 8 0O wd RidindnBrh the beginning. Thesuggested® i 1 O @asthiatéthere

existed a preferred frame of reference and that- A @x A1 1 8 O wekefbAlyleeEtly Valdl in

thisframe.4 EEO DPOAEAOOAA EOAI A xAO OO0ODPDI GAdatrasiin AA OEA
other words, ¢ was the speed of light relative to thé@ther$ and an observer not at rest relative

to this mysterious @therdwould measure adifferent speed of light,in accordance withthe class-

AAT OATITIT3ET ORT ORE 8WAOOE 11 OAA OEOI O6CE OEA OAOE
detect the slight change of the speed of light during the year. The midamous experiment d-

tempting to detect this variation was the MichelsoAMorley experiment of 1887 (Tipler &

Llewellyn, 2008)8 . I OAOEAOQOEI 1T xAO AAOAAOAAR EfmdsHAO8 41
completely abandoned.

2.6.2 The Galilean Transformation

The abnormal constancy of the speed of light is perhaps the most intuitive case against theneo

bination Maxwell + Newtonian Mechanics.On a less intuitive notea severe theoretical problem

with the same combinationis that MaxwA 1 1 6 0 ANOAOEIT 1 O AOA 11 & ET OAOE
formations. 4 EAO EOh E&£ - AgxAl 1380 AbddsH, therOthepddehot OAT E A
necessarilyvalid in any other physicalframe s _ 2! This, of course, is a major problemindeed, if

-AgxA1 180 ANOAOCETI T O AOA OAITEA ET AO 11060 1T1TA PE
are valid in your laboratory frame are practically zero. We now wish tgprove this. The simplest

way is perhaps to employ a proof by contradiction.

Let 1N 3 1 be asystem at rest relative to the laboratorythe unprimed system). Let there be
a stationary wire with constant charge density’ 1 [C/m] along the waxis carrying no electric
current. Placea test chargei Tmadistance’Q Ttbelow the wire, as inFigure 27.Let 2N 5 2
be a system with the same basis vectors but moving with velocity 00 relative to _ 1.
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Figure 27. A charge below a wire .

Assume that the electric and magnetic fields are A and ARA in 1 and _2, respectively.
&OOOEAOh AOOOI A OEAO -A@xAll 80 1LAMYERIGET T O AOA

—
¢'T Q

at the test particle (M2) and (M4) state that the magnetic field is a Laplacian vector field. But
(M3) requires more than that: since the electric field is irrotational, the magnetic field has to be
constant in time. Let us assume that there is no constant background field, that is, sAt
identically. Therefore, dl things considered, the charge will experience the force

~

¢ NA
and it will obtain an (instantaneous) acceleration

W P. N- n" .
H —¢ — A ———08

a a ¢l aQ
Now, according to an observer ins _ 2, thewire carries a constant currentg " "l which corre-
sponds to a scalar current ofO sls " UTherefore, in addition to the electrostatic field

given by (M1), there is also astatic (because of (M3))non-vanishing magnetic field, given by
(M2), namely

A 5 8
e

In addition, since the test charge is moving wittvelocity I with respect tos _ 2, it will be af-
fected by this magnetic field and sathe charge will experience thetotal Lorentz force

E NA 1 A
and thus the(instantaneous) acceleration
W P Ney  Novy "R . n.. ‘0 "/ . nbQ
H —¢ —A =1 A a0 VO = o A
QA A cu d Q Q v cu (9 cn & Q cu Io( B
r’] ” . . ' Ill 1(‘) ‘ .
Y ‘ H —0
C“T a Qp U T O cil a Q
But since 1 and _ 2 are both inertial frames,H ‘Has geometric vectors(and in this casethe
components haveto agree, too) Therefore 0 1. But sincey 1" 1 andbv T[and,
of course, 11, this is a contradiction.
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7TEAO0 EAOA xA OEixle 7A EAOA OET x1 OEAitetia ELA - AQ
frame, they arenotvalidin OAT U8 ¢ AO 1 A A GhfranieButAidcd dtinvon $efsE A O
requires all inertial frames to be equivalent (since it is highly dubious to think that the frame of
ITTAGO DPAOOI T Al giveA fradmd G imayit) we Bavedthus shobvn that A@x AT 1 60O
equations cannot be the trutljunless there is something very strange going dainstein, however,

xAO AOAOGA AT1 O6ceE O NOAOOEIT OEA OATIT 111 OAT OA

0
OEA AOOOI POEIT 1T OE Adeinfé&w@alid bnd thad it id tNelcAndbrhséns® Gal
lean transformation that is at fault. Indeed, as we shall see below, when one considers relativistic
AEEAAOO OOAE AO OEI A AEI ACGEITT AT A 1 AT COE Al 1T OOA;

any inertial frame.

Exercise: Motivate why the discrepancy illustrated above is very small in a typical
every-day experiment.
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3 Special Relativity

xEEAE xA xEI

T Adh

&, ECEO #i

4EA
chapter, is perhaps the most important visual aid in unde

standing the geometry of flat spacetime.

Figure 288

r-
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3.1 TimeDilation

Contemporary texts on special relativity tend to base the introduction on the s Al TGA A
A A1 A @xabes dclude(d'Inverno, 1992) and (Ludvigsen, 1999) This is probably a clear
and stringent approach.The current author, however, feels that this approach obscures the
physical insights that underpinspecial relativity, and will therefore presentthe subject in a more
classial manner. For the remainder of this chapter, a physical reference frame is assumed to be
inertial, unless the(possibility of the) opposite is stated explicitly.

(@]

Let s _ 2 be ahigh-speed aeroplanein which we use amathematica frame _ 2. Let there be a
combined light emitter/detector E/D positioned at the floor, and a mirror Mon the ceiling right
above E/D. Let the height of the cabin, or, more precisely, the distance between E/D and M, be
"Q 1 Suppose that the emitter emits a light beam at timé@ 1. The beam will reflect in M and
be detected by the detector at a later tim®& Y, that is,”Y is the length of time that pass b-
tween the emission and the detection of the beajmas measurednside the aeroplaner&‘)@ AO EI
Oekoplaned. Since light travels with the constant speedd and the total distance travelled isg "Q
this durationis"Y ¢ K.

On the other hand, according to an observer stationary with respect to the groursd_ 1 [mathe-
matical system_ 1], the aeroplane travelghorizontally) with speedb 1 Again, let the beam be
emitted at time 0 T, and let the detection happen at tim@& Y, according to the stationary
observer"@ A @6Quidf. During this time, the emitter/detector E/D has moved a distance
‘O U"Y. Therefore, as perceived by this observer, the beam of light has travellatbng two of
the sides ofan isoscelestriangle with height "Qand baseO, as inFIG

M

Time

Eo oy D

Figure 29. A beam of light in a moving aeroplane .

Classically, we would say that the speed of the light beam has increased; indeed, the velocity still
would have a vertical componenﬂ), but also a new, horizontaglcomponentv, so that the speed

would have increasedto w 0 &, even though thedifference would be very small even for
ahighOPAAA AAOI pi AT A8 " 0O AAAT OAET ¢ Oi o-Pemd. Al 1 80
Therefore, the stationary observer will find that the beam has travelled a distance?

Q ¢ — "Q with constant speed®. Consequently, the elapsetime satisfies

23 We assume that both observers agree on the distance between the emitter and detedeing equal to

"Q Notice that the displacement vector between the emitter and detector gerpendicularto the velocity of

5. ¢ OAIl AQE dter éhiwe will see that distances with a nozero component in this later direc-

tion are dependentuponOEA T AOGAOOAO AOA 61 O1I AT COE Ai 1 OOAAOQEIT168Y
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Y Q8

¢ UY
C

Sale}
e-

Notice that an observer in the aeroplanes 2 and anobserver stationary with respect to the

ground 8 _ 1 disagree on how much time that elapsed between the emission and the detection of

the light beam¢r EAE UT O AT 180 OYdearld defeddson b, iwhlg & Aloedriotlh O

#1 AAOI Uh OEEO Al AGOEAAT OAAOOOAEOUSE OOAAd-O £&EOIT I
tween different inertial frames of reference.

But if we are to believe in the validity of the Maxwell equations, and, in addition, not bente

pered to restrict the validity ofthe ANOAOET 1 O O1 AT U OPOAAAOOAAS AOAI
not an absolute thing.

This forms the basis of special relativity. In fact, Einsteipostulated

9 Ay aidSAy ect SpecabRélautitf ( S
1) Everyinertial frame of reference is equivalent to any other inertial frame of referencény
pair of inertial reference frames is characterized byheir relative speed.

2) Contrary to classical expectationsnianyinertial reference frame, the speed of light i&.

As we have seen, thespostulatese | b1 U OEAO OEA OOAOA 1 &£ OEI A8 EO
7A xEI 1T 11 x"Y®&bneGikplejaltyahira yidlde

QY

oY
w &Y
C

8.

Since”Y mandTQj® T wemusthavep 0Djo ™ 4EAOAALEI OAh %wET OOAET
inevitable requires

0 N |

in other words, the speed of an aeroplane, as measured from the ground, is forbidden to equal or
exceed the speed of lightRecalling that’Y ¢ I we end up with

Y T O0O"Y
where the Lorentz factor
fo R = P
0
P 3

essentially forms the quantitative basis of special relativity We remark that 0 is very close to
unity for all every-day speed$s, and soNewtonian mechanics is an excellenapproximation in
these casesHowever, for high-speed patrticles, the speed of which might come close to the speed

EO 117 1ATCOE Ai 1 OOAAOETIT DPAODPAT AEAOI AO Oi OEA AEOAAOQE
for any, either.
24 EA OAT OAT AA OOAOOEDAI d0OBY BAEOERELEEDOADOEAI 1T &£ OEA A

that this is an implicit assumption that is worth making explicit.
25 You have to sit down and computg 0 for some differento N 1w to get a feeling for it.
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of light, the relativistic effects become quite apparent. In fact, 0 © Hbas0 © @, subtly re-

minding usthat there cannot be any speed greater than the speed of light.

AEA DPEUOEAAI PDPEATTIATTT OEAO OEtike daidneAdzue OEI Ab
apparently z is characterized by the fact that moving clocksick more slowly than stationary
clocks.Very concretely: Supposehat you have two atomic claks that you synchronize, and that

you keep one of them stationary at the ground while the other is placed in a higipeed orbit

around the Earth for a few lap$é Then you bring it back to the stationary clock, and you co-

pare their readings. You will findthat the clock that has been in orbit will have recorded fewer

ticks than the clock that has remainedtationary 2’ This has been verified by eperiments using

atomic clocksz8

We wish to make the notion of time dilation more precise. To this end, we considtwo frames

of references . 1 and_ 2. Let_1 be an airport on Earth, while_ 2 is a spaceshipAssume that, at
the origin of each, there is an observer carrying a clock. Assume that the spatial origing dfand

_ ¢coincide at some time, that is, the spaceship is standing by on the airport at this time. Assume
also, that the spaceship is set on a journey to interstellar space, and then returns to Earth after
some time. At this time, the spatial origins of 1 and _ 2 once again coincide. The observerta
tached to the ground ( 1) will say that the ship was away for some timé&Y, while the observer
onboard the ship will say he was away for soméme Y.

The clock onboard the ship is measuring thproper time of the ship (_ 2), while the clock on the
airport is measuring the proper time of the airport ( 1), where we have used

Definition NN

The proper time of an observer is the time displayed by a clock always carried with the observe
In particular, this means that the tock is always at rest relative to the observer, and that the
clock is always at the same place as the observer.

._1

v

26 This seemingly simple thought expriment is deceptively complicated, for neither the reference frame of
the ground nor the frame of the orbiter is an inertial frame. Let us assume that this is not a problem. Then,
since the Earth is rotating around its axis, anticlockwise as seen from almthe North Pole, a point on the
AOOEBO ANOAOI O B O] tbthefehsC wherEYO Btisd dgdatorial radius of the

Earth, and] tis the angular velocity. Thus, a point on the equator will experience time dilation relative
to the inertial ambient space because of the spinning of the Earth itself! In addition, if an equatorial aer
plane is travelling eastwards with speed)  Trelative to the ground, then it will suffer from an even
stronger time dilation than a fixed point on the equator Indeed, relative to the inertial ambient space, its
speedisY] 0. On the other hand, if the aeroplane is travelling with speeal® Ti'Y] to the west, it
xEl1 AT i1 DAl OAOGA &£ O OEA %AOOEG6O O OAOET Tabcogarkd xE1 1 Ag
to a fixed point on the equator, everything as perceived by the inertial observer above the North Pole.

27 |n this sentence, where we state that the aeroplane will suffer from a greater time dilation than a fixed
point on the ground, we assumehat it is either travelling to the east, or is travelling to the west with a
speedy ¢'Y]. Simply put, we say that the aeroplane is travelling with high speed as compared to the
Ol OAGET T 1T &£ OEA %AOOEh xEEAE x Aproblam tBat dth thd clockioMAO8 | O A
the fixed point on the equator and the clock inside the aeroplane are accelerating? Maybe. But ekper
mental verification tells us that this acceleration does not invalidate the effects of time dilation. And, clea
ly, you candevice thought experiments that involve no circular motion at all, if you wish.

28 In October 1971, four caesium beam atomic clocks were flown around the world in commercial jet-ai
crafts, both eastwards and westwards. They recorded time dilation effectspposite in the two directions,

to a high degree compatible with the predictions of special (and general) relativity. The results wereer
sented in(Hafele & Keating, 1972)and (Hafele & Keating, 1972)
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The proper time of a mathematical frameof reference is the proper time ofan observer always
sitting at the spatial origin of the frame. Inparticular, this means that the clock, carried by the
observer, is always at rest relative to the frame, and has always the same spatial coordinates
with respect to it.

Let us now formulate a precise result on time dilation:

Proposition7

1 0001 A %pobt@afed Ednsdider twanertial physical framess 1 and s _ 2 with relative
speedv. Let"Y be the duration, as measured i _ 2, of a process, the starting and ending events
of which occur at the same spatial coordinatein any chosen mathematical frame 2N g 2.
Then

YT O0Y

is the duration of the process as measured in any systeni™ g 1.

This is what weproved above, but the hypothesis can be slightiyweakened

Proposition8

Lets . 1 and s _ 2 be anyinertial physical frames with relative speedd. Choose mathematical
frames 1N s _1and 2N s 2 in standard configuration [that is, 7| 00]. Let. 1 and. 2 be
two events with the same wcoordinate in _ 2. Let “Yand Y be the duration of time passing [e-
tween theeventsas measured in. 1 and _ 2, respectively. TherdY [ 0 Y.

Proof

Let 1~y 1 (the ground)and 2N g 2 (an aeroplane)be in standard configuration with rd-
ative speedu. Let there be a photon emitter atsome point insidethe aeroplane, and a detector a
distance™Q tfrom the emitter, but at the sameancoordinate. Let. 1 and. 2 be the emission and
detection events, respectively. As seen inside the aeroplarnibe photon travels a distancéQwith
speed(B; thus, the duration between 1 and. 2 is Y Q(I) As seen from the ground, the di
tanceis Q L "Y, because being a displacement perpendicular to the relative velocityQis
the same thus, the duration between 1and. 2is”Y & 'Q 0 "Y , which issolved to yield

———

Y Q@ w 0 .Therefore,

0 Y

\

Y
YoH 0

as promised. u

We cannot, however, remove the hypothesian the events entirely

Observation9
4AEAOA AQEOOG&G A #ndri#Ephysieal frames with relative speedd and a pair
..ph I £ AOAT 00 O OWoEtwebrttie @veritsEad measdediisd i hrid the du-

ration Y between the events as measured s _¢ satisfy

Y I 07Y8
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Proof

Choose two mathematical frames 1N g 1 and 2N 8 2 in standard configuration. Emit a
photon at time® 0 Tt at the common origin in thed direction. This is the initial event. 1.

Let there be a detector at coordinatesc it inside the ship (relative to _ 2). Let the photon be
detected at timed  &(relative to _ 2). Thus, the detection event has coordinateséo frft in

_ 2; this isthe final event. 2. According to an_1-bound observer, at the timed  0®f detection,
the detector is found at coordinateca Thus,the coordinates of 2 are o&dTiTt relative to _ 1.

Notice that the lifetime of the photon, or the duration of the process with initial and final events
.1and. 2, is®OAT AOE QAnd&D A 1sA O E (.ANotidd alsas that Proposition8 does not

apply since thewcoordinates of. p A1 differ 5T _ 25 Assume that¥ [ 0 &Panyway. Since
the speed of light i in both systems,

W W .
» »
which, since® [ 0 oF implies
W T oW
independent of®, which is absurd [think about the casg 0 * p]. Therefore,0d [ 0 o4 4

We end thissubsection with a simple observation.

Observation NN
Inside any given, inertial, physical frames _ of reference, time is absoluteTo see this, imagine

OEAOh AO AOAOU DI ET O ET OPAAAh OEAOA E.Ghedel
observers can, at any time, synchronize their clocks in a very simple way. First, they need & d
AEAA 11T A OOAAI 1 AAAAOSGh AT A OEAT AOAOQIoMA
the team leader. This can be done by means of a ruler, in prin@plNow, to synchronize the
clocks, the team leader resets his clock at the same time as he emits a flash of light in evéry
rection. Each team member will see this flash at some later time, and when he does, he resets
clock. To compensate for the lightravel time, he then subtracts an amount o€j ¢ seconds from

his clock. Now all clocks are synchronized.

Consider now any two events, 1 and. 2. At the spatial position of 1, fortunately, there sits a

team member, who makes a note about the currertime of the event, according to him. He can

then OAOT AAAAOOS OEEO OEI AOOAIi ph OEAO EOh Al E
seen by all other observersThe same applies to 2.

This way,anyi A OA OO A €an Edasure the durationd between any pair of events. In add
OEiTh EO OEI O A AA Al AAQ dbes thésamerrl olfdding the valud B
theno 0O.

3.1.1 Nonnertial Frames
Of course, a general reference frame is not inertiaStill, Definition NN applies:evenif a clockis

I AOA

Al

his

Al

AAAAT AOAOAAR EO xEI T OE A Edefined i We @il Assudd et na@d O DA O

strange physical effect reveal itself when a clock is accelerated. Using this assumptisoime-
OEIi AOG AAI 1 AA OE Ave ®dyiapplokmate b Plrr@y With B énobth but non
constant velocity function by a journey with a piecewise constant velocity function.
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To make this precise, let 1 be an inertial frame, and let 2 be the frame of a spaceship, not ge
essarily acceleratingWe will use 6to denoteproper (or OAT T OAET A OlAahdtto@ehdtedd E 1
proper time of _ 2. We wish to find the relation betweent and 0 at any time inside some arb-

trary interval o o of _ 1 time. To this end, we use the clock hypothesis and partition ¢hinter-

val 0 on the 1 coordinate time axis into small parts Oh of ,"Oh 6 h 8h
'Oh 6 M wherem 6 o0 E 0o 0 O.lIntroduce 3h I A@ * "O where

“ ¢t h @ cas a measure of the fineness of the partition

Let 6 0 denote the relative speed between the frames at timarelative to _ 1. Consider some
interval "Oof time,p  "Q 0. In this interval, the relative speedand velocity) is, assumings- is

small enough, essentially constant, namely 0 . Let >t be theincreasein the proper time of

_2inthis interval of _ 1 time (so that,classically,at * "O). Then, using Proposition 7, which
holds inside this interval since (1) _ 2 has constant relative velocity relative to an inertial frame
and thus b inertial itself in this interval of time, and since (2) the clock at the origin of 2 has

constant spatial coordinates relative to _ 2,

3 ——* 0

and, therefore,

[ 60
But the error should (this is the ®lock hypothesisj tend to zero as>© Tt Thus,

P

——Q0
[ 00

and we have proved

Proposition NN

Let 1 be aninertial frame, and let 2 be any frame (inertial or not). Let the speed of 2 relative
to_1bed O atproper time orelative to _ 1. Then anamount

p

——Q0
[ 00

of proper time is measured in_ 2 between timeso and o relative to | 1.

Corollary NN

Let 1 be an inertial frame, and let 1 and. 2 be two events both taking place at the spatial
origin of _ 1. Let_2 beanyframe of reference, only restricted by the requirement that 2 and. 2
both should take place at the origin of 2, too.Let dand T be the proper times spent between the
two events, relative to_ 1 and _ 2, respectively. Then

o 18
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Proof

Let 1and_2 beas in the corollary. Let the time coordinates of 1 and. 2 bed and o, respec-
tively, relative to _ 1, where6 0 .Thus, 1 finds the proper time between the events to equal
0 0. But using Proposition NNan amount ofproper time

p

\

I 00

T Q0 0 o

will pass between. 1 and. 2 relative to _ 2. 4
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3.2 Length Contraction

Suppose that a spaceshimakes a journeyalong the straight line from the Earth to VegaFor
simplicity, we assume that the ship travels with constant speed relative the galaxy[or some

I OEAO OOGE OA A1 AR ohSehvArAatta3tOdiative ® tha galaxy will measure the timéy
of the entire journey, which he observeshas length'Q  0"Y, but the captain of the ship will

experience a smaller duratia of the flight, namely,”Y —"Y Y, according toProposition 7.

[The spatial coordinates of the captaid O /ufe A& €ame at both the start and the end of the
journey relative to the ship.]In addition, since the captain and the earthbound olesver agree on
their relative velocity being 0, the captainmust conclude that he has only travelled a distance
Q
Q oy oy o2 P o s
[0 Fo 0 T 0
Hence, the captain observes that the galaxy shrinks as he zooms acros$liis islength contrac-
tion. The length of an object thus dependapon the observer. Thegreatestlength of an object is
called itsproper lengthand is measured in theest frameof the object.

There is a rather beautiful combined illustration and physical verificationof the phenomena of

time AET AGETT AT A 1 AT COE AT 1 OOAAOEITh TAIAld OEA
phere. Muons are formed at high altitude by particle reactions initiated by cosmic raysHow-

ever, the altitudes we are talking about are in therder of magnitude ofseveral thousand meters

above sea level, and the mean lifetime of a muon is ordipout 2 ps.Hence, a typical muon with a

speed ofo 1o way (Tipler & Llewellyn, 2008) would only survive for some 600meters. There-

fore, classicallya muonreaching the ground should be aery rare event,something worth cele-

brating by a huge party, reall\g°

However, the particle will experience very strong relativistic effects due to its high speedFor-
i ATT Uh1obRAOGEA COI_Q@tndrast flarhefof asmuon, in which the muon is at rest; in
particular, the muon has constant spatial coordinates in any frame2~ s _ 2.] The Lorentz fa-

m

tor; 0 p @whichisreally huge.Infact, A0 T £ OEA [ 08118 O30uEEakh AT OOAO

time. In 32ps, a particle of speed T wapwill travel a distance of 9.5km! Hence,many mu-
ons should make ittothegroundf T OEA T OEAO EAT Ah &£OT i OEA 1011
live a mere couple of microseconds. However, thdsance from the point of creation in the -
per atmosphere to sea level is reduced by length contraction by a factor@ff 0  —; thatis, if

the distance to the groundis9.%1 h OEA 1 &1 1 xEiI1 1110 O&F£AAI 8 OEA

Physical experinents have confirmed that the observed rate of decay of muons do indeeded
pend on their speed see, for instance(Rossi & Hall, 1941) Many aher experiments have also
confirmed the predictions of special relativity. In fact, special relativity is usedlaily in applied
physics and in everyday consumer electronics. Hencepday, special relativity is a verywell-
establishedtheory.

We will makethe spatial analogue of Definition NN:

29 When cosmieray protons hit atmospheric atomic nuclei, pions are created. Very soon (within meters),
these decay into muons and neutrinogWikipedia contributors, 2011)

30 If you plan to serve CoceCola at the party, plase make sure that the temperature of this beverage does
not exceed the upper limit of 4°C. [And, of course, it has to be served in liquid form at approx. 1 attnh. a
mospheric pressure.]
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Definition NN

The proper length of an object is the length of the object as measured in the rest frame of t

object.
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3.3 The Lorentz Transformation

Lets _1ands _ 2 be two physical frames of reference [think of the ground and a spaceshig-r
spectively], with relative speed0, andchoose two mathematical frames in standard configa-
tion, 1Ng land_ 2N 8 2.

We want to find the relativistic transformation that supersedes the Galilean transformation ¥
1 A0S O v.ATAuk,lif ofef@ are the coordinates of some event relative to 1, and if
o hwhohx  are the coordinates of the very same event according to an observer i, then

v dofvhy ohohohy 8

Just like the case of the Galilean transformation, this transformation has to be lineand it is
given by

Theorem 10

The relativistic transformation ¥da © a of the coordinates of an evenbetween two frames
with relative speedu in standard configuration is

. . . Lw
(0] [ v 0 —
B
W L ®w 0O
W
o «
where[ U p Uj® I is the Lorentz factor.

Proof

Let _ 2 be a cubic spaceship with the orign somewhere on the rear side. Fix a poird inside the
ship, at coordinates chdTt in _ 2. Assume that a photon is emitted in thé direction at the
common origin at time® T, and that this photon has reached the detector a@t at time o &4
Thus, in_ 2, the coordinates of the detection event aredw it . Assume that the detection
occurs attimed odh _ 1. According to an_ 1-bound observer,d is then located at position

W oaas PO
w LW ——w
[ v

because the ship has travelled a distanaexand the proper distancew between the emitter and
detector inside the shipis contracted by a factor of v . But this isa part in the sought trars-
formation, namely

® [0 w LB
Nows3t, since. 11 T OA O x E O B rel&iGeRdd &, Ah& inverse transformation has tdanclude
® 0w L8
Solve forw in this last equation and equate the expression with the forward transformation to
obtain an equation ind&and @which is solved with respect toddto obtain

1) O OEEO bPi ET Oh EO EO &Al bwdsinte@ED*x OERCOUHARDERABADAEADE
andoE O OEA Qipb£AORAI DE ABIA OET O1 A AA OEI A AEI AO&i T8 "U A

OAT OU OOAT O&I Oif AOGET 168 7TEAOA 1 EAO OEA A£AOI O ET OEEO C
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P . T U, s v aa [ OU
— W —W [ VLW VLW —
[ DU L w

Therefore, sinced was arbitrary, and since v Gas2to mapw @andd & we have shown
that any 1 coordinate quadruple dofuid has the corresponding. 2 coordinates © o fo hx
given by these four relations, which thus is the sought transformatiom. 4

A relativistic coordinate transformation between two inertial frames with coinciding spatial
origin at the common origin of time is called a_orentz transformation The transformation of
Proposition 6 thus is the Lorentz transformation in the case of standardonfiguration and rela-
tive speed0. Notice that, if 2 moves with speed 0 relative to _ 1, then_ 1 moves with speed
Z0U relative to _ 2. This means that the inverse transformation is obtained simply by changing
to z U in Proposition 6.

Exercise: Deducethe phenomena of time dilation and length contraction from the
Lorentz transformation alone.

3.3.1 The Velocity Addition Formulae

In Newtonian physics, a particle moving with velocityl in _ 2, which in turn moves with velocity

"I relative _ 1 will be observed to move with the (geometric) velocityl "I relative _ 1. But then
we saw that a light signal does not follow this law, which is frustrating. We will now derive the
relativistic velocity addition formulae from the Lorentz transformation, and we will find that the
(components of the) velocity of a photon transforms according to the very same set of formulae
as ordinary matter, thus confirming the consistency, not to mention beauty, of special relativity.

Proposition 11

Let 1and _2 be in siandard configuration with relative speed0 and denote by 6 o v the
components of the velocity of some particle relative tg 1, and let 6 b b be the comm-
nents of the velocity relative to,_ 2. Then

. 6 U
(0] T ————
p 0w
o]
r0p OU®
o]
rop OUW
where[ U p 0jo | isthe Lorentz factor.

The asymmetry between thewdirection on one hand and thewand & directions on the other
comes from the choice of the standard configuration, where the relative velocity 00.

32 This is rather an assumption. The case is this: we have found that the Galilean transformation cannot be
valid, and so we must device a new transformation that is valid. The most natural approach is to alter the
Galilean transformation as little as possile and only tweak it so that all contradictions disappear. Expeér
mental verification tells us that we need no more tweaks than this.
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Proof

Differentiation of the Lorentz transformation (Theorem 10) yields

. s U0
D T VLQ0 —QW
w

QW [ VQW LILQO
W Qw
Q4 Qa
and so
. Qv [ VLQw LIDQO0 QW LQO0 gy Y o] v .
° ® o 00 0s 00 Yoo, V00, Ug "
[ 0 Qo 5 Qw ® 6] 00 o
5 w Qw 00 0
(0] .. OO ) LIV QW \ Orov ,
rUQod)Qwru (;)’QC‘JFU (bo
and similarly with ¢ . o
Example 12 f

- Let _ 1 be some inertial frame, and let 2 be a spaceship travelling with speed relative to _ 1, -

and assume standard configuration.

7 1) Assume that_2 fires a cannon ball in thed direction with speed 6 . Let0 T8t @ and

NN NN

s

6 T®®. Classically, 1 would observerthe speedd 0 6 T ® T T WX nl’n)ﬁTO{

of the ball.Relativistically, however, we findd 1 T X v TiiTChU@INg Proposition11. .

2) Assume that 2 instead fires a photon (laser beam) in thed direction with speed (of
course)6 . Classically, 1 would observe the speedd 0 6  p8t @ of the photon. i
Using Proposition 11, however, we findo 6 ®, as expected.

>

Corollary 13

Let 1 and _2 be inertial frames with relative speed0 @ in standard configuration. Let
T & & beanyspeed as measured in2. Thend ~ ®.

Proof
6 U @ . @ 0 . , ..
— -t = Ww———-—— Th 1o N
p OLjw w 0o
sothaté m ¢ is a strictly increasing function. Butd6 & @ andthe corollary follows. o

3.3.2 The AcceleratiomransformationFormulae

In Newtonian physics,H ‘Hfor any (geometric) acceleration vector. In particular, in standard
configuration, even the components agree between the framds. special relativity, we have
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Proposition 14

Let 1and 2 be in standard configuration with relative speed) and denote by & i hid  the
components of the acceleration of some particle relative to 1, and let & O hid be the can-
ponents of theaccelerationrelative to _ 2. Then

P
[0 p 6V
P . oV
() —® —®
; 0 P ov (:)F 0 P ov
W W
. P . (Ol .
W — @ —
o op 22 or v op 22
W W
where[ U p Vj® I is the Lorentz factor.

Proof

Differentiation of the velocity transformation (Proposition 11) yields

. v | . 6ouv ouv ® 0 .
» =6 0 p — p — B —F——FFD
w ) w . o0
w
P o
ro o
W
It is still the case that
. . LTO
O [ VLQ0o —Qw
w
and so
. D 9] ™ TQo
D 80 e WUhge p oy p 90 LR
S o P o P oo
)
—38
ro o =2
)
Next, we find the differential
- : I:)D(') oL - ™ N
o0 P "0 p 600

thus
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[94] 0o . (94)
W D — ‘ (05 . :
Of 0 p 22 Qo 20w [0 p OVjWw QO —Qw
W ) W
Lo o 0o
T < é l‘) l‘) ’Q(,‘O Q (‘) \ ;- % l‘) ’QQ)
- a7 U 0O VU w )
w0 P T P The [ P ] P TTQo
0o W
T 0 p 6U® 8
x . oJ0)
Wl U —
r P
Of caurse, thed component is found in a perfectly symmetric manner. 4

3.3.3 Relativity of Simultaneity

Let 1N 1 (the ground) and_ 2N 8 2 (aridiculously high-speed train) be in standard co-
figuration with relative speed 0. Assume that the train has proper lengttib ¢ d , and that it
passes through a barn, stationary with respect to the ground, of proper lengtfb ¢ 11 /b
Choosed T@®®.4 EAT h AAAT OAET ¢ _Qjthe feigth bfAh® kai@A OU BBI &
p ¢ . That is, the train fits inside the barn, so that, for a femtosecond or so, when the rear end of
the train has justmoved inside the barn,the doors of the barn can close without even touching
the train, which is thenfully enclosed by the barnThe farmerdoes this, and it works.

However, from the perspective of an observer inside the train, the train has lengifb ¢ ¢ ,
but the barn has shrunk to a meré OJb p N .Thus, when the rear side of the train has
just passed the left end of the barn, the ént is already outside the right end of the barn, and so
the doors cannotpossible close at that time.

This is not a contradiction. Let the train start ato  1mand end atw  Jbin _ 2. Similarly, let the
barn startatw Tmand end atw Jbin _ 1. Then, attimed 0 T the rear end of the train has
just entered the barn.Thus, the event 1 when the rear door is closed has coordinatestririrt

in both systems. In_ 1, the front door is shut at the same time as the rear door. Thus, the coérd
nates of the event 2 of closing the front door are ThVbirdTt according to a_ 1-bound observer,
the farmer, say. But the brentz transformation, Theorem 1Q then states that the coordinates of
. 2, as seen by the train driverin 2, are @ 00 Jbli 0 /binfm o @ d hfi. That
is, the front door is not closed at the same time as the rear door, the train driver findgt is
Al T OAA O11T1¢cé AAAEI OA OEA OAAOatdl A Inifa@ whéhAhe OOAET
front door is closed, it islocated 23 meters ahead of the rear end of the train, that is, an entire
metre in front of the train!

The aboveGedankenexperimergxemplifies

Proposition 15

Let 188 _land_ 2N 8 2 bein standard configuraion with relative speed 0, and let. 1 and
. 2 be events occurring simultaneous in 1. Assume that 1 has coordinates mivtrivt and that
2 has coordinates dfuhig, where 8 11, all relative to _ 1. Then. 1 and. 2 are simultaneous
in_2ifandonlyif o morv T
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Proof

Assume the hypotheses of the propositionThen the coordinates of 1, as seen in 2, are also
rtrtrdt . In particular,. 1 happens at timed  Ttin _ 2. Let&ddenote the time coordinate of 2
relative to _ 2. Then. 1 and. 2 are simultaneous in_2 if and only if&d 0, thatis, ff0d 1 As
seen from thelorentz transformation (Theorem 10), 0¥ 1y o3 0Gj O. Butdd Tso that this

is equivalentto @ T~ UL TT. o

A well-known Gedankenexperimenillustrating the relativity of simultaneity directly from Ein-
OOAET 6 Oschricad® @dilvdad Vehicle moving at high speed across a platform. At theery
centre of the car, a persorsimultaneously emits one flash of light in the forward direction and
one in the reverse direction According to this person, the two walls of the car are hit by the light
simultaneously. However, according to an observer at rest on the platform, the speed of light is
still & in both directions. Therefore, snce the speed of light is finite, and thérain is moving for-
wards, this observer will notice that rear side of the car is hit by the light before the front side is.

119314



Physics Done Right, an Attempt

3.4 Dynamicsin Special Relativity

In this section, we will discuss the dynamics of special relativity, particularlyhe concepts of
momentum, force and energy In the next chapter, we will develop a more beautiful version of
the dynamics using fourvectors on spacetime, but for now, we will still treat space and time in a
more classical manner and rely only on thre€eomponent spatial vetors.

3.4.1 RestMass

"U OEA OiI AOGOGS 1T &£ AT 1T AEAAOh xA T AAT OEA 1 AOGO
this way, the mass, also called thevariant mass or therest massis the same in every frame of
reference. SeHlevident or not, this is wath pointing out, since the related concept ofelativistic
massis sometimes used insteadand this quantity is framedependant We will return to this
subjectlater.

3.4.2 Momentum
We will now investigate momentum in relativity. Of course in any given inertid physical frame
8 _, we could determine the rest mass and velocity of a particle (or system of particles), and

AO

computeBa "1 . Then wecoudAAT 1 OEEO OEA Oii1i A1l 6616 T &£ OEA b

the concept will only be useful in special relativity if it is a conserved quantity here as we8o, is

it? In relativity, Nex OT T 8 O 1 AxO AOA 11 0 bligiatatdethadiheybantiyl A OT  (

is conserved. In fact, we will show that, in general, it isot.

Let us consider the simplest example ofrainelastic collision we can imaginer 4 EAOA nEO 11

bl A8 AgAi i A 1T £ A1 Al AOOEr#ght dolv ifor the®dadon givénBefod] E O
Let A and B be twddentical billiard balls of massa with velocities I 00 and "l 00, re-
spectively, about to collide at the origin = AOAOUOEET ¢ AO OAAT~sEOWE Al
will use a tilde to denote a postollision quantity. Thus the postcollision velocities are

‘| ‘| . Then, clearly, as seen from1, Newtonian momentum is conserved.

Now consider a different frame_2~ g 2 in standard configuration relative to_ 1 with relative
speed0 06 equal to the precollision speed of A. In other words, 2 is the pre-collision rest
frame of A.According toProposition NN, the 2 pre-collision and postcollision velocities are

. co

o
e{o

and
“| ooh "l 00 8

Consequently, the totaNewtonian momentum changes from

cao ca o,
a ’l —0 —0
o > o =
1) 1)
to
G ‘1 G @ ch 6 8

Thusthe absolute change
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sl sh a "l a1 ca o

and Newtonian momentum isnot conserved in_ 2. (Even thoughz of coursez it is conserved to
an excellent approximation at everyday speedd L .)

Now, this example is a bit special in that the collision is totally inelastic. Of course, speciakrel
tivity does not forbid inelastic collisions, butin a later sectionx A xEI1 I OAA OEAO
happen in such collisions (wherrelativistic effects are taken into accounj. Perhaps Newtonian
momentum is conserved in relativity as well, as long as we restriabur attention to elastic coli-
sions? Obviously, such a restriction would seriously diminish the usefulness of the concept of
Oi 11 AT OOI1 6h Arexdthat Aot eveh iinithis @#A festrictive class of experiments is
Newtonian momentum universally conserved. To show this, weannotconsider any of the sin-
plest experimental setupsfor elastic collisions in which two identical balls A and B have opp

site pre-collision velocities 1 and “I ‘I and collide at the origin at which point they e-
verse their velocities so that’l ‘I and”l ‘I .The reason is that,m such an experiment,
the pre-collision situation is identical to the postcollision situation as far as velocities are ao
cerned. Indeed,”l I and’l ‘I , so theidentical balls merely swap velocities. Therefore,

momentum will be conserved almost no matter how it is defined (e.g., the quantity
Ba "I OE 16Es conservedin this collision).

Therefore, we need toconsider a slightly more complicated setup. One possibility is this: Let

¢ h 1 O

where ¢fto Tt Thus, A is moving to the righand downwards, while B is moving straight -
wards. Let them collide at the origin.Assume thatNewtonian momentum is conserved; for n-
stance, letthe post-collision velocities be

I ¢d oh Tl 08

This collision is clearlyallowed in Newtonian mechanics indeed, it is headon. Now let_ 2 be in
standard configuration relative to _ 1 with relative speed0 @ In this frame, the precollision
velocities are

€
e

5 oh | (i) mo
W -
f P T
while the post-collision velocities are
| 5 oh I 00 mo 8

Therefore, thepre-collision total Newtonian momentum is
a’l ——0 aw mo
@ p

eie

and the postcollision momentum is
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& o L. W,
a ’l —0 Ww ——038
o op R
w

Clearly, thewcomponent of momentum happens to be conserved, but thiecomponent changes
from

- - m
O e &
W
(sincecfoin ) to
& aw aw &
) . ()
2 [ W -
o P w O

and soNewtonian momentum is not conserved in_ 2. That is, noteven in totally elastic coll-
sionsis the Newtonian law of momentum conservation validClearly, we have to abandon the
Newtonian momentum B & "I . Although momentum so defined is a universally conserved gona
tity in all every-day situations (to experimental accuracy) we have seen that strict universal
conservation is impossible in general when relatistic effects aretaken into account

However, all is not lost. It turns out that there is quantity that is fundamentally conserved even
in relativity theory, and that tends to the Newtonian expression for momentum in the Newtan

an limit of low speeds For this reason, we call thisth OOAT AOEOEOOEA 111 A1 OO1 6

Definition

The (relativistic) momentumof a particle of masst and velocity“l is

Thrt o4l

where[ 6 is the Lorentz factor.

Notice that’l © a“l as6 © 1, andz perhaps more importantly z that the relativistic momentum

is equal to the Newtonian momentum to experimental accuracyf 6 L . The (approximate)

law of conservation of Newtonian momentum in the Newtonian limitd L & thus becomes a
corollary of the conservation of relativistic momentum.

And, indeed relativistic momentum is believed to bea fundamentally conserved quantityin na-

ture, even when full relativistic effects are consideredJnfortunately, there is no simple proof of
thist T O D OIT 1, #& thAr®is iA thd N&wWtonian cas@hus, at a first glanceit might seem that
the relativistic law of momentum conservation is profoundly less well motivated than the Ne-

tonian law, but this is not the case.

The reason why we can prove the Newtonian law of momenturonservation is that we happen
to have apostulatein the Newtonian theory thatfits like a glove for this purpose, namely, Ne-
O1 180 OHerc® fhe Nedtangan law of momentum conservation follows immediate from a
postulate of the theory, and so it is essentially a postulate itself. Furthermore, the onigtionale
for a postulate in a physical theory is that it agrees with observation$:rom the above it should
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be clear thatit is not a deficiencyof the special theory of relativity if we need to postulate the
conversation of (relativistic) momentum.

But if laws of momentum conservation cannot be proved, then how could we prove that Neovt

nian momentum isnot conserved in relativity? Well, that is a different thing. You canngirovea

physical law of conversation unless it follows from the postulates of théheory. However, given a
proposedlaw of conservation, you might actually be able to prove that thisannot be valid, by

assuming that the law is valid one frame 1~ 8 1 and then use the appropriate coordinate
transformation (Galilean or Lorentz, for indgance), and sedhat the law isnot valid in some other

frame. If you can show that it isnot valid in some other frame_2N s _ 2, then you have shown

that the law cannot be valid.Indeed, not only does it reduce the applicability of a conservation

law if it only applies in some frames, but it is also impossible to talh which frames it is valid, for

every inertial frame is equivalent to any other inertial frarre. Consequently,if a law only applies

ET OIi A ETAOOEAT AEOAI AOnaukéral. 1 66gh OEAT EO EOT8C
-T OA OOAAET AOI U DOOg EZE A POI PTOAA T Ax T £ 1TAOOO/
OOAT O&I OIl AGETTh OEA EO EOI 60 A 1 Ax 1T £ 1AOOOAS
Using this technique, we have shown that the law of conversation of Newtonian momentumnea

not be valid (other than approximately) in relativity, for it is not compatible with the Lorentz
transformation. We also proposed an alternative law, the law of conversation oglativistic mo-

mentum. Although we cannot prove this, we can verify that & contrary to the law of consena-

tion of Newtonian momentum z is compatible with the Lorentz transformation. This we will do

in a later section. In fact, wecannot prove it right now, because the proof requires an additional

hypothesis, namely, the fact thaA 1 OT OEA OOATI AOCEOEOOEA AT AOCU& EO
(that is, in the frame in which we postulate the conservation of relativisticnomentum). In other

words, theAT T AADPOO T &£ i 11 AT 001 AT A AT Aocu OAAI O AA

Anyhow, we now state

PostulateNN

The total (relativistic) momentum is a fundamentally conserved quantity in any isolated system

"U OO0 OA1 OAI AGEOEOOEA 111 Al &Airho & A if thdidolatedy AO 1 A/
system consists only of &et of discrete matter particles with index setb. We do not yet dare to

speak about kinds of systemsAlso,fOT I T1 x T T h AU O relatidistioon@inen- x A 1 A/
tum.

3.4.3 ProperForce

7TEAO AT xA |1 Ackebsicaliyif arocOsAduBdgo have aaleration Hin an inertial

frame, and is known to havgrest) massa , we deduce that thenet force on the object i€ & 'H

Now, in relativity theory, since in any frame_ we canmeasure the components of the accelar

tion, and we know the(rest) mass ofthe object, wecould easily compute the components ofi 'H

AT A AAll OEAO OEAOO&A DAABI T TODEACEAGBAGBBO EOT §0
Assume that a particle travels along thevaxis of someinertial system_ 1N s 1. The accelea-

tion is measuredto bech AT A O d@dudedt®b&]l OAAS EO

33 |n this terminology, we proved in Proposition NN that the law of conservation dflewtonianmomentum
is compatible with the Galileantransformation.
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O a8
Now, let 2N 8 2 be another frame in standard configuratiorrelative to _ 1 and with relative
speedu. In this frame, theaccelerationis found to be

o6 — P
U p O UW®
according to Proposition 14.Hence, a 2-AT OT A T AOAOOAO xEI 1 AAAOAA OEA
ticle is
d v
a o

0 p 60U
(unlessb TUO O ,or®w ™). Thisis in contrastwith the Newtonian case, where the acceler
tion (geometrically) is the same in any inertial frame, and so the force is the samie standard
configuration, even the components agreelt also entirely contradicts the usual idea that the
force itself is a geometri¢ frame-independent, object. Intuitively, we would like to define some
Qroper £I OAA8 AO OEA DPOI AGAO 1T &£ 1 AGO AT A AAKMAI AOAODE
EAAO8 4 E pdper ¥EA Owodidbk thdsame in any frame of referenc®neproblem with
this approach, howeverjs that the rest frame of the object is not an inertial framé the object is
acceleratinh AT A O1T xA AT 110 ET1x EIx O x| GRly ET EOS
concernsinertial frames. We will avoid this difficulty by doing some@®ickery &

Definition 17

Let A be any object travelling through space. At any proper timeas measured by a clock trave
ling with A, let' T , theinstantaneous physical rest framef A at time ¢, be the physical frame
containing all inertial mathematical framesrelative to which A is stationary(that is, momentar-
ly at rest) at time 0. Any mathematical frame_ N ' T is called aninstantaneous rest frame
(IRF) of A at time 0. A standard instantaneous rest frame is an instantaneous rest fram

. V' T suchthat Ais located at the origin of at time o.

19}

Notice thatfor every o, every N ' T is an inertial frame, and so we can do computations in it.

If A travels with constant velocity relative to some inertial frame, thent 7 ' 71 for every
pair 0l .If, on theother hand, A has a norzero acceleration at a time, there exists arf Tt
such that' T | forall m 0 T.[Assumingthat the acceleration is a continuous

function of proper time.]

Now we are ready to talk about forceswe will start with oneO E | A C ElefiAithon ok fhe con-
cept:

Definition 18

Let A be any object travelling through spacelhe proper accelerationH on A at timeois the -
celeration as measured in an instantaneous rest frame N ' T . The proper force¢ on A at
time Ois the product of rest mass and proper acceleratioat this time, that is,

€ GaH8

.1 OEAA OEAO BEMichAhthemdatiGalinstaniar@dusd ©st frame we use to measure
the acceleration, since it is a geometric vector independent of the coordinate systamployed
insideany given physical frame. This definition resembles the definition of the rest mass. In that
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discussion, we sah O1 | AOEET ¢ 1 EEA OAAZET AA OEEO xAUh
AOAT A 1T £ O A#&EAS héah thadady inertihl observer can confirm that the rest mass
has a particular valueg say, simply by moving to an (instantaneous) rest framand measuring
the mass. The situation is more complicated here (when talking about the proper force), because
the proper force is avector, and in order to specify a vector (using its components), you need to
agree on a basis, and there is generally no dbus choice of such a basis in the IRF. Nevertheless,
there is nothing wrong with Definition 18 per se but one need to realise that it is awkward to
talk about the proper force if you do not live inside an IRBf the object being under considea-
tion.

AsOi A OEAO UT O 1 EOA EI1GRdAat ydu al Bosedvind o lobjeBvithi A
velocity "I and (physical) instantaneous rest frame' 7 at some particular instance of time
Assume that the object is not at rest, that is, assume that p ' T .We are going to agree on

a choice of mathematical framse_1N s 1 and_¢N' T in each of thesawo physical frames.
We require that

A 2is astandardIRF, and that
A 1and_ 2 arein standard configuration.

Since_ 2 is an IRF of A, the origin of 2 is moving with velocity | I relative to _ 1, where"l is
the velocity of Arelative to _ 1. Butthe second requirementabove implies’l  00. Thus’l 00,
that is, A is moving(momentarily, at least) along the waxis at the chosen instance of timeRick
any convenient spatial(0) and temporal origin of _ 1. Then we have determined the mathemat
cal frames_ 1 and 2 up to a rotation of the basis vectors about thé direction.

o]

OEA

&OT 1T Ti1x T1Th AOGAOU OEI A xok' D AtheEcompdnén® Greudder-OAA OT O

stood to be relative to therespectivebases.

Figure 30. An inertial frame and an instantaneous rest frame

I xh 1TAO8O OOAOO Akt @mudhehtdof thedgecnéliphofeE acteldd-
tion vector H be & oy o relative to the basis of 2. Then the components of theaccele-
ation with respectto _ 1 are

p=x

®w TV
[0

&

0¢
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®w [ L Wy
as deduced by applying [the inverse of the transformation in] Proposition 14 [since

oM ]. Here0, the relative speed between 1 and _ 2, is equal to the speed of thel»

ject as measured in 1. Let us therefore call it instead. Multiplication by the (rest) massi then
yields

ae [ 6 awp 0 'O
G 6 aqwp [ 6 O
aed 6 awp 0 O

where "0y ROy RO, are the components othe proper force. Hence,
O 6 aw
O, 06 a®d
O, 6 a8

In the special case of motion along a straight line, we have

Proposition 19

Assume that a particle is travelling along the@vaxis of some frame 1N s 1 and that, at some|
point, has speed and accelerationwrelative to _ 1. Then

O 16 aw

where "Ois the proper force on the particle at that time.

We conclude this subsection by a beautiful relation. This far we have found a new, relativistic,
AAEETEOQOETT 1T &£ 111 AT O606Iih AT Ah ET AAAKEEAD hOEA OMI «
I AGAOOGAA ET AT )2&8 O! AAEAAT OAT 1 Udh OEAOA AAEETE

Proposition 22

Let be a frame and A an object travelling along theaxis of . Suppose that the proper force
on A is"O and that, as measured in , the momentum of A ig). Then

vy 27
°

Thus, the onedimensional momentumA A OEOAOEOA &1 Of T A£ . AxO0iI 180 OA
same form in special relativity! Notice that thescalarproper force "Ois independent of the frame

of reference, whereas both the coordinate tim&and momentumn depend on the frame_. Ap-

parently, these dependencies cancel as to makkij) Q drame-independent.

Proof of Proposition 22
According to Proposition 19,0 | 6 & & On the other hand, Definition 16 states that
n [ 0 & oso that

Qn . Qroé Qo, Qo6 ., Qro

> ¢ To0d "°qs ¢ a3

6 16 ® ar 6w O
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since the rest mass\ is a constant. 4

3.4.4 The Relativistic Force

It is natural to ask what the meaning of thevector’@ j Q qwhich certainly is well-defined) is in-
side any givenframe. Of course,a priori, we have to assume thathis quantity is frame-
dependant We have already seen that, in the special case where tbarticle is confined to thew
axis, Q' Qo "0, and sqin this case,

—, ——h=h= —.[ 640 [T 6ao T o6ad
Qo Qo0 Qo Qo Qo Qo Qo
since the functionso™ 6 0 ando™ O 0 are identical, and sinced o] mtat all times. We

will now investigate the general case, where the particle isot restricted to a straight line. In full
generality,
a Q Qro | . al )

—, —.[ 04’ a — 0
Qo Qor Qo F

,'QQI T
. O ———0—. ar o
Qo w Qo

It may come as a surprise, but in generghnd this is nothing else than Newtonian mechanics)
Qo6
Qo

where 6 K glsand @K sHsK g01j 'Q &34 Therefore, in general,

ItH 0=—AI1"OIhHS8
Qo

Instead,
Qo6 Q Q 0w 0w 0® p .
—, =3l —. 0 0 o] -0t
Qo Qgs Qo , , , , , , , , , 0 =|="]
0 o] 0 0 0 0 o] 0 o]
thus
“I'tH "Q%
O_
Qo

50ET C OEEO EAAT OEOUR jvg OAAAO

a——— "ItHl &1 6 B
w

Qo
Let
H H H
where the parallel acceleration
H h HU M|
els

andthe orthogonal acceleration

34 Think of the case of circular motion with constant speed (ci.4.3). Here"l is constantly changing. m-
deed,H is constant and ponts to the centre of the orbit. However, the speed  Slsis constant; thus
‘Qd'Q06 T On the other hand, sincéd  , the vector lengthdd SHs 1 HenceQ9'Qo &
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HhH H U8
Then

roe . e
a&oH aro H H a 0 aroeo H aroHH

Ql
Qo
aro H aroH8

We now make

Definition NN
Therelativistic forceon a particle is

: Ql
Qo

where’l is the (relativistic) momentum of the particle

and conclude

PropositionNN

Let ¢ be the relativistic force on a particle with mass , velocity "I, and acceleration'™H Then

€ 00— ItHl &7 o H
w

aro H aroH

whereH H H,H” “l,andH U"lL.

3.4.5 Comparison between Proper Force and Relativistic Force
Assume the setup oFigure 30, where _ 2 is an IRF of a particle thamomentarily is moving in the
o direction relative to _ 1. Leté "0 RO, ROy  be the proper force andlet ¢ "ORORO be
the relativistic force relative to _ 1. Let the acceleration of the particle be

H ®6 wo wd H H

relative to _ 1. Thenthe proper force components are

O 6 aw
O 0 GW
O 6 a

i A Mmhile4h@relativistic force components are
O 16 aw
O 164D
O 7T 604D
using Proposition NN. Clearly the proper force and the relativistic force are twdifferent con-

cepts. In addition, since thecomponents of the proper force are Lorentz scalars (frame-
independent), it is clear that thecomponents of therelativistic force are not, that is,they do de-
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pend upon the frame of referencé® The wcomponent, however, coincides with theocomponent
of the proper force.Thus

Observation NN

The proper force and tte relativistic force are two different concepts. However, in the special
case of rectilinear motion, they coincideln particular, while the components of the proper force
are Lorentz scalars, the components of the relativistic force are not.

Of course, anRF of an object is equivalent to any other inertial frame, and so we can compute
the relativistic force inside this frame. Since the object is at rest relative to this framé,
which implies; 6  pand so the relativistic force is

0O a®
0O aw
0O aw

which, by definition, are the components of the proper force. Thus

Observation NN

Inside an IRF of an object, the relativistic force on the object equals the proper force on it.

We should also state the obvious:

Observation NN

Both the proper and the relativistic force tends to the Newtonian force in the Newtonian (low
OPAAAQ 1 EI EOh xEAOA OEA O. AxOiI1TEAT &I OAA&|EO AA.
tion.

Finally, we have to point out, once again, that we have mereadgfinedtwo quantities, the proper

Al OAA AT A OEA OAI AOEOEOOEA &I OAA8 4EAO80 EO8 )1
O&l OAAdh xA TAAA O ODPAAEAU xEAO xA [T AAT AU OA& C
3.4.6 Constant Force

.10 1TT1U EO OEA AT bniehignthechudeit B Bane-Ddeienddet, BUAAIS A

also averynatural AA £ET EQET 1T 1 £ O dpprécide hidthirk of B spaceship thaD A1 8

is accelerating. At any time, there is an instantaneous rest frame of the shiipis relative to this

frame that the engines operate[Which other frame could it possibly be?Therefore, if the en-

35 This follows from the definition of the proper force, and the difference betweenthe ex OOET 1 O j v q ATl
jvaqs 30EI T h OEAOGA Al AEI O AAT AA QAand Zbdwdo frAmesiFAO | 1T OA
standard configuration with any relative speed0, and choose the velocityd o f  of a particle relative
to _ 1 and the acceleration ¢ hd Fd , also relative to_ 1. Compute the numbers "0y, ROy RO;
ro Gl 6 adR 6 aw ofthe proper force. Now, use the Lorentz transformations to determine
the components 6 b I and @& kO Kd  of the velocity and acceleration, respectively, with respect to
_ 2. Then compute the proper force "0 FOy, RO; F6 a6 adhlk 6 ad in_2. You
should get "0 ROy, RHO; "0y, A0 Gy, for every choise of the parameter®), 6 v i , and
ooy 8 4EEO Ail £ZEOI O OEAO OEA DPOI BPAO &£ OAA EO A |1 OAl
Then redo the same calculations using the relativistic force instead of the proparce, using the similar,
but different, expressions in Proposition NN. You will find that the components, except for thecompo-
nent, depend upon the frame.
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gines have a fixed poweD, they will produce a constant forcéOrelative to the' T .This is the

OPOI PAO &I OAAG 8

However, as we saw in the last sectiohi I OEAO OOAAOI T AAI A6 Ai 1 AADPO I
force. In this section, we will investigate the case of a constant force acting on an object. Hence, it

might seem like we have to choose either one of the concepts. Indeed, our goal is to finddbe

celeration, and, via integration, the velocity and displacement formulae. Thus, we need to know
if it is the proper force

[0 adh 6 adh o a®
or the relativistic force
F60 AR 640 640
that is constant. Fortunately, hovever, we will only be interested in longdistance, galactic tra-

el, and such journeys occur along straight lines. Hence, we will only be moving along tbaxis of
some inertial coordinate system, and lucky uszthe AT I BT T AT 0O ACOA B8 00071 Al .

Now, let us investigate this more thoroughly. Let the constar{proper, say) force on the ship be
"OThen, according to an observer in an inertial frame 1 that is in standard configuration with
every! T N ' T thecoordinate acceleration is

. O
W —
[ oa
from Proposition 19. This is
Q6 0 6 -
Qo a P B

that is, a firstorder non-linear ODE in the coordinate speed. It is clearly separable, for

o 26 6o 16 o
0o P& WQoa
Integration yields
., O,
607/6 —0 O
a

for some constantd, as is verified by differentiation. Assume that theship starts from rest at the
Earth (the spatial origin) attimed® T thend 1 Solvefor 6 6 and find

"00

00

assuming all quantities positive This is trivial to integrate:

Recalling that’'O & @, where® is the proper acceleration, we find

WO — W wWo =38
W ()
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where we also have chosei® ] & asisrequired by wm Tt The inverse relation is

&
=8

(@]
S
4 &

For future use, weAl 01 11 OEAA OEAO jvwq AT A jwq AiTi AET A Ol

Let us now pause for a few observations.

Observation20

As seen from an inertial frame_, the speed of an object accelerating along thieaxis due to a
constant proper force can neveexceed the speed of light, but will approach it indefinitely.

NNN N

S AN N S

Proof

As seen from_, the speed of the object is

o p & 1o m
w

60 ;
: — 0 0
& o 00 AOOC Wb

o

We are now interested inhow an observer on boardthe spaceship perceives the journeyDue to
time dilation/length contraction, an on-board passenger should not think that the journey is as
long as an observer at rest on Earth would.et Q doe a short interval of Earth time, andQ fthe
corresponding short moment of proper time inside the ship [by which we really mean inside an
instantaneous rest frame]. TherlQ 0 | 0 Q fwhere U is the current speed of the ship. Leb &8
be the time of the arrival at Vega, say, relative to Earth, and ket &3be the proper time inside
the ship of the very same eventb 0  mat Earth. Then

® ot P qo L 00 q
o P 3 P Ta 0o
OOET ¢ j " Qsayisldsi A Al CAAO
» —P 00 LA0K0LWE
o w w
9o
3

RN

Example 21

The (proper) distance between the Earth and Vega i® ¢ dight-years. We assume a constant
proper acceleration of®  «#i j O which is optimal for the human musculoskeletal systemE
Thenj ¥ q G&ddkin ¥ ¢ @ A ABuba passenger will (according to herself) be there
already in®® o®0UAA OO

"
-
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_ Armed with the tremendous power of special relativity, we should really not be this modest. Let
- us instead travel to the Andromeda galaxy. The proper distance is now ¢& million light - -
years.This journey will take 2.5 million years of Earth time. But a passenger will (again, @ard-
< ing to herself) be there in only 15 years! N

~ The diameter of the observable universe iso  w dillion light -years. A journey of this distance
< takes 93 billion years, but a passenger will only age 25 years. N

re

Exercise: The above computations all assume thahe traveller accelerates with
constant proper acceleration the entire journey. A more realistic case is that the
journey ends with zero speed. Assuming that the spaceship accelerates during the
first half of the journey and slows down during the second &f, how long would
the above journeys take?

3.4.7 Energy
In addition to the kinematical surprises [an upper speed limit, time dilation, length contraction,
OA1 ACEOGEOU 1 £ OEIi Oi 6AT AEOGUR AOA8Y OEAO m-111x E

001 08 ET 3DPAAEAI-i BPADIARDKEOGOUT £OODOKABE O MAORTAAE AAOX
quantified by the easyto-write but hard-to-explain relation O & @. This is indeed a subject

00001 01 AAA AU COAAO AT 1T £ZOOCHIAADOOAT BOGADLEB OANOE
because one has memorized the extremely wehown formula O & &, but this is utterly

xOl1T¢c8 ! £ O0i Ol A EO 11 OEEIT ¢ xEOET 600 A Al ieOA@Oh 4
lywell-ET T x1 6 8

First of all, the context need to explain whatO and & really stand for in the formula. When it
comes tod , from a classical point of view, we might want to specify what kind of mass we are
talking about: the inertial mass, the active gravitational mass, or the passigeavitational mass. |
do not think this is the main issue, because these masses are identical in essentially all lesta
lished theories. Yetd is not unproblematic, because we need to specify df is the rest mass or
the relativistic mass. Even worse, if & start to speak about the mass of nematerial fields, such
AO OEA OI AGOGE 1T &£ Al %w- A£EAI Ah AO ET AAAehergy 1
ANOGEOAIT AT AAh OEAT xEAO ET OEA x1T OI A Al xA i

I A
Al

> O

When we have settled for a definition ofx , we need to decide on wha® quantifies. Is it the k-

netic energy? The total mechanical energy? Thetal energy? In fact, just as we defined a new
expression for the momentum in special relativity, we will define a new expression for the ene

gy, both kiretic and total. There are several ways of doing this, and, whatever way we choose, we

have to remember that we have only made a definition. We have postulated an expressiorofm

tivated by some rather weak ideas), and given it a special nam&.priori, there is no reason to

believe that this quantity should have any physical significance. It is interesting, however, that
iTA T &£ OEA 1100 1TAO00AT OxAAE BAAA WmulArAteOAT 1 U
NOEAEI U8 )T OEEO >CAUMD OO5 ARMDEAND CIUAADBANOGEEEAD Uki OAOXCH h
ETC AAI OO EOO PEUOEAAI 1T AATETCh AO 1 AAOGO 110 «x
Finally, if we have somehow settled for a precise definition @f and'O, we need to specifjunder

what circumstancesO & @ holds. OverallO & @ is easyto-state but very hard to explain.

Let us now go into the details. We will start by derivin® a® £0T i OEA OOOAI OxAAE
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We first define relativistic work on a particle as the line itegral of proper force.For simplicity,
we will restrict the analysis to the onedimensional case. Therefore, you can equally well think of
the proper force as being the relativistic force, if you prefer sahe spatial variables used in the
line integral are not those of an instantaneous rest frame of the particle, but rather those of an

we define as the relativistic work required to obtain it]. Let the postion of the particle bew 0 at
time 0. Then therelativistic work done betweend mando Ods

. Q Q
wh "OQw — [ 0406 Qo0d 0=} O 000600
Qor Qg) F
. .0 0, 6r o
a Ot——w [ 0w 0Qoax —— P 0wWO Qo
w w
& 7 6wo6Ro

Restrict attention to the schoolbook case whered™ 6 0 is a strictly increasing function. Then

we can change variable of integration frondto 6. Assume also thab 1

Qo6 wQo
w a I

This motivatess3é

66Q06 4l 6 ®

Groow amns

mand6 O H 0. Since

Definition 23

Therelativistic kinetic energyof a particle of (rest) massh and speedo is

0O [ 04®

Taylor expansion yields

and so we have

Proposition 24

Let a particle of rest massx and speedd have relativistic kinetic energyO . Then

Thus, the Newtonian kinetic energy is the lowspeed limit of therelativistic kinetic energy. The

expressionin$ A EFET EOET 1T ¢o 111

EO A AEO A&OT1TUSB

)y 6 0601 00

Definition 24

Thetotal energyof a particle of (rest) massx and speedd is

36 Notice that, although the speed of a particle is bounded from above by the speed of light, thex no

limit on the kinetic energy; indeed,O0 © Has6© .
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Therest energyof such a particle is

Notice thatO O 'O. In the rest frame of the partite,6 mand soO mand O 'O. That
is, the rest energy is the total energy of the particle in its rest frame, where it has no kinetin-e
ergy. In a frame in which the particle is moving, the total energy is the sum of its rest energy and
its kinetic energy. Hence, the rest energy is an invariant scalag it is the same in every frame.
The subscript zero reminds us of thislt is not uncommon that texts on special relativity at this

DT ET O OAUO Oii AOCEET ¢ OAAI ET CI U uded Bkt af réstidd  OOE O ¢

have a nonzero energy equaltadwd 8 4EEO EO 111 OA1 OA8 &EOOGOhK

$ A EE

nition, so theO &G OOAODI 66 EO A AAEZET EOEI T h T1dpboiA OEAT

OAAOGT 1T O AAIEAOA OEAO OEA OAT AOCUS AAEET AA
conservation. In addition, from aclassical(or, rather, Newtonian) point of view, should there be
any rest energy, it should not be physically detectabln any way, for it is a constant, namely,
& &, and we are always free to shift the zero of potential energy withw altering any of the
physics.

From now on, when we talk about total energy and kinetic energy, we mean totedlativistic
energy andrelativistic kinetic energy, respectively. We also postulate

Postulate

The total (relativistic) energy is a fundamentally conserved quantity in any isolated system.

"U 001 OA1 OAIl AOE (xEl€né BEokar)thd sAriBC. Urddh & Af thé idolated sys-
tem consists only of a set of discrete matter particles with index s&b. We do not yet dare to
speak about kinds of systems.

3.4.8 Relativistic Mass

Before continuing our investigation of the physics of special relativity, we will introduce a
cial name for the product 0 & between the Lorentz factor and the mass of a particle of maés
and speedo.

Definition 26

Let  be an inertial frame. Therelativistic massin _ of a particle with massa moving with speed
O relative to _ is

G T 0a

where & is the rest mass of the particle.

Note that the relativistic mass is the same as the rest mass in thnertial rest frame of the pari-
cle [should such a frame exist]This is a rather nice framedependant quantity, for we have

Corollary 27
The momentum ) and total energyOof a particle with relativistic mass& and speedo are
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The proper force is

o 24 o8
Qo ©

Notice in particular thatry & 0 has the exact same form as the Newtonian form of momentum,

and, of course@ x & in the Newtonian limit 6 L @ sincel 6 © pas6© 1 We willalwaysuse

A OOAORA OEDAI OAATT OET ¢ A OAI AGEOEOOEA 1 AGOG8 )1 A,
mean the rest mass, and not the relativistic mass. If we wish to speak about the relativistic mass,

thus, we will always say so explicitly.

3.4.9 Compatibility of Conservation Laws with the Lorentz transformation

We can now prove the promised; and very important z result that the relativistic law of mo-
mentum conservation is compatible with the Lorentz transformation. As remarked in section XX
above, in order to prove this, we need the additional hypothesis that also the total relativistic
energyis conserved in theoriginal frame. In addition, it turns out that, as a bonus, we will alsde
able to prove that the relativistic law of energy conservation is compatible with the Lorentz
transformation.. T xh 1 A06 O OOOT OiF OEA POI | A£8

Theorem NN

The laws of conservation ofrelativistic) momentum and (relativistic) total energy are compai-
ble with the Lorentz transformation.

Proof 37

Assume that the total relativistic momentum| h B [ ¢ & "I of some system is conserved
in one inertial frame 1~ s 1, and let 2N s 2 be any other inertial frame in standard co-
figuration relative to 1 with relative speed 0 T in which the total momentum is’l h
By T 6 a”l. Now let an arbitrary amount of time pass after which the momenta are
Th Byl 6 &7 and’l h By [ 0 @ in 1 and 2, respectively. Our assumption is
thus

T 18
We will consider one of the particles, thé@h, say, but forthe sake of notationalsimplicity, we
xEl1l AOT B CGEA 000 0ABEDOAIDT AEOMM IKE NQEAN RDAOOEAIT A
mass of the particle is stilld , since the rest mass is framédependent. The velocity, however, is
6 U i 0 i 0 p PR 0 .6 8
PG ! \ y T ! \ r G ’ e T U \ \
P OLJjwW [ L P OUVjW [ L p O6UVW p O0Uw }UFU

In 1, theinitial and finalmomenta ofthis particle are

roa’l ro64ao6mmM hAT A

37 Throughout this proof, we assume that the rest mass of each particle is a constant of motion before,
during, and after the collision, since at this point it would not seem natural to assume anything else.\Wto
ever, notice that the proof remains valid eveiif the pre-collision and postcollision rest masses of each
particle are allowed to be different.
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rod’l 1 6ao0mm

(which, of course, might differ) while in_ 2 theinitial momentum is

L a ., .0 0
[ o a’l 0 Vh— -
L . 0 0
0 0L 0 0
W W
where
L O U 0 o
60 Kgsls —_— - o - NI
p O U w v p OLVW v p OUVW
so that(this takes a few lines to check
0 w 0L w 06 O O w U0 w o
3 & 60 & 060
and (this is immediate, though!)
00 0 w 6 W U 8
s PG &

L e aQ . .0 0
ro a’l —————— 0 Uf}—f}—
®w 6 w U v v

roearuvo uvmm 8

Similarly, the final momentum is found to be
réoa’l roarov o6 v 8

Thus the change of mmentum, as seen from 2, is

3 h1l Fé6ar v op VM Fé6ar v op VMM
N N
O &l 6 6 G 6 6y G 6L aGr 6 v
‘H ar 6 o, ar oodj
" ar 6 op ar 60y
0O &Gl 6 0 Gl O O
‘H ar 6 op ar ooj o ar ouv ar ouv 68
" ar 6 op ar 60y "
The first sum is obviously zero by virtue ofi I . The second sum is zerid and only if
0 ar 60 ar 6 0 6 1 U Lo ar o ar o
N N
oo, . o Lo
—0 9 aw [ 0 0w
()
N
oo, (00, .,
—0 I 6 d W I 6 d w —0 t30 1
() ()
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that is, if and only ifwe assume that thechange in totalenergy
30h 106 & ® Fo6a® m

in _ 1. We finally show that the total energy is conserved in 2 too. The initial total energy in_ 2
is

. adh 6pL

" Y 0 ® 6

while the final total energy is

Q
€
€
(@]
3¢
C

Oh 6 & 8
N L T VR N
Thus, the change in total energy is
! 40w 60 GO 6O O0RL
30h O ©O
NV I ¢ J Y X R N
- v .o, v [l
w ,, Gww 0L adwow VI
(N
w 0 U % . v ]
N 0 N w L
u U
ro Gr o @ OfRL 4r 6 ® OfL
[0 Gr o ®@ Aar 6 60 ar 6w &r 6 6xL
N
ro Groeow Grow Oro Gr 6 65 &r 6 oy 8
N N
The first sum is
Gr 66 ar o6 o Kso m
and the second is
ar o 6 ar 6 op ar o6 ar oo to zto T8

Therefore,30O  mand total energy is also conserved in 2. Thus, we have shown
E ) I | G 1
. t .
30 m 30 T
for any primed inertial frame and at any later time, which is a precise statement of the theorem.

It is interesting that the concepts of momentum and energy AT 1T OAOOAOQEIT T ¥ AOA
OPAAEAI OAI AOGEOEOU8 4EEO OAIETAO 1T &£ OEA EAAO
transformation. It is an amazing fact that the momenturpenergy entanglement is of the exactly

same form as the spacgime entanglement, as is evident from
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TheoremNN

Let 1Ny _1and_ 2N s 2 be two inertial frames in standard configuration and with relative
speed . Let a particle have momentumil n M M and energyO as seen from_ 1, and
l n M i andO as seen from 2. Then

O 0 O un
n ron ovogow
n n
n n
wherel 0 p Uj® 1 isthe Lorentz factor.
Proof
Let the particle have mass and velocity”l 6 B B in_1. Then it has momentum
n o6ao
n T 6dao
n  6ao
and total energy
O 1 6am8

In 2, the rest mass is naturally the same, but the velocity SEAT CAA O1 v Qh
i 717 AT OOI1 . Butktld canbd Witten

AT 6rva o6 U
PO 6606 [ 64D
ro R 090
AT 6606 Kp
BT 646 Ki8
&OT 1 jvwqh xhAenbrdyAshrdnsfornieBtAO O

oUv

1O

o)

d , \ ;s 7 sy N \ r 7 7 y 7 7N
- - ‘ - arfrvf 0O W OL T L[ OOW [ oaowv
w 0 w o

0O noua

3.4.10 The MasgEnergy Equivalence
Let us recaptulate on what we have done in SR dynamics so far.

A The law of conservation of Newtonian momentum is incompatible with the postulates of
special relativity.38

A The law of conservation of relativistic momentum is compatible with the postulates of
specialrelativity. This does not prove that the law is valid; only experimental verification
can make uscertain of this. Just as experimental verification made Newton postulate the

38 We have shown that the law is incompatible with the Lorentz transformation, but since the latter fo
lows immediately from the postulates of the theory, théaw is actually incompatible with the postulates.
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. AXxOTTEAT T Ax T &£ 1171 AT 601 Ai1 OAOOAOEIT §- j OEA
fication make us certain enough to postulate the relativistic law of momentum conseayv

tion. In addition, an important theoretical fact suggesting this law is that it reduces to the
Newtonian law (which we are far more familia with) in the low-speed limit.

In addition, but on a slightly less rigorous, and almost poetical level, we can make msi
ple observation. Let the phrasd OAT AOEOEOOEA CAT AOATI EOCADET T 1 A
note anew expression that(1) tends to the expression forthe Newtonian momentum in
the low-speed limit (2) and is compatible the postulates of special relativity (in partia-
lar with the Lorentz transformation). Then we also have the encouraging fact that the
relativistic expressionf 6 a1 EO DOT AAAT U OEA QebddishtioAad 68 OAI
Newtonian momentuma “l there is.
A We have found a new expression for the kinetic and total energy such that the law of t
tal energy conservation is compatible with the Lorentz transformation. Thisaw also re-
duces to the Newtonian law irthe low-speed limit, and encouraged by experimental we
ification we postulate this new law. In fact, we haveto postulate this law if we wish to
postulate the law of conservation of momentum, because of the entanglement. That is, e
ther we postulate noneof the conversation laws, or we postulate both. Encouraged by
both theoretical suggestions (such athe low-speed limits) and experimental verification
(especially the latter), we feel little shame in postulating both.

3.4.10.1 An Inelastic CollisiolThe Rest Mass

We will now consider a simpleinelastic collision. Let A and B be two billiard balls of equal rest
massd& and pre-collision velocities ”| 60 and”l 00. Assume that their postcollision ve-
locities are”l _o6and’l _ 6 forsome_nN Tmip . If_ p the collision is totally elastic,
but for all other such_, the collision is inelastic.

In Newtonian physics, every possible case is well familiar to us. Irrespective of the total no-

mentum of the system A+ B is a constant of motion. Theimplest case $_ p in which there

EOT 60 OAAT T U I OAE O OAU AO ALI ptherhinétic fudAotal OEA OI
mechanical) energy is clearly lost. The lost mechanical energy has been converted intber

forms of energy, for instance intothermal energy inside the balls If the collision took place in

vacuum, that should account for the majority of the lost kinetic energy. If the collision takes

place on a pool table in a room filled with air, thenthe surrounding air and the table should get

some thermal energy, too. In addition, a pressure (sound) wave would be produced, both inside

the table and in the air.In any realistic collision between typical billiard balls,_ M p3¢, but if we

instead use softand deformable balls, we can get far lower values of even_ Tt

We will now investigate the same collisiorconsidering the relativistic corrections. The total pre
collision momentum is

Thi oad [ 04
and the total postcollision momentum is
Th [ _64_6 [ _oa_06 8

Thus, momentum is conserved. The total preollision energy is

M Here,_Mps _ p - P
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Ohf 64a® [ 640 ¢ 604G
while the total post-collision energy is
Oh _o6da [ _0660 ¢ _6amd8
That is,total energy is not onservedf _ p. But according to our postulate of energy consem-
tion, total energyis conserved. Hence, we have a contradiction.

One might feel that the problem is due to our postulating the conversation of the total relativistic
energy. Indeed, the Newtonian analoguéand limit) of the total relativistic energy] 6 @& @

G Opais the sum of a constant potential anthe (Newtonian) kinetic energy, that is, esse-
tially, kinetic energy. But we all know that themechanical (that is,macroscopiq kinetic energy is
not a constant of motion in an inelastic collisior(or if there are other non-conservative forces
present, such adriction) . Indeed, there are other forms of energy, such as thermal and elestr
magnetic energy.That is, from a Newtonian point of viewO '‘Ois not a contradiction,but what
is to be expectedpbecause we neglecthe non-mechanical forms of energyproduced in the coll-
sion.

Notice, however, that Postulate NN talks strictly abouisolated systems. That is, if the system

exchanges momentum or energy with the surroundings, then the postulate do not apply to the

system. In this case, this means that we have speak only of the case when the billiard balls

collide in vacuum, so that no table and no air can steal any energy from the balls. But this still

AT AG T1T 0 OAOT 1T OA 1T 60 ObAB Aduily@dntainsAhk Adrndaddnergd EA O U C
inside the balls, and this increases if.  p. Hence, even if the system is perfectly isolated, Past

late NN seems to be violated.

There are basically just two ways to resolve this paradox. One is to abandon Postulate NN, and

the other is to let therest massof each ball change during the collision. From a Newtonian point

of view, the latter is absurd, but by now we are used to the fact that special relativity forces us to
abandon ou old perceptions of PEUOEAAT OAT T 111 OAT OAd8erppd Al OI
proach is the one that agrees with experiments.

Admittedly, our treatment of relativistic energy was not quite as careful as our treatment of rat
tivistic momentum, so the reader might objecto the fact that we challenge the Newtonian aqo
cept of massjust in order to save the conservation of relativistic total energy. However, if we
would accept to invalidate the law of energy conservation, we would also have to reject the law
of momentum conservation, because the proof @ompatibility of the law of momentum conse-
vation requires that the energybe conservedtoo in the first frame (and vice versa due to the
OAT OAT Ci Al Antud@ &nd Eengrgyi[dorisékvation].Indeed, insist on the conservation of
rest mass, andconsider a second frame 2 in standard configuration relative to the frame 1
used in the experiment above. Let the relative speed ie 0, so that_ 2 is the precollision rest
frame of A. Then, as seen from2, the wcomponent ofthe total momentum changes from

. p .0 0 . p . 0 0
N AA&l okt t—sp at t—30
Y P&

p 06 U p O U

P o — 06U P = — 00

Y Y
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and
. p ._0 0 . p . _0 0
N AzE0ABt tp =()00t tp 30
p o0v ® p 00U ®
P 5'; — 60 P a'p==oo
[A) @

and it is easyto provethat 1N Az & oA A&EOAO

We therefore accept the fact that the rest mass of a particle, althougtvariant (that is, frame-
independent at any given time), is not a constant of motion. Let us return to our initial inelastic
collision. Now we have to leta be the pre-collision rest mass @ the particles, and introducea as
the postcollision mass [due to symmetry, the postollision masses need to be equall.

Hence, the precollision total momentum is
Thr 6ado | 64

and the total postcollision momentum is

Th 1 _64_6 1 _o6a_6 8
Thus, momentum is necessarily conserved. The total pllision energy is

Ohfr oad 640 ¢ 64
while the total post-collision energy is

Ohp1 _660 [ _600 ¢ _ 640
and our postulateO ‘O makes sure that the total energy is conserved (which is no longer an
impossibility) and sometrivial algebra yields
ro

a -4 8
r _0o

Notice in particular that_ pt+ [ 6 [ _ 6+ & a. Thatis, every time | said something
Il EEA OxEOE A OAIEMEAONO BAA AIHITIEOQEIITEA ET OEEO AEOA
xEAO ) OAAIT1T U T AAT O O OAU xAO OxA AOOOI A OEAO
i T OETT o8
Although total energy is conserved in the collision, th&inetic energy is reducedby an amount
30h0O O ¢r_6 pdd ¢r o6 paw 3 ®
where
s ha a

is the change in rest mass of either of the balls. At any time, the total energy is split equat b
tween the two balls (by symmetry), and so we can conclude:

A Thetotal energy as definedb0 [ 6 paw &G [ 6 @ isconserved.

o Notice that 6 is decreasedwhiled EO ET AOAAOAA8 f4EEO EO OE
A At the collision, a ballgainsthermal energy andgainsrest energy as defined by 6.

0 Thus, its rest mass is increased.
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A At the collision, a balloseskinetic energyas definedby; 6 p a®.
A The changen rest energy3O due to the change of rest massd is 30 3 Q.

The above examplesuggeststhat the mysterious @est energydof an object is a measure of the
internal (such as thermal)energy of the object.Since the rest energyO K & & where @ is a
fundamental constant of nature, rest energy is essentially the same thing as mass (but with a
different unit). Therefore, if the rest energy is a measure of the internal energy, so is the mass.

Observation NN

The rest energy, and so theest mass of abody is a measure of the total internal energy of the
body.

We will use this observation as a postulate.

Now that we have constucted a theory in which the mass of a particle does not behave like in

the Newtonian theory, it is a very valid question to ask) x Ei&@®I AOOGE ET OEEBO 1 Ax
Newtonian physics, mass is equal to the inertial, active gravitational, and passiveagitational

masses, which ardairly well-defined from an experimental point of view. Experimental verifica-

tion supports the fact, however, that the (rest) mass of particle tains its Newtonian identity.

For example, a hot billiard ball is heavier than a col(btherwise identical) billiard ball, and it is

more resistant to a change in velocity) T ZAAOh OEA OEOI A T &£ 1T A 1 £ %E
O0) OO0 AEA GOOREGAEOOAGTI R OAET Al wl AOCEAET EAI O AAER
$APAT A 5BPI1T )OO %l Aocu #11 OA1 Oed Qs

Example NN

Consider the two balls above. Pul  pE @ oi jQand_ m®a Thenthe pre-collision rest <

~ energy of either ball is

O 40 YWwxup WXeWUROT

~ while the pre-collision kinetic energy is

0O 6 pEGO T MMM ITETS
so that the total energy is

O 0 O yaxovpyxeyypedpnsrs

Clearly the rest massdominatesd ¢ O1 O A.WfteBthefollibidhA OO A Y

a

) .
Fr (,)é( PEIMMMMNMMNMNMNN U @BEBT T T

Thus, the mass has increased by

N A A A

3daha a wddpmn EC ud pES
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Example NN+ 1
Same setup but. 1t The precollision energies are the same, that is,

O Ywwxvpuxeypor
O 1® 1T T T M T 8¢

O ywxuvpwxeyyp edpmnadrs

b1l
2
o
>
M
—
)
(@}

Eolligion @di madEish DI 00

N T T N e

& 164 p8IMUNUMANNTUITEGERTTUL

with a difference

34 ha & B

~ Hence, the postcollision energies are

-
-~
-~

e

O Ywxwvpyxewypedhndr

O .
O Ywxowpyxeyp eahmsra

| AOET 601 UR xA AEAT 60 EAOA O OOA jnqh OET KA

total energy is the same as it was prior to the collision. Hence, we get the rest energy, that is, the

~ mass by g

S AN NN N

Thus

e

3.4.10.2 Some Notes on Additivity

The total relativistic energy, and so the relativistic mass, is an additive property, just as energy
and mass are additive in Newtonian mechanic$lowever, the rest energy, and so theest mass,

is in generalnot additive, and you already know that.

Consider a space colony built inside a huge spherical shelissume that there are a lot of shuttles
flying around inside it. There might also be trains running on the inside surface of thghell, but

no automobile cars (why?).The rest energy (mass) of the colony is the energy (mass) of thelco
ony as measured in a frame of reference, relative to which the colomg a whole (that is, the
shell) is stationary. Had the colony been empty, this auld only have been due to the shell alone,
but now the shuttles and trains inside it will contribute to its rest energy (mass). They will do so
using their rest energies (masses), of course, but since the rest energy (mass) of the colony is a
measure of ts internal energy, it clearly has to include thekinetic energy of the shuttles and
trains as well (relative to the shell). Thus, the rest mass of the colony gseater thanthe sum of

the rest masses of the empty shell, shuttles, and cars, individually.
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Similarly, a container of gas has a rest mass greater than the sum of the rest masses of the empty
container and all the constituent molecules, since the molecules are not at rest relative to the
container of the gas and so has kinetic energy relative téhe container, and thus are contip-
uting to the internal energy of it

| said you already knew this, and you didwhen considering the inelastic billiardball collisions

above, we concluded that the rest energy (mass) efch ball increased at the collisin, due to the

ET AOCAAGA ET OEAOI Al AT AOCukdetit (B0 poidl)@hefgyofthel AOCU F
AT 1 OOEOOAT O PAOOEAI AO 1T &# OEA AT Aus (AT AAh EE UT
OEBOOI AG | AT A OOAE théndheyiarEmdilighslowllyi bieford thedcdlisiddFaAd 1 h

are moving rapidly afterwards.

3.4.10.3 Other Forms of Energy

Thus far we have concluded thaD® @ @ for a stationary body andO & & for any (station-

ary or non-stationary) body, where'Ois the total energy anda the rest mass ¢ the relativistic

mass) of the body. This is a restrictive form, or a special case, of the massergy equivalence.

The full form of the equivalence, that we will simply postulate, states th&d & @ applies to

everysystem of total energyO or total relativistic mass & . For instance, it applies to the ele-
tromagnetic field in empty space. Hence, this field has mass!

The Mass Energy Equivalence

Let a region in space have total relativistic mas& . Then the total energy in the region is
'O & . Conversely, if a region in space has total relativistic ener@, then the total relativ-
istic mass in the region issx @ O

As an example, consider a box the insidealls of which areideal mirrors. If there is light in the
box, the box is heavier than it would be if therevere not asmuch lightin the box.

Notice that we already have concluded the magenergy equivalence in the case where the sy
tem contains only of material bodiesWe can now shed some additional light on the relativistic
mass. In fact, the relativistic mass of a body is equal to the rest masss the massassociatedt
with the kinetic energy of the body. Indeed, this statement is

a 4 0O 4 16 paL® a ro6a a 1 oa
which is true by definition.

Combining Postulate NN with the MasgEnergy Equivalence, we have

Corollary NN

The total relativistic mass of an isolated system is a fundamentally conserved quantity.

Indeed, if mass and energy is the santbding (up to the unit), then conservation of either one
implies conservation of the other one.

40 We neglect all quantum effects.

411f Ois somequantity with the dimension of energy, andx is somequantity with the dimension of mass,
we say that the quantities areassociatedwith one another/ iff ‘'O & &. Thus, it is always true, by defin
tion, that the rest (or relativistic) mass of an object is associated with the rest (or total) energy of the same
object.
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As an example, consider the annihilation of an electron and a positron. In the centrernéss
frame, they both approach each other with equal speed. Before thanihilation, they have both
relativistic mass andtotal energy, related byO & . Since they are in motion, the total energy
is equal to the rest energy plus the noizero kinetic energy, and the relativistic mass is greater
than the rest mass. Whetthey meet, they both disappear and two photons are created. These are
receding from each other. Indeed, since the momentum was zero before the annihilation, it has
to be zero afterwards as well. [Compton scattering shows that photons do have momentum.] The
total relativistic energy is conserved, so the frequency of the photons is determined. But theael
tivistic mass is also conserved: the photons have energy, and therefore they haedativistic
mass.In fact, the total relativistic mass of the two photonsequals the totalrelativistic mass of
the two leptons.

A common misconception is thalD & @ states that mass can beonvertedinto energy and vice
versa. This is wrong. Both (total relativistic) energy and (relativistic) mass are conserved; in fact,
they are essentially the same thing. When the electron and positron annihilate, mass is net d
stroyed and energy created. The energy of the photons did already exist in the energy
(rest + kinetic) of the leptons, and the(relativistic) mass of the leptons g later on associated
with the photons. Moreover, this is not only a way of seeing thingsecall that a box full of plo-
tons is heavier (as shown by a hypothetical, unreasonably highccuracy laboratory scale) than a
dark box.

However, although(relativistic) masscannot be destroyed or createdmatter can, if you define
the term properly. For instance, if you consider leptons to be matter, but not photons, then tra
ter was clearly destroyed in the annihilation.Conversely,in pair production, matter is creded.

The conversion factor® in 0O a o if a huge number, namely,

O Ywpxvupxyxio@spx ot

If one gram ofmatter was converted to some useful form of energy (such as electrical energy),
we would thus obtain an amount

0 4o wm*
of usefulenergy.If you loaded this amount of energy into a battery or capacitor of some sort, i
would become one gram heavier.

As a final example, let one body emit a beam of photons, which are absorbed by another body. If
the total energyOis transmitted, that is, movedfrom the first body to the latter one, then the rest
mass of the first body will decrease by an amouri®® while the rest mass of the second will
increase by the same amourf During the process, a volume in space between the bodies that is
containing photons with a total energy o*Owill have relativistic mass3Q® . Einstein himself
wrote in his 1905 paper(Einstein, 1905),

Wenn die Theorie den Tatsachen entspricht, so iibertragt die Strahlung Trtigheit
zwischen den emittierenden und absorbierenden Korpern.

(If the theory corresponds to the facts, radiation conveys inertia between the etni
ting and absorbing bodies.)

42 Notice that, if you only consider one of the objects in its rest frame, the first one, say, then its total ene
gy (its rest mass=its relativistic mass) will decrease. But this does not contradict Corollary NN, of course,
because if the system emits radi@n to the surroundings, then clearly it is not isolated.
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3.4.11 The Energy Triangle
Consider amatter particle of massa and velocity“l. Then the momenam is

T 1 6da’l
and the energy is
O [ 64an8
Therefore
s . . . GO0 . G600 .
nw aw 6 a 6w a4 w : a w = a w
0 o w o
w
é , i (b y it J I3 i D
= p G w ~— 0w [ 0 aw ©O
w o w o
and we have
PropositionNN

Let amatter particle have rest massd and velocity “l. Let'O and 1 be its total energy and no-
mentum, respectively. Then

o 4d Ad 8

Notice that the first term is due to the rest energy and the second is due tioe kinetic energy.
[But O Rn& becauseO O © ‘O O] If the particle is at rest relative to the b-
server,i TmAT A O xA OAK @G&HO %ET OOAEIT 80
In the spirit of relativity theory, we now generalise this to apply toanyD AOOEAT Ah ET Al OAE
1 AOO8 DAOOEAI Ambusé poktulafe @.]We Bdedtd dxpgladh why we put quotation
i AOEO AOT-DRAOCBDBAHDOAOOEAAI T URh A PEITOIT EOO0OAEA Ol
ry, we say that the photon has zero rest mass. But a photon has energy, and so, by the Mass
Energy equivalence, it hagelativistic mass.But how is this possible? Indeedd Tt @
rea m O me 4EA OA gshiHatAdl pAofbE fravelis with the speed of light. Hence
[ 6 is not defined. However, it might seen@lausibledthat & ar o isfinite if & is rfinitely
smalldandr ¢ is Mfinitely big & Anyhow, wepostulatethat a photon travels with the speed of
lECEO j OEEO EO OEA OAATTA 1T A& wEI OOAET 60 bBI 000
(=relativistic mass). Also, we postulatgg ¥ q &I O DET 011 Oh @il inheads EEAE EI1
0 nws
Notice thatthe masgenergy equivalence dictates
0 a®
and so
n o a @
which is the same relation between momentum, relativistic mass, and speed, as holds for ezat
rial particles. We end this section by remarking that

A5s0 [ 640

by our non-stringent discussion above implies
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Observation NN

D

A particle with finite (and non-zero) energy has zero rest mass if and only if it travels with thg
speed of light.

By the kinematics of special relativity,if a speed is found to be equal to the speed of light one
frame, then the speed is equal to the speed of light any frame. In particular, a photon has the
speed of light inany frame, and so Observation NN tells us thdhe rest mass of a photon is the
same in any frame, which is consistent with the framé&dependent nature of the rest mass as
known from the dynamics of matter particles.

By the way, the title of this subsection is the name of a simpded selfexplanatory mnemonic:

The Energy Triangle

Figure 31. The Energy Triangle .

3.4.12 Summary

This long section has been concerned about the dynamics of special relativity. We have deve

oped the standard theory for special relativity, and | have tried to do it in such a careful way as

possible. We have shown which laws of conservation aeompatiblex EOE  %ET OOAET 80 Pl
and then we have postulated these lawdNe have then seen thaat least a weak form of the
massenergy result follows from these postulates, and then we generalised this result in a way

OEAO OAAI AA O1 AOOOAI 68 4EA AUl Al EAAI OEAT OU OEO
observation. We havesuggesteda dynanical theory, many major results of which hase not been

entirely proven from more fundamental postulates, and therefore, only experimental verifie-

tion can make us certain of the validity of the theoryFFortunately, the special theory of relativity

is usedin every-day physical experiments and consumer electronics, and so we are fairly conf

dent on its validity.
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3.5 Relativistic Electrodynamics

We will now continue the discussion on electrodynamics. Recall that A@x A1 1 60 ANOAOEI
not invariant under a Galikan transformation, and thatthis was a major theoretical problemin

Newtonian mechanicsand, therefore,a motivation for special relativity. We will now show that

the Lorentz transformation comes to rescueConsider the same experimental setups we used

when discussing the Galilean transformationthat is, Figure 27. For convenience, we repeat it

here:

o
n
We will perform the same kind of analysis as we did in the Newtonian case, but we withw in-
clude relativistic effects, that is, we will use the Lorentz transformationnstead of the Galilean
transformation when switching between 1 and _ 2. The situationin _ 1 is the same now as in
the Newtonian case; there is onlyhe electrostatic field

—0
¢'T Q

at the test particle. Thus, the Lorentz force law yields the force
n" .
—'0
¢'T Q
iT OEA DPAOOGEAI Ag " 0O xEAO AT A0 O&I OAAS 1 AAT e )1
force (cf. Section 3.4.49." OO ET OEEO AAOA EOOATT&OBG © QAAI T U I
Hence,

cT”—aQo 8
, AO 00 11 x ET OAOOECAOA OEA_2Qdngiicbntra&dn Vil ifdrigake BT ET O
the linear charge density [unit C/m] by a factor of 0 . Thus the observed charge density is
S ERS:
The electrostatic field is now
. " ro” .

TR’ T
since the vertical distanceQis unaffected by the standareconfiguration Lorentz transformation.
) | _ 23the wire is observed to carry aonstant current
€ "7 ror7
corresponding to a scalar current of

O $E rov”o
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and thus producing a norvanishing magnetic field

A G 8
- (9
The Lorentz force is therefore
L am . m nro”, no Q n .
€ A I A —0 ——0 ———=038
Ao ¢T e’ ¢ guTo
Al AROOEAI ECHAREA Al OAA
UsingDEA OAIlT AGET T AAOxAAT OEA OAI AOCEOEOOEA &I OAA A
,r é e 7, , y e r!]” n
= ItH | H S —
a = ar o T 0 Qo

where 'H is the acceleration relative to_ 2. Since'l  mtDh

TTH 0
and so
e . e n .
a —= 0w 0o ar o'H ————=0
w r ¢ v “T Q
which is solved to yield
. n S N«
H - —0 —0W VO 8
g L ‘T aq W
In components,
O T
ro ..
w —0W U
. N’
w S T ——
g v “Ta Qn
clearly,
w ™
Thus,
O T
O T
. r’]u
g v T aqQ

I x xA EAOA &£ O1T A OEA AAAAI AOAQOKBI AT AL AOHAN BAOOE /
we did this within the framework of Newtonian mechanics, we found the result incompatible
with the Newtonian transformation of acceleratin (the Galilean,which is simply H 'H. We
will now see if our relativistic result is compatible with the relativistic (Lorentz) transformation
of acceleration, that is, with Proposition NN.

4 0AT OA&1 O ET Gl weild AAAE OI
O T
WO T

149314



Physics Done Right, an Attempt

\f]" ) ‘h,, ) I
o ¢ L ‘T aqQ CFU‘T(XQ “ﬂ”8
. ) [V ‘T a'Q
P35

#1 Il PAOA OEEO xEOE OEA,; thepddidetidaAThus,Av® 6k Gat speo@l AAT OA
relativity doesresolve this paradox. Special relativity, and not Newtonian mechanics, seemsrpe
fectly compatible with the theory of electromagnetism.

3.5.1 The Rise of Magnetism

In this section, we will show that electric and magnetic forces are in faobt two different kinds

of forces.Instead, we will find that, in a sensethere are only electric forces, and that the magne
ic@orcesBAOA 11 OEET ¢ 11 OA OEAT théOAl AOGEOEOOEA AT OOAAOE
Even though we have shown electrodynamics to be incompatible with Newtonian physics, it

does nd require special relativity to appreciate the fact that an electromagnetic field thasome

observer considerspurely electric might be considered purely magnetic, or electrie¢ magnetic,

by someother observer. In fact, this follows immediately from the Mxwell theory, and we saw it

already in that chapter. However, now we will be able to show thiwithout OEA OOA 1T £ - A@x
theory.

More precisely, we will assumethat there are only electric forces, that isywe forget about evelry-

thing related to magnetid 8 4EA Al AAOOEA &£ OAAO AOA AAGAOEAAA
AT A1 UOEAAIT A&l Ol laiv@he Méxwell éghatioh)t Uh ' AOOOG
ntA —8
T

We will then show that there cannot exist any electric force at all, unless there exisitso some

new kind of force, which we will identify with the magnetic force We will take a slight detour,

however: To point out that magnetism is really aelativistic correction, we will first do the and-

ysis using mere Newtonian mechanics. We will see that, within the Newtian theory, electric

forcescanindeed live by themselves.

Consider so once again an infinitely long wire along thew axis. Let its linear charge density
[C/m] be ", and let it carry no current relative to_ 1N g _ 1. A single charge (initially) at rest a
distance’Qbelow the wire will thus experience the electric force

r’] ” .
——=0
C“T Q
giving it an acceleration (recall that we are using the Newtonian concept of force)
p ) r!] ” .
—& -0 8
a ¢l aQ

Now consider agin the frame_ 2N s _ 2, moving with velocity’| 00 relative to _ 1, just as fe-

fore. In this frame (recall that there is no length contraction in the Newtonian theoryand that
we are neglecting the magnetic fordg, the force is still

n

C“T 'Q

08

Needless to say, the acceleratiohl pj @ € is also the sameThus, there is no problem with a
lone electric force [inthiscase, atleast]. 1 xh 1 A6 OO Al OEEO OA& O OAAIl 8
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relativistic effects. In_ 1, the expression for the electric force is still the same. The acceleration is

TTx CEOAT AU OEA OAI AGEOEOOEA AI OMA AmGR@®ET T | " C
istic effects reveal themselves, so still

n"

¢Tdﬁs

From the point of view ofs _2, however, the linear charge density i§ [ 0 ” so that the ele-
tric force
ﬁW”6
‘T Q
This (we think) EO A1 01 OEA O1 OA1 &£ OAAhRh A1 O xA KA 110 4
ever, since the particle is now movingelative to the frame, we need to be careful when using the
relativistic force equation. This is literally

8

[0 . v e nro”,
a4 —= Tt'H T aro'H ——0
(,L) r C“T Q

8

Working out the components as we did in the last section, we end up with

W T

W 7

. r’] ”
—8

® ¢'T aQ

This is the (instantaneous) acceleration of the particle relative tQ 2. But considering the accé
eration relative to _ 1 andapplying Proposition NN, weknow that the acceleration relative to_ 2
hasto be

g v ‘T aQ

xEEAE Al AAOiI U AiT OOAAEAOO jn“Qgs 4EOOh seethat £OI I
there cannot existelectric forces, unlesgfor instance) OEAU AOA A1 01 AAAT I PAT EA
type of force.Apparently (as we saw in the last sectio)) the force of magnetism fits just perfets

ly, but perhaps there are other possibilities? To rule them out, we will continue our discussion

by deriving the expression for the magnetic force (in this case).

The acceleration relative to_ 2 has to be

O
m
M
@]

50ET ¢ OEA OAlI AOGEOEOOEA &I OAA ANOAOGEITT | wvwQh
necessarily
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R (O« T
€ a — ItH oaf 6 'H
w
[0 . e
a —= LW 0o ar v'H
w
drb ot 0o ar v Lt‘)
&' q U “T aQ
r]H .
—— 08
¢ LT Q
Of course, we can write this as
) rzlu . r£In p . r’]n . p .
€ — =0 —— = 0 - v — V) (0]
TuT e ofafu ot al o !
r!]rl:)n" Urllrou

—0 0 Héx aiotrae] Bui
i Q Chi Q H eai Aaovmaet Bxi

The firsttermwe OAAT CT EUA AO OEA Al AAOOEdAfinddE sécAnfl lermA OO  x A
But, if we define

then the second term reads
S DL AP O
Ol EI I xT cu 0 C“ 0
which is precisely the magnetic force on the charge, as seenjin! Where the constant is also
equal topj ®f

With some ingenuity and effort, the reader can probably himself construct further examples of
electric systems in which special relativity requires the electric forces to be accompanied by
magneticforces that agree with the Maxwell theory.

You couldpossiblysay that the force of magnetismywhich was known empirically during the 19t

century, has now beerderivedusing the special theory of relativity. However, thigs not entirely

the case since EA OEAT OU 1T £ OAI AOEOEOU EO AAOGAA 11 %ET O
constancy of the speed of light) was to a big extent suggested by the Maxwell theory of electr
magnetism. Nevertheless, it is notunimaginable that one canappreciate the axoms of special

relativity without prior knowledge of magnetism.
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3.6 FourVector Formulationand Spacetime Geometry

In the previous sections, we have in great detail investigated the physical basis of special refati
ity, and the transition from Newtonian physicsto special relativity. Although transparent, the
investigation was at times messy and gave rise tather awkward formulae. We alsohad to
work a lot with the issue ofcompatibility; for instance, we spent quite some time investigating
whether or not the relativistic law of momentum conservation is compatible with the axioms of
special relativity. This we had to do, for the result is nontrivial, and, in addition, should we have
found the law not to be compatible with the axioms, then we wald have had to abandon it at-
gether.

Put differently, we were given an equation
I [
between two vectors relative to some inertial frame_ 1~ 8 _ 1. In this case, the vectorare mo-

menta. Since the momentum is a framdependent quantity, there is noa priori reason to believe
that the vector equation

’I ’I
should hold in someother frame 2N g 2, where'l and’l are the corresponding momenta
relative to _ 2. It took quite some effort to show this, as we did in Theorem NN.

In this chapter, we will reformulate the special theory of relativity using spacetime andour-
vectors a new kind of mathematical object. Just as we describe nature usmgmnbers and three-
component spatial vectors in the Newtonian theory, in special retiity, we describe nature s-
ing numbers and four-vectors. This new formulation will generally be more succinct andz most
importantly z will resolve the problem of compatibility entirely. Indeed, if two four-vectors are
equal insomeinertial frame, then they will be equal inany otherinertial frame connected to the
first frame by a Lorentz transformation.

3.6.1 Spacetime

The entanglement of space and time suggests that we should treat space and time not as two

separate objects, but rather as a single entifywhich we will call spacetime By definition,

spacetime 0 is the set(with the structure of a differentiable manifoldz x Ad 1 1 Cdf@l OEAOAC
possible events an event being dplacedin spacetime where a particle can exisin the general

theory of relativity, we will pursue this idea very far, butin both Newtonian physics and special

relativity, you can introduce a coordinatesystemin 0 such thatan eventis a pair oo of a time

coordinate o (in the physical sense)and three spatial coordinatesd  afui . In other words,

0 a9 a g

is a real vector spacgbut the remarks ofSection Fel! Hittar inte referenskalla.  still apply. We
eed a coordinate system in spacetime. We will therefore assume that we have settled for some
inertial frame _ 1 of reference. In particular, this means that have chosen to infy some point

in spacetimewith the origin Tttt of s . We have also chosen some unit of time to cesr
spond to a unit change in the first (time) coordinate, and we have chosen three geometric spatial
vectors to correspond to the directionsd  miphtit , 6 mivdphit, andd  mivirdp of s .

Of course, since we consider spacetime as a fedimensional space (essentiallya ), we could
ET 001 AOAA A OPAOGEI 11 CEAAI 8 AAOEO OEAO ElTBOAOI E®
nates. This is an obious mathematicalideaAT A AOAT OEA AAOA ET . AxOi1EA
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assumepure Newtonian physics, and considespacetimed s = s . Choose to identify
the direction "HU  phrfrit with the direction of time, and letd  miphrfit, 06 rhrfpht, and
0 minitp be an orthogonal spatial basis in the Newtonian sens&hus, at each timed, space
is the subset

t o Ob A 8
Let'H “Hi6 & O be the full spacetime basisd EEO EO A ODIAOGEAT SICERAI 6hI
Thendefineanew basisH "HU6 6 & by

=
=laelhe)

A© 34

© 34343

L8

this is also a basis fosn . However, now the new first coordinatep , doesnot correspond to the

physical concept of time, and the new basis vectors, 6 , ando doesnot form a Newtonian spa-

tial basis.For example, consider the two eventstitphcho and migiphe OAT AOEOA O OEA
basis. These occur at the same time [and time is absolute in Newtonian physics]. But theirrcoo

AET AOGAO OAI AGEOA O1 1 60 1phpkioAandd cGfpik Qiedpdctiveye AAT § 7
Thus, of the four coordinates in our new coordinate system, clearly none represents time liy i

self. From now on, and for the remainder of the chapter on special relativity, we will onlye us-

ing coordinate systems inspacetime such that thdirst coordinate, by itself, represents time, and

the remaining three coordinates are purely spatial. Such a coordinate systeiifithe frame is -

ertial, and the spatial coordinates are Cartesian, will be calledMinkowski systen{or frame).

3611 ¢KS aAyl2saliA WLYYSNItNRRdzOGQ
We will now introduce a functiondfic) 0 © s by

cohah oMM homwmWMW hoév 60 o060 0608
Clearly, dficiis not an inner product on s in the usual sense because®damight be negative,
and might be zero even i 1 Nevertheless, we will still call it an inner product. This is sta-
ard, and very convenientjn relativity theory. We will also use this inner product to form a norm
squarein the usual way. Howevey one mustremember that all of these objects are defined using

the relaxed condition on the inner product. In particular, this means that the norasquare of a
vector might be negaive, and a nonzero vector might be of zero norm.

Definition NN

Onspacetime,we introduce the inner product
oowoh 6o MMM how MW ah 60 60 60 060
and the normsquare
mA h s

Notice that this inner product isnot an inner product in the usual sense, since it violates thee¥

quirements a1 6N O andtodE Tw 6 vt .

The inner-product space 0 Fifid is known as Minkowski spaceor Minkowski spacetime If
oG 1, theno and U are said to beorthogonal. If & & @, thend is a unit vector.
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We make
Definition NN
Let
p T T T
_ ' . - o~ ~ ~ T[ p T[ T[
h A E AICph ph p I P
mT T T p
be the Minkowski metric43
as to obtain
Proposition NN
LetoandON U . Then
p m m m O
Wha o—6 0 0 0 0 T P M T 9 g
T T p T 0
T 1T T p O

3.6.1.2 The Worldhe of a Particle
Consider a particle.During its existence it will trace out a curve in spacetimeThis curve, which
is called theworldline 3 of the particle, is precisely defined by

3 duiuia " 0 OEA DPAOOEAIT &EOO 1 GRAIADAA AO
The worldline can clearly be parameterised with the coordinate time, that is, there exists fun-
tions O™ @O ,0m woO, andd™ & & such that the particle is located at oo oo hx o at
coordinate time 0. However, every coordinate timed corresponds to a prger time T, as recorded
by a clock attached to the particle. It will turn out to be convenient to use the proper time as the

parameter, and not the coordinate time(lIt is not important what the origin of the proper time
is.)

3.6.2 The Lorentz transformationFour-Vector, and Lorentz Scalars
We first make

Definition NN

Assume that dhohuh are the coordinates of some event relative taa Minkowski frame _ 1. Then
the four-coordinatesof the event are ¢ ohofufT .

There is an obvious bijection between the set of possible coordinates and the set of possible
four-coordinates. Hence, in principle, they are the same. However, it will turn out that the four
coordinates are neater to work with formally compared with the ordinary coordinates, so from
now on we will mainly use this new concept.

24 EA x1 OA Oi AOOEAS xEI 1 AA Agbpi AETAA ET -OEAn-BEEDPOAO |
Ei xOEE | AOOE®@S 8
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Now,let 1N s land_2N s 2 be two inertial frames in standard configuration with relative
speed 0. Assume that a particle hadour-coordinates @ ofuduftr relative to 1, and four-
coordinates w0 o relative to 2. Then

8Yo) ) Frovjo MM Qo
@ r O O [0 Tn o
W Tt Tt p T W
Gice Tt Tt mp «

according to the Lorenz transformation (Theorem NN).

Definition NN

The Lorentz transformation¥d) © 0 has the matrix

[0 Frovjo mom
v [ 0 0fw [ 0 T T g

T i p T

m m T p

Notice that the Lorentz transformation¥ is an endomorphism on spacetime, given by a symme

ric matrix.44 Recall thaty connects two inertial frames in standard configuration. Hence, it isot

the case thaty connects anarbittary PAEO | £ ET AOOEAIT AEOAI Ad8Lo! 1 OET OC
OAT OU OOAT OA&I Olvladdiven abovex ih theOogEdeDeralsense of the word, @ L

rentz transformation is, by definition, a function connecting any pair of inertil reference frames

with the same origin in spacetimeThe set of all Lorentz transformations form a group under
composition, called the Lorentz group. The set of transformations connectirany pair of inertial

reference frames also forns a group, called he Poincag group. Clearly, the Lorentz group is a

proper subgroup of the Poincaé group.

From a physical point of view, it should be enough to investigate the theory by only considering
the standard-configuration Lorentz transformation ¥. Indeed, any traisformation in the Poina-
ré group can be written as a composition of spacetime translationspatial rotations, and ¥, and
of these three types of transformations, only theast one should be of any nortrivial physical
significance. For simplicity, we willtherefore restrict our analysis to the case of frames connéc
ed via¥.

Definition NN

LetN s be a 4tuple of numbers relative to an inertial frame_ 1, and let®> ¥ 5 be the corre-
sponding 4tuple relative to any other inertial frame _ 2 in standard configuration with _ 1. If

D TR

where ¥ is the Lorentz transformation between_ 1 and_ 2, then®is called afour-vector, andis
written &®.

44\We can already now appreciate the reason why the fok I | OAET AOAICA \@AA T d OREA OEA
coordinates. For one thing, every component of the forroordinates has the same unit, namely, the metre.

)yl AAAEOEITh EO EO Al AAO &OI 1T 4EAT OAI .. OEAO OEA 0,1
not given by a symnetric matrix.
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That is, the arrow above a 4uple reminds us that the 400D1 A OOAT O&I Oi @ AAAT O/
tween two inertial frames in standard configuration.We will often denote a fourvector

® GOHRHhR oD
where His an ordinary spatial vector insi , thatisH @ hRo R .We willalso calHOEA OODBPAOEA

b A O GiBThd rdason why this isconvenient will reveal itself in just a few lines of text. Fom
Definition NN we immediately have

Corollary NN
The four-coordinates

® i ooufu

of an event(relative to some frame_ 1) make upa four-vector.

Notice thatthe spatial partd  ofufi is the ordinary spatial position vector relative to_ 1. We
also make

Definition NN

The four-momentumof a particle with speedo, total energyO, and momentumi nmm is
P YLK
B G

Theorem NN then revealghat

Corollary NN

The four-momentum of a particle is a fourvector.

Thus, from now on, we will write thefour-coordinates as®and the four-momentum as#p. Notice
that the spatial part of the fourmomentum is the classical momentum.

Definition NN

A scala quantity that is invariant under a Lorentz transformation (in other words, has the samg
value in any inertial frame of reference), is called bhorentz scalar

Examples of Lorentz scalars include the rest mass and chargen of a particle andthe speed of

light ©. However,i,n ,f ,Oa0& 06,6 ,6 h 8 AOA Al AAOI U AAPATAAT O Ob
ence, and are therefore not examples of Lorentz scalars. It is clear from the definition that any

function of any number of Loentz scalars is again a Lorentz scalar. For instance, the quantity

4 OE figa Lorentz scalar, as is the restenerd @ ®.

For future needs, we make

Proposition NN
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Proof

[0 Fovjw MM p M M T
o [0 0T® r 0 mm O OTMop TT
T T p m T T p M
s s mp T M T p

[0 [ 0 Uja m T

r 0 OTO ro T T

m s p T

s 1 1 p

while (notice that ¥ s trivially found from ¥ by making the substitution0 ©  0)

p T T T FUNFUL‘)jwnn
y mT p T T VY () 0 m T
m T p T I I p T
mT T T P noo T T p
[0 Frovjw m T
SRV () I v LS | S
I I p T
M m T p
d
Corollary NN
¥ -8

3.6.3 Properties of Fouvectors
The whole point of fourvectors is contained in the following result, which is almost immediate.

Theorem NN

Equality between four-vectors does not depend on thénertial frame of reference. That is, it®

and ®are four-vectors relative to _ 1, and@Pand ¢Pare the corresponding fourvectors relative
to 2, then

B Bt WP W8

Let 1 and_ 2 be two different frames in standard configuration. Then the hypothesis
B Bt v® ¥A
where ¥ is the Lorentz transformation connecting_ 1 to _ 2. But since®is a four-vector,
WP ¥d
and similarly for @ Thus

B Bt WP B

Notice in particular how it is now obvious that the fourmomentum conservation law

no ne
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is compatible with the axions of special relativity. Indeedpeing an equality of fourvectors, if it

is valid in some frame, then it is valid in any other frame. Since the components of the four
momentum are the energy (divided by a constant) and the relativistic momenturh, it is clear
that both the law of energy conservation and the law of relativistic momentum conservation are
compatible.

Notice also that is not a coincidence that we found out thapis a fourvector (in Theorem NN,

essentially) while trying to display the compdibility of the aforementioned laws of conservation.

&ET AT T UR 11T O0EAA OEAO OEA OAT OAT CI Al AT 08 rAAOxAAI
mation of the four-coordinates isidentical to the entanglement between energy and momentum

as illustrated bythe transformation of the four-momentum.

At this point, the reader might object that the introduction of fourOAAOT OO0 AT AOT 80O OA
anything. Indeed, so far it has only given us more fancy wayf saying that a law of conservation

is compatible with the Lorentz transformation. However, there is more than that to it. We will

see that we can combine fouwectors into new four-vectors, and this will help us obtain many

more results. In addition, this new language will help to bridge the gap to more adwced phys-

cal theories, such as thgeneraltheory of relativity

The following simple result will take us to the former benefit of fourvectors:

PropositionNN

Let éand @be four-vectors, and letObe a Lorentzscalar. Then
(1)® & is afourvector,

(2)'® "Gbis a four-vector, and

(3) afidis a Lorentz scalar.

If ..is a Lorentz scalar that may depend on time, ardis a four-vector that may depend on time
too, then

(4) —is a four-vector.

Proof

Assume thatéand Gare four-vectors relative 1, andlet ¢ and ¢®be the corresponding four
vectors in _ 2.
(1) and (2) aresimple:

T® YO @ Yd YA @ @ h

¥ v d QP 08

When it comes to (3), we have

PP vdEwd YA - YD BY vd Arrd - &
using Corollary NN. Finally,
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Qb .. ® 3 ® . Y® 3. YO oP 3 oP
¥ — ¥ | EH I E4 | E4
Q... o 3 o 3., o 3
'QIPS
Q..
o
Corollary NN

Any linear combination of fourvectors is a fourvector. In addition, the norm of any fourvector
is a Lorentz scalar.

3.6.4 The FowVectors of SR Dynamics

We have seen that the foucoordinates @of an event (such as the spacetime position of a part
cle) is a fourvector. The fourcoordinates generalise the radius (position) vector of Euclidean
spaces to spacetime. The analogue of the displacement vectefl "I "l is the spacetime
interval four-vector:

Definition NN

Let 1 be some inertial frame,and consider two events® Gouftdn and @ o LG
The (spacetime)separationbetween the two events is the fouvector

3®h ® & ozdeuBded8

The spacetimeseparation is clearly a fourvector, since it is a linear combination of two four
vectors. Now, let us return to the fourcoordinates of a single particle. fie worldline is the image
of the parameterisation functiontm @ 1 , wheretis the proper time of the partide. By Propo$

tion NN, the derivative— is too a fourvector. This is the fourvelocity of the particle.

Definition NN

Let @be the fourcoordinates of a particle, and lett be the proper time parameter of the pari
Al ABO x1 O1 Al ET A8 4EAI
o 2
of

is the four-velocity of the particle.

Corollary NN

Let® &M be the fourcoordinates relative to someMinkowski frame _ 1. Then the four
velocity, relative to this frame, is

where’l 6 [ R is the usual threevelocity.
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Proof
,Knb Q . ... Q ’W&FD$EF TQdQ%QdQ@QquQo
OK oy gyeduin  SLeohehefey  oafndofadofadat
Or o 6 6T 6 o o mm o QA

Notice that the spatial part ofthe four-velocity is not the classical threevelocity "I, but rather
[ 6 "l.Nevertheless, a one might almost expect, we have

Proposition NN
Let @be the fourvelocity and ipthe four-momentum of a particle. Then

B a®
where & is the rest mass of the particle.
Proof
Let 1 be Minkowski coordinates. Then,
pK Oﬂs
LA

On the other hand,
a® ar o whl 8
But
OK 6amh 1TKf 64
and so the proposed equality in 1 is immediate. But since both the righthand side and the left

hand side are fourvectors, equality holds inany inertial frame, and so the fourvector equation
holds. o

We could havedefinedthe four-momentum as& @ Had we done so, we would have been given
the fact that the 4tuple of numbers —Hhl is a four-vector for free, by Proposition NN, because

G is a Lorentz scalarln other words, the compatibility of the (relativistic) energy and mome-
tum conservationlaws would have been trivial. By now, i is irresistible to make

Definition NN

The four-acceleration of a particle with four momentumpis

"HKE

The four-force onsucha particleis

Ik

(@)
—og
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For a moment, restrict attention to the common casehere the rest mass of the particle remains
constant (at least for the duration of the investigation of it). Since

pK a @
where @ is a constant, we have, trivially,
0 e « o
Qft Qf Qt

precisely as in Newtonian mechanics, wheré K & I with constant & , too.

BK a @

Corollary NN

Let 1 be a Minkowski frame. Then

re “ItH_. , . 106 "ItH,
R H —

€
1!

and, assuming the rest masa is constant,
, Foé .o e .,
® — €tlh 6¢
w

where ¢ is the relativistic force.

Proof
® o ,Qr()d)ﬁ"l o f GOAI ro’Q(I)Fn
Qt Qft Q Qf
Q6 124029 n o 12 o 120
0d ° ELE} 0o®" Yot
(0] . . G,
—f—1fr 6t Rl 1 6t mHE o
- 6 ' 0
ro “ItH. .. ) .
= t ohl 1 6 thH
w
ré CItH . | ro “IftH
- H o 7 I
w w
since
Q6 0. 20 6 6 P o6 6 Ttwo o oo
Q0 Q8% Qo c < C C o
Thus
_.op Q S aroe ItH., . . ar o CItH,
@K’QT ot?® 99y —&—mro H ® |
ro ., . .= . L..,. Gro "ItH, [ o -
—— a0 0h 6 ar 6 H ———71 — et’lh 0 ¢
w w w

according toProposition NN.
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3.6.5 The Lorentz Scalars

According to Proposition NN and its corollary, the scalar product between any two fowrectors,
and thus, in particular, the norm of a fouvector, is a Lorentz scalarln the last subsection, we
found a set of fourvectors, and so it is interesting to find out about the Lorentz scalars we can
obtain from them.

3.6.5.1 The FouiCoordinates
Let us start with the four-coordinates,

® Oty 8
Its norm-square is
AmE 00 ® © O«
and has to be a Lorentz scalar. That is, if relative to some other inertial frame with the same
origin, the four-coordinates are

@ o oo R
then the norm-square in this frame is
oP w60 w ® a
and
mye oP 8
3.6.5.2 TheSpacetimeseparation
Similarly, the spacetimeseparation

3  Qsdeafeafea
has norm-square
® O 30 30 30 30

which is a Lorentz scalarThis is given a name of its own:

Definition NN

Leta® ® dbe aspacetimeseparation. Then

3Yh 3® @ 30 30 3W 30

is called thespacetime intervabetween the two eventsmand &

That is, all observers agree on the spacetime interval between two events, even if they do not
agree, in general, on the coordinates of the two eventsr on thecoordinates of their separation

3.6.5.3 The FouiVelocity
The four-velocity is

with norm -square
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. . &) o) © O
AE [ O Ww [ 0O O © 0 [ O w [ 0 O -
P > P > p 3
W W ()
pé
'r(b'r
— w38
po
B

is also constant! That isany particle travels through spacetime with constant fourspeed(name-
ly, the speed of light) Therefore, by Section 3.6.1.2and Definition NN,®is a unit tangent vetor
to the worldline of the patrticle.

3.6.5.4 The FouMomentum
By definition, the four-momentum

'OFiI
LIS
so that
o . roadw ., .,
APE  — ———— [ 0O 00 [0 0w [ 0 ao Ww O 0 a
w w
wd 8
Thus, the norm of the fourmomentum is
ApE QD4

which is a Lorentz scalar (again, as we already knew)

3.6.6 The Light Cone

In this subsection, we will introduce the important concepts of the light cone and causality. o
sider an object located at a point o o in space emitting a flash of light in all dire-
tions at a timeod . Thus, at any latertime&d 0 30 0, the flash of light will make up a sphere
“Y centred atd with radius 30, At this time, every observer inside"Ywill know that the object
has emitted a flash of light, while no observer outsidéY could possibly know this. Indeed, they
have not yet been hit by the flash of light, and since no traveller can travel through space with a
speed greater thant, no one could possibly outrun thélash and warn an outside observer. This
implies a very fundamental statement about causality in spacetime:

Observation NN

No information can travel through space at a speed greater thah. In particular, given any -
server in space, any event taking ptze a timez-0agowill be completely hidden to the observer if

the distanceO 3w 30 34 from the observer whohy to the spatial position
ofthi of the event is greater tharo 30,

In the above,w @ 3wand similarly for wand &. The equation for"Yin space is

30 30 3 30
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which is a sphere of radiugb 30 centred about & hb F . Thus, in spacetime’Yhas equation
w0 30 30 3W 3 T

which is a hypercone centred athe event & & ftofx . Since it has codimension 1, it is a
hypersurface of spacetime.Notice that the spacetime interval between the foucoordinates
® owofwhdh and any pointe 3® o6 30fw 3w add 3¢  Goufudn
on “Yis

YK 3® @ 30 30 30 3 T8
Clearly, this is immediate from the fact that light travels with the speed of light, and serves as the

motivation for the Minkowski inner product. Indeed, any spacetimeseparation four-vector 3-®
belongs to exactly one of the following three akses:

A 1ff3°Y m theseparationEO AA1 1 AA OOEI Al EEAG S8
A 1ff3°Y m theseparationEO AAl 1 AA O1 ECEOI EEA8h 10 O1 01168
A Iff3"Y m the separationE O AAiI 1 AA OOPAAAI EEAGS

It follows immediately that we have

Observation NN

The separationz-®between two points on the worldline of a material particle is timelike.

The separationz®between two points on the worldline of a photon is lightlike.

If the separation between two spacetime events is spacelike, themy one of the events cannot
affectthe other event. In particular,it is impossible for any one of the events to be theauseof
the other.

The hypercone

Yo 30 30 3W 3 mh
where3d o6 0,30 ® ®,and soon, centred about the everd &6 fro o i is called
the light cone or thenull cong ata Its interior contains of all timelike separations starting atm

its surface consists of all lightlike separationstarting at @ and its exterior consists of all spae
like separationsstarting at @ We will now divide each of these three classéasto two subclasses.

Let 3®be a separation, and le®  phriviit be the direction of time, which is a fouvector
(check that). Then

A Iff 3¢ mthens®EO O-BOEDOKT Cd638

A Iff 3@ T thens®EO ®HADODOET C6 8
Notice that the projection 3@® is simply the first (time) component of 30, just as iftfiGhas
been the standard inner product o .

Human beings generally find it difficultto visualisesubsets ofa 8 4 EAOA &I OAh IET T OAZ

EOAS OHA AREGEO xEI 1 OOODPDPOAOOS I thahis, ivemill@rietdnd OE O A A
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that space is twedimensional instead of threedimensional. Then spacetimep) 8 s« A
becomes threedimensional, and the hypercone reduces to a@ne

© 30 30 30 8
Since, from a qualitative point of view, the Euclidean plane and thremace are very similar in
nature, this is actually a very fruitful technique of visualisation. Choose therefore any poidiin
spacetime, such as the event that represent you righiow. Below is the light cone awith one

spatial dimension suppressedFor simplicity, we have seto  p (alternatively, you can consider
the vertical axis as being scaled).

Figure 32. The light cone.

4EA OAOOEAAI AQ@EOh AT OOAODPITAEI ¢ OF OEA OAA

0 AT T dbspacetime, corresponding to a fixed time, is really the thredimensional space at
that time (that is, ahyperplane(and, of course, énypersurfac@ in spacetime), but since we have
suppressed one spatial dimension, it appears like a twdimensional plane in the diagram above.
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In particular, the slice® 0 is space at the current time of the event, indicated by the green
plane in the diagram. Thewo green basis vectors are spatial basis vectors.

4EA OPPAO OEAI Mdurelligh céneE donsiting ohall Events@hitA photon emitted
at the vertex of the cone (that is, at the everi). The intersection of the future light cone with
any spatial sliceo AT T i©adcle in the diagram above, but a sphere in reality. It is simply
that we met before. The interior of the future light cone is called th&uture of we. The futurecon-
sists of all points in spacetime that an observer located atohas a chance to visitThe union of
the future light cone and the future ofapis the set of spacetime events that could possible by
affected by the eventon Similarly, we define thepastlight coneAO OEA 11 xAO OEAI &6
cone. This is the set of events such that a photon emitted at has a chance to reacbm(if emit-
ted in the right spatial direction). The interior of the past light cone is called thepast of wpand
consistsof all in spacetime in which an observer atmight have been at. The union of the past
light cone and the past ofwpis the set of spacetime events that could possibly affeab The can-
plement of a1 ECEO B 1ANRO VA b AlOA&p it Aled elsewhere Elsewhere
(which we will always italicise, due to risk of confusion with the adverb) consists of all
spacetime events that can have no causal relationship wittbwhatsoever. This means that

A no event inelsewherecan affectcpand

A omecannot affect any event irelsewhere
If you think you have found a misprint in the paragraphs above, this is most likely due to asni
01 AAOOOAT AET ¢ 1T &£ OEA x1 OA OAOAT O-insnake BibtakdweOEE O E (
rephrase that

An event isa specification of a point in space AND a particular time.

Say that you are located atwand consider a different eventmoccurring at the same time (reh-
tive to your frame of reference) but a few meters (or even miles) awayl hus, if we draw the light
cone atap, then@might be the event indicated with a red dot in the diagram below:

Figure 33.! 1 ECEO AT T A AT A Al AOAT O Ei. OEA EUDPAOOOOAEAAA
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@clearly belongs toelsewhere and, indeed, the spacetime separation betweemand @is spae-
like, since30 mand 3w 30 30 1. Thus, the eventcan have no influence orm
whatsoever. But this doesnot mean that the happening a@can never affect you personally, it
simply means that it cannot affect you atwp, that is, at timed 0 . Indeed, a gagnuclear) explo-
sion happening in your kitchen(a town some hundred miles away)will not affect you, in your
study, until several microsecondqseconds)later. That event, thatis, you at that later time, is a
different spacetime event (even if it is at the same point in space). And this spacetime event
(which by the way is found in the future ofceh E 1 A A A A h ool GOdagrandid d niekider

of the future of@ thelight cone of which isdifferent from the light cone ofce

3.6.6.1 Transformation Properties of the Light Cone

Spacetimed is a geometric object, independent of any coordinate system, and so is a point, or
event®E1T EO j AOAT OEIT OCEh T &£ AT OOOAh EOO Ai 1T OAET A
system). We have introduced the light cone aih which is a hypersurface ob . The question ars-

AOh OAT AO OBAADEKICEOCOBI T AGRAD 1 A 6 Aiked A geendetrig pbintT OEAO
in spacetime (an event), does all possible observers agree upon tlight cone at the event? In

OO0EI 1T 1T OEAO xI OAadh xd&iihddaOegdomettegity® AT T A AO
What do we need to show? We need to show that ifre@ (inertial) observer considers an event

@as a part of the light cone atwp, then any other (inertial) observer should agree. (The converse
should also be true.)We will now show that it is.

Proof 45

To this end, consider some inertial frame 1 of reference, with a Minkowski coordinate system.
We are interested in the light cone at®eN 0 . Introduce some other Minkowski frame_ 2 in

standard configuration relative to _ 1. LetaP Yw be the same geometric point asy, but ex-
pressed in_ 2 coordinates.We will consider anarbitrary event in spacetime, known agand o
relative to _ 1 and _ 2, respectively. Let the separatiofiour-vectors be 3:®and 3P, so that

o 3® @Al A
Then it is clear, by the definition of the light cone insid each frame, that
AEA RABAT DI CO O OCwmdAIl EQEDAFADI AARD
4EA ARBDMNIG T CO O OPAAIN EQEOAXDI A8 AO
But 3-®is a four-vector, and so its norm is a Lorentz scalar. Thus
3® Ty WP T
which trivially implies
4EA RBARIT DI CO O OwdAIl EQEHDA ADIT A AOD
v 4EA ABDMAIG T CcO O OPBAIT EQEOA ADT A

and we are done. 4

>\
O

45 You could argue that this proof is overly long, but | want it to be both eagp-read and rigorous.
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Figure 34. The Mobius band is a surface with only one side. In
this chapter, we will explore curves and surfaces in ordinary

ou
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4.1 Introduction

This rather short chapter will be purely mathematical. It is included because the general theory
of relativity, which we will turn to in the last chapters of the book, is formulated in the language
of differential geometry. Indeed, we will find that spacetime curves in the presence of gy,
and that the curvature and metric properties of spacetime can be described in much the same
language used to discuss the curvaturef surfaces embeded in ordinary Euclideanspace, which

is far easier to understand.

In this chapter, we need the standrd concepts

Definition NN
Let"YP a andwP s

A continuous bijection%e{ YO @ with a continuous inverse is called enomeomorphismlf such a
function exists between "Yand @, then "Yand o are said to behomeomorphic A differentiable
bijection %€ YO with a differentiable inverse is called adiffeomorphism If such a function &-
ists, "Yand o are said to bediffeomorphic If 5 is a diffeomorphism and bothz and 5 are
smooth, thenl3 is asmooth diffeomorphism

and

Definition NN
Let

Y h onNs gos p

be the ¢ p -dimensionalunit spherein a1 .

In particular,
YK aovado @ p
is the unit circle and
YK odwg vady o a p
is the unit sphere.

We also make

Definition NN
Let

8 h ova dos p

be the¢ -dimensional (open) unitball.

Thus, 6 is the usual, threedimensional, open unit ball, & is the open unit disk, and

0 php .
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4.2 Curves

Although we are mainly interested in surfaces, we will start by considering curves

4.2.1 Whatis a Curve?

It is difficult to give a preciseAA £ZET EOET 1T 1T £/ A OADOOGAS EI A xAU O
hard to give a definition that entirely pleases the current author alone. The problem is that the

xI OA OAOOOAS EO OOAA Elelatéd] waysfall i whitl séefigbiiriatdh Al OE|
ral. From a geometrical point of view, a curve is something you can draw with a pen on a paper.

More precisely, it is the imagée’l “O of a continuous function”ld® s where ‘Gs an interval,

probably, but not necessarily, bounded. Such a curvettus aset of points1 ‘00 a . (For defini-

tiveness, in thisintroductory subsection, we will only consider curves in the plane. The general

sation tocurvesin g causes almost no problems.)

From a physical point of view, we might want to consider the futtion TE OOAT £ AOn-OEA OA
deed,”l 6 might be the position of a particle at timedN "OThis is a different concept. In partio-

lar, there are generally manydifferent functions "Id® s ,1d)° s h 8 xEOE OEA OAIl A
'O 'l 0 E.This can cause some trouble with the terminology if one is not careful. Say, for

instance, that a particle moves two laps about the unit circlevith unit speed starting at the

origin of time, that is, its position is" 6 A 1080 Bl where o8 1it“ . If you consider the

curve to be the function, then the length of the curve is* . But the length of thepoint-set curved

"I mhc“ is clearly only ¢*, the same as the length of th@urved"l 6 A T oD Bl where

oN rie“ . In addition, a curve, as a functigreontains information about thespeedof the particle

at each point and theorientation of the curve. This information is not present in the image of the

curve (the point set). Indeed, iflo  ATo@ BI, 68 h mig* and’l 6 ATcOO Kb,

oN Oh 1t then™l 'O 1 0 althoughsl o sk pwhilesl o6 sk c.

Irrespective if one considers a curve to be a functiofl on an interval "Qor the image”l O, one
might want to require “Qo be either open or closed. If we demand tha@s open, we can simplify
many arguments andproofs since every pointoN “Gooks like every other point; in other words,
“@loes not contain any boundary points that might require special treatment. On the other hand,
if we demand that'Qs closed, thenwe obtain many niceties if Qs also bounded. TheriO o
and both™l & and I & N "I "O. Still, if we would require ‘Gto be either open or closed, a lot of
functions/point sets that certainly looks like curves would not qualify for the term.

A curve, considered as a point set that you can draw by a pen on a papetr, is said tolbgedif it
OOOAOO0O AT A AT AO AO OEA OAI A PIETO68 4EEO AAT 1
curve is the image of a functionild,cfto © s such thatl & "I . A curve is said to baimple
if it does not intersect itself, that is, if'l is injective except for the possibility™l &0 "I @ if the

curve is closed.

ITA TECEO xAT O OI OAOOOEAO OEA OAOI OAOOOGASZ Ol
major advantages. For one thing, it would make the concepts of length of a functidg® 5

and the length of a point setl "O coincide (at the very least if you disregard pathological exa-

ples). Indeed, nowl 6 ATo@ Biwy it EO T 1 11 1T qiaduitich, wd wiDiged A 6 8

ET OO AOGAA OEA Ai1AAPO 1T £ AOOOAOOOAR xEEAE [ AAOGC
some pointoN “Olntuitively, we wish the curvature to be a functionll 1 “O° 4. Indeed, if two

curvesIf® s and1qd)© a has the same imagél O 1 0h OEAT OEA OAOOOAOOO
the same ateachpoint on "I ‘Ono matter if we use”l or | to compute it. However, naturally, we

do need to compute the curvature using some parameterisation functiofl, and, unfortunately, it
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is easy to see that, although we can define a curvature functidi,'® 5 easily, in general, it is
impossible to define a curvature functionll I “O°© 5. The problem is that’l might not be injec-
tive. There might be parametersoi ¥ Q6 i, such thatthe curvatures I & I i while

o Tli, asillustrated below.

High or low curvature?

Figure 35. A non-simple curve with ambiguous curvature at the intersection

This problem is obviously removed if we demand that the curve is simple, that is, if we demand

that "I s is an injection. Then'lis a bijection from“Qo its image” "0, and soll | 'O° 4a is

certainly well-defined. Another nicety of simple curves ighat every simple curve”l "O can be

made into a totally ordered set by definingl 149 1 i 1 wherei 100 P a

is the inverse of If® "I "Owhich exists since’lis injective. Finally, a simple curve has the nice

property that is has nointersections. Although obvious, this is an important property in its own

OEGCEO xEAT A AOOOA EO Al 1T OEAARAOAA A OIi ATEEITAG | A
Unfortunatelyh x A OET BT U OAAT 11T 08 OAOOOEAO arkit@estBdd OAT OE|
in physics. Indeed, ifid3® s is the position function of a particle, then, of course, we musta

cept the possibility that "l is not injective. In addition, even from a purely geometric point of

With the above discussion in mind, it should be clear that we need to make some compromises

xEAT xA AAEETA OERI ORAOAOHDORG x|} OK5OALAO ET ©&£OT AOE
tion®a h AT A OEA x1 OA & iRdg©Od fudh a@uhctioA. AMe i Makedriger

guirements on the interval‘Qand we will allow nonsimple curves.In most cases, problems that

arise due to nonrinjective f-curves canbe removedby splitting the interval "Gnto several smaller

ET OAOOAI 6h OOAE OEAO OEA 4&O1 AOEIT EO ET EAAOEOA i

Definition NN

A curve parameterisation functionor an f-curve for short, is a continuous function "Id® 5
where " 5 is an interval of non-finite cardinality. The imageg h "I"'O0 a is called a(para-
metric) curve.

If "Os an interval, let! "@enote the set of boundary points ofJthus, S@¥ miph; ]. Then let
‘h 'O 1 "Be the closureof 'Jthus “dis a closed set], anE T'@h @1 ‘e interior of ‘(thus
E 1"@s an open set

If¢ ¢q(oré o) we speak of a plane curve (or a space curve).
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4.2.2 Examples of Curves

Example NN

Thecircular (cylindrical) helixof radius¢ mand pitch¢* & misthe image! "Ia of

Varar

o HOOBIh ovN a8
@0

Obviously, the projection of the helix onto thew eplane is a circle of radiuga Fix any point’l N |

on the helix and consider the smallest numbeiQ Tt such thatl “®N . Clearly,the wand @ \
coordinates ofl and’l "(® are both the same, and sdmust be increased by“ . Thus, the veri-
cal distance between the points i 0 ¢“ Qthatis, the pitch.Hence the pitch is the vertical ds-
tance betweensuccessivepoints on the helix above the same point on the projectio circle.

Below is a circular helix with parameterstd cand® pj C.

SN N N NS S S S NS
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<
¢ Example NN
< . . .. . ”
N The circular conical helixis the image’ la of
~
N OA 100
N 16 'Ho®BIh 0VA
N wo
S (6% T  T).Belowitisdrawnford @ pjp I
T —
— B o
e — —
_ - -
T — T I

Example NN

I arard

P A A A A R A NP NN

gy

< A (straight) line passing through a pointo ¥ s with non-zero directional vector IN g isthe

image of
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O 6 Olh oM a8
Many important curvesare plane curves

Example NN

DRV

o va dgovn0 T ® Qw8
If "Qs continuous andO is an interval, then the graph ighe parametric curve™l O where
h onv0O8

N ey O
16 "Hegg

N s,

Example NN x
A circle of radius®is the set of points ¢fto N 5 satisfyingew @ & . This is a closed curve:
given by

ooa g QGATOO, L -,
10 —H(I)OI:‘(‘)Th oN Tig" 8

SN NN

* An ellipse with semiaxes lengthsyand wis the set of points satisfying — - p. This is azi

closed curve given by

SN N

Example NN
The Archimedean spirals the set of points satisfying the polar equation

PP e

Thelogarithmic spiral has the polar equation
i & h d T8

Both of these are parametric curves given by

B A S ar S S e

wl 0ATOO

"0 v s A
-1 0 OBl

“whered mandi 0 & @ i the first case, anb™ s andi ©  ¢XQ in the latter case.

Below is the Archimedean spiraland the logarithmic spiraldrawn for ¢fro - RN Ty

and® @ —MN  Hp ¢ | respectively.
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Example NN
The butterfly curveis the set ofpoints described by the polar equation

CNN N N A A A

e Q  cAit® OE*CQ—TF‘ e mip A

This is indeed gparameterisedcurve, given by

woa eyl OATOO. | -
e PN N
/ 10 —Hic‘JOEblh oN TP T TT
<
> (say)where
. S L 260 ¢
’ io Q cAT10 OEJTS

~ The butterfly curve is not a simplecurve, as is obvious from the plot below.

176314

CRN N NA A AR

T



ANDREAS REJBRAND DRAFT http://english.rejbrand.se

We have seen examples of both plane curves and space curves. At this time, it is appropriate to
make

Definition NN
Letr O s be aspace curve. If there exists a planeO s suchthatf . « [, thenr isplanar.

Letr O s be any plane graph. Then @ O a is a planar space curve for everyp™ 5. More
generally, letd be any nonsingular linear transformationsi © a , andd any spatial translation
om o6 "H'H' a constant). Thend 0 T is a planar space curve.

4.2.3 SomeTechnicaNoteson Parameterisation

YT 1T OAAO O1 AdiO BdpreEAET 101 EBARAGET 1 1 CEAAT 8 11 AOh
Definition NN

An f-curve'Ild® s isregular iff it is smoothand™ © for every oM "OA curve issmooth (or

regular) iff it is the image of somesmooth (or regular) f-curve.

An f-curve "I might be thought of giving the position of a particle at a given time. Hence, the-d
rivative "I 0 might be thought of as thevelocityat 0. In particular, the magnitudes| 0 scan be
thought of as thespeedat 0. This motivates

Definition NN
An f-curve "IJ® s isunit-speedf sl os pforalloy O

It is obvious that a given curvé in generalmay be the image of many different-Eurves. The unit

circle, for instance, is he image of infinitely many fcurves. Somedraverse the circle once, and
some traverse it several times. In addition, different-Eurves may have different speedand ori-

entations. For instance, thef-curve

AIOO - =

10 O Bl h oNv'O mH
has the samamage as the fcurve
q ATcd v vy ek
| o HOE:;B oN U T[hc— h
namely, the upperhalf unit circle. Notice that "l is unit-speed, while’l is not. Notice also that
there exists an increasingsmooth diffeomorphism 5 d® Osuchthatlo | B 0 foralloN 'O

Indeed,s 6 -0.ThusB AAT AA OOAA @RI OOAEOA QAR ®DAAADODT ET O
OEA AT OOAGH T TORET @ OAS B pxists dnd'A&E OER T B for all o~ U

B o coAT A OOANADI OB A O ABobdiddtestOdis mbkvates

Definition NN

Let"IJ® s be an f-curve. An fcurve 1DO s is called areparameterisationof "l iff there ex-
ists an increasing smooth diffeomorphism d® Usuch that™ld 1 B 0 for all 6N O is
called thereparameterisation mapfrom "Ito 1.
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Lemma NN

Let"Id® a be an fcurve and let1d© a be a reparameterisation of'l with reparameterisa-
tion map . Then

(1) B o foreveryonN O
(2) Tlis a reparameterisation ofl with reparameterisation mapl3
(3) iflis regular then'l is regular,

4) 10 1o,

(5) $1 0s ¢ K osik o,and

s

Proof

(1) Since 3 is a diffeomorphism, B B O pi B 0 exists for every 6N O Thus
B 0 Teverywhere.

(2) Since 5 is a smooth diffeomorphism, its inverse 5  exists and is asmooth dif-
feomorphism, too, andg d¢p© "OlIn addition, pick anyo™ "Gand letd [ o N 0. Then
the defining equation™ 6 1 B 0 implies I 0 1 0 , and, sinceg O 0,
this holds for everyo N U.

(3) Assume’l is regular. Then the defining equationl 6 "Ig 0 gives’l 0 as the
composition of two smooth functions B dp© "Oand "IJ® s . Thus'Id)© g is
smooth. In addition, for everyoN 0,1 06 I B o0 t B 0 wherel B 0

becaus€’lis regular, and 0 Tmaccording to (1) and (2) Thus' is smooth and
1 6 mand so, by definition,l is regular.
(4) The defining equation”l ¢ 1 B 0 vyields”l"O I 0 sinced B "O.
(5) This follows immediately from the defining equationand the chain rule. 4

It should be clear that"land 1, if they are reparameterisations of each other, have very similar
properties. Not ©nly8do they have the same imagas the following example shows.

Example NN

- It is not true that every pair of fcurves with the same image are reparameterisations of eac?n

other. For instance,”T6 ~ ATo@ BildN ‘Ch mr* and 1o ATo@O Bl Oh me*
clearly have the same imagd 'O 1 0 "Y, butthere does not existsa bijection 5 d® 0such 5

~that"ld 1 B 0 forall oM "Olndeed, if thereis afunction d® Usuchthafld 1 B 0O

NN S

for all ON "Qthen, since’l “ "l o* pﬁn , we must havey “ B o “ because only§

“ gets mapped to phrt by 1. But thenB is not injective. ;

One might say that a reparameterisatiofi of an f-curve "l preserves all physical properties of the
trajectory "l except for its speedA O OAT O OA O b,iwhidh Esial@@d abdorBing @@ emma
NN(5). In particular, if "Itraverses the unit circle™@imes, then so doed .
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Lemma NN

Let'ld® s and1dp© A be two injective regular curves with the same image "1'O 1 0,
which is a simple regular curve Assuming that™land’l are smooth diffeomorphisms tal , there
exists a reparameterisation magz & Ufrom "Ito 1.

Proof

Since"lis a smooth diffeomorphism, its inversé ¢ © "Cexists and is smooth, and the same

applies for the inverseri ¢ © Vof'l. Defineg 6 h i 716 forall 68 Othens 'O Oand
since both™land 3  are smooth diffeomorphisms, so isi. In addition, application of'l yields
1B o "I 6 which is the defining equation of a reparameterisation map. 4

4.2.4 The Length of af-Curve
We make the obvious

Definition NN
Thelength of aregular f-curve 'Id® s is

Oh g1 o8
The signed lengthof the part of the curve fromd  @to o @(where ¢fton “dor possibly H) is

Oh g1 008

Notice that, by definition, the length is a property of an-€urve, not of a curve. Thus, thedurve
o ATo@d By ‘th mir* has lengtht*, althoudh the curve™ "O Y has length¢"” .
Even though it isessentially apparent from the geometrical ideas that lead to Definition NN
(which the reader is supposed to know very well)we might want to check some&undamental
niceties:

Corollary NN

Let'lJ® sa be aregular f-curve and’l d)© s a reparameterisation of’l. Then

gl 0o 9 o8

Proof
By Lemma NN,

S . . 0 B O . 5
sl oo I B o th 0Q0 ® & 06006 s 0o a8

Slightly more generally, we have
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Corollary NN

Let"IJ® s and'1dp© s be two injective regular f-curves with the same imagg "I 'O
1 0.Assuming that™land’l are smooth diffeomorphisms to’ , the length of"lis the same as the
length of 1, that is, the length of a simple regular curve does not depend onits (smooth) pa-
rameterisation.

s

~ Consider the (circular elliptical) helix| from Example NN:

NS

Proof

According to Proposition NN, there exists a reparameterisation mag d® 0from "Ito 'I. Thus,
using Corollary NN the lengths ofland’l coinside. 4

If a curve is not simple but intersects in a finite number of points(such as the butterfly curve
shown above) the length is still independent of parameterisation, which you can show by patrt
tioning "Onto smaller intervals such that the fcurve is injective in each interval. We will not go
into the detalils.

>

Example NN >

o

WA 100
Mo 'HGOBIR  on A8
wo
The restriction of "Ito 6 Fd  ¢* is an f-curve, the image of which isa singeO OO OT & 1 &
“ [ . Since g

* the length ofsucha® 0O OT 6 EO

RURNENEN

W

Example NN -

RN

- We want to find the lengths of the spiralsdrawn in Example NN.The Archimedean spiralis pa- -

SSANNNNNNNT S S S AN NN N NN

rameterised by

~ w2

so that the length

. s P. , 0A | 6O~ ) o

1o GHeopin O Mo 5

¢

Thus :
. P, AT060 60 B v o P \;

o THowl ohTed S0 G PO f

.
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0 = p 0Q0 o &8B
* The logarithmic spiralis parameterised by
vo Py AldG -
lo —"H> . 7 = on
p1t Q OBl e ¢

and so

©
A
°

and

Momp i .,
N Q' Qo1

pTT &8

Consider a regular fcurve "Id® s . Fix anyd N "Cand consider the signeddistancei ¢ from
o N Go on "Ointuitively, i assigned a unique number to each point oh "l O, namely, the
signed distance from "l 6 along the curve, and so can be used as a parameter, cakkadarc-
length parameter. Quantitatively,

i O Sl 0 <O
so that
Qe 1onO
. o] 0
96 S
because€’lis regular. Hence is astrictly increasing functionand a diffeomorphism @ 0 i O

where Uis also an interval Thus,i M 0is a reparameterisationmap, andi is a valid parameter.
The arclength parameter is not unique however. Ifi andi are two arclength parameters, then
i i Qfor some constantQ Indeed, ifi measures ac length from ¢ andi measures arc
length from 0 , then

io i 0o Sl o Sl o0 SlTosw Al1 0068

Definition NN

Let! be a curve given by a regulafid® s . Choose anyo N “Cand introduce the arclength
parameter

i 0 sl 0 <©
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that measures the signed arc length frond . Then any parametei i ‘Qwhere™ @ a is a-
bitrary, is also called ararc-length parameter.

We state now theimportant relation between the arclength parameter and the unitspeed -
rameterisation:

Proposition NN

Let 'IJ® s be a regular fcurve. Then "l is unit-speed if and only if the parameter is an arc
length parameter.

Proof

Suppose that theparameterisation is unit-speed. Then thearc-length from o ¥ "Qo o "Gs
i 0 Sl 0 <O ™ o oh

that is, 0is an arclength parameter.Conversely, ifois an arclength parameter, then the signed
distance fromo N "Qo ON Qs

Stosd® o Q
for some constant’Q Differentiation with respect to dyields
sl os p
and so’lis unit-speed. o

Since every regular function has an artength parameter, we have

Corollary NN

Every regular curve has a unispeedreparameterisation function.

In what follows, we will need

Lemma NN

Let! be the image of a regular, unispeed parameterisation functionif® a . Then

oYU oh lov'@

Proof
By hypothesis,
o p8
Differentiation w.r.t. 0yields
ot 0 T8
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4.2.5 Curvature

We wish to introduce a quantity that measures how muchraf-curve'ldJ® a OAOOOA OB8 h
how much it deviates from a straight line. Intuitively, we wish this quantity to be aon-negative
number defined at everyo™ "Qand a line should have zero curvature everywhere, while a circle
of radius cshould have he same curvature at every point, and this should be a decreasing @n
tion of cd Essentially, we would like the curvature to be a function on the curve, that is, on the set
"I "O. However, if the curve is not simple, that is, il is not injective, and this might be a slight
problem as discussed in the introduction of this section. Nevertheless, we require that the carv
ture be independent on parameterisationas far as possibld-or instance, in a simple curve, the
curvature should be a function defined orthe curve, irrespective of parameterisation.

A natural approach would be to use the magnitude of theecond derivativeof the parameterisa-
tion function. However, such a concept would not bsuitable at alt it would not only depend on
the curvel , but ako on the parameterisation function’l, even if we only take simple curves and
injective functions into account. For example, the circle parameterisations A T 660 Bl N
e and A TcOmO Kb N i would yield two different curvatures. If we demancthat the
parameterisation be unitspeed, however, then it will work.

Definition NN
Let'ld® sa be a unitspeed regular fcurve. Then thecurvature of “lat o Qs

IR Sl oy

Let 'IJ® a be any regular fcurve with a unit-speed reparameterisation! d)© s and repa-
rameterisation map B dC 0. Then thecurvature of "l at 0N "Qs defined as the curvature ofl at
B O N

We need to check that the latter concept is wellefined, that is, that the curvature of1does not
depend uponwhich unit-speed remrameterisation function 'l you choose to use for the cura-
ture computation.

Proposition NN

Let Id® s be a regular fcurve with two unit-speed reparameterisation functions! gp© s
and’ld) © s with corresponding reparameterisation mapsz & vandwd® 0. Then

T B O T wo h lov'®

Proof
We have

Mo TBO  Twodh
but since boths 0 andw ¢ are arclength parameters,

wo Bo 0

for some™@ . Thus

1o 1Ko 08

Differentiation with respect to oyields
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BokB o 1T BO QB o

Il B O I B o Q8
Differentiating again,
| Bo tB 6 1 Bo TQik o
and
T B6 1T Bo6 Q 1 wo 8
Thus
Il B O | wo 8
Example NN
f Let/ be a straight line given by
< o o dlh ovN s

~ where 01N s hsls p. Thensl 0s $is pso that'lis unit-speed. Sincél

ture

Example NN

Let! be a part of a circle of radiusg given by

-~ Since

~ "lis unit-speed. Furthermore,

> so that the curvature
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The above examples show that our definition satisfies our demands. Now we can obtain some

more interesting results.

Example NN
The (circular cylindrical) helix from Example NN is given by
WA 00
o 'HOOBIh ovN a8
wo

This is not unit-speed, since

slos & o p ET C¢ABI AOAI

7A OEOO 1 AAA O IOledrtat EO Al x16 A AEOS
OAT ®O
To HGOEJo h  on sk
Wy v

whereb h M  ®, is a unitspeed parameterisation for . Indeed,

o GOEGL 0.
"o BLH WAT o h sl 0s Btb p38
&)
Furthermore,
0 WA T U
I o D—LH WO EJ 0
T
and so the curvature
Il Kl o ® ® 8
Y6 o
As@®O 1 while Qisconstantl o th AO T T A x1 &1 A AgpAADhN

P A NN N

St N

N T

\ﬁl\\\\\\\////‘\\\\\\\\\//// N s

T
O
mr
T

stubborn cable. Also notice thal © pj ®as®© T, also as one would expect, because in this case

the helix tends to a circleof radius &

Notice that all examples so far have involved curvesfaonstant curvature.We will investigate

\
~

>

more complicated curves after we have found a simpler method of determining the curvature.

After all, it is rather cumbersome to determine a unispeed parameterisation every time.

Proposition NN
Let"Id® a be ary regular f-curve (unit-speed or not!) Then

el I8

el

185314



Physics Done Right, an Attempt

where a dot denotes alerivative w.r.t. the parameter and the G o-dependance is understood.

Proof
Leti m 'l i be a unitspeedreparameterisation of the given fcurve d™ " 0 . Then
T1io0 108
Differentiation w.r.t. 0yields
aoi o
Qi Qo Qo
and
Q1. Qi A Qi Q7
9 Qo Qi W
Thus
@ Q1 @.0i 01 0 @00 00000
Qo0 '™ QiQo d Qo Qi '™ Qi Qo A Qo
and so

Q- Q7 Qi Qi

Qo ™ Q& 0o !

sincel is unit-speed and by the definitionl K — g " q Al 01 UEAI AO

Ql Qi
Q0 Qo
thus
a1l Q7 %3 %‘ I
T~ T~ O
0 b : I8
Qi 0|
Qo Qo

o

It might appears as if Proposition NN only holds for planeurves. However, since any plane
curve can be trivially embedded im by means of the linear transformation

o P Toe @

;. M ,

o™ TP g @h
T T T

we can use Proposition NN even for planar curveBlow we can investigate some more compl
cated curves with less effort. Ifwe are interested in curves with nonconstant curvature, it is
natural to turn to the spirals of Example NN.

. ExampleNN

S We will compute the curvature of theArchimedean spiral, whichis parameterised by .
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0 0A 100
16 —"HoOBIh o TS
0-
T
> Thus
P AT00 00 BBl P OBl 0AT0O
1o —"HOBI 6AToOh "1 6 =—"H cATo0 0Ol h
v T v T
. T
/ To Mo =M m R S0 Toés —¢ oh
' cuU c o cCVL
and
v s p ;
| — 8
gl os 5 PO
7 Therefore,
1 0
I S‘ ? U S — 8
Sls p o0 !

N A A A A s

It is easy to show thatQ ) Qo il 6 1t Below is the graph o™ Il o .

The logarithmic spiral is left as an exercise.

We end this subsection by investigating if there is a curve in which the curvature is proportional

to arc length.(Intuitively, the existence part is
is a reasorably simple parameterisation for it.)

Letf "1 'Owhere’ld® s
IKSl os

|
9 10 11 12 13 14 15 16 17 18

rather obvious. But it is far from obvious if there

is a unit-speed parameterisation. Our requirement is thus

b o mh

187/314
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where & Tt Since’lis unit-speed, sl 6 s pH 6~ "Qand, sinceany vector of unit length may be
writen A TGO B1 for somee N q, it is clear that there must exist a functioro™ ¢ & such
that

o Al-GOMOBIO 8

Differentiation yields

MO e 0 OBIOMIOO
and so

sl 60s ¢ 0s w8
If we require thato™ e is an increasing function,
0 O

which yields, if we requires 1  TT[Ccurve is horizontal ato T,

-6 Swa
C
Thus,
‘N A'rg@b roEz-nn

and sq if position our curve on the plane in such a way that 1t ,
"o -0
W

where
dbawoh AlTodQd “Yo h O®IQoY

are the Fresnel integrals which are weltknown non-elementary functions.For the obvious rea-
son, the curve'l 0, which is called theEuler spiral(or Cornu spira), is often used inrailway con-
struction. Below the image’l “Ois shown (where™© p Tih Tt )tor & ¢. Although we initia-
ly required 0 11,7l O certainly makes sense for alb™ s, and’l 0 "l oA ON a.The defini-
OETT ANOAOEITT jvq OOEIIl IKISI A® w®dEH. A [ ETT O

188314
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Figure 36. An Euler Spiral.

4.2.6 Torsion

It is intuitively clear, and one can rigorously show that, up to an isometry of the plane, the carv
ture function 6™ Il uniquely determines aplane curve. However, it is evident that the same does
not apply for space curves. Indeed, a (circular cylindrical) helix with parameteré & p has
the same curvature as a circle with radiusd ¢, namely,pj ¢, and there is no isometry of space
that can make a klix out of a circle or vice versaln this section, we will introduce a new fure-
tion of o, besides the curvature, namelytorsion. Together, the curvature and torsion uniquely
determine a space curve up to an isometry of spacEssentially, we will see hat the torsion
measures the failure of a space curve to lie inside a single plane in spdeéest, we need some
01 Axd AT TAADPOOS

Definition NN

Letf "I "‘Obe a space curve withlregular and unit-speed. Thenato™ ‘Q'Hy h "l & is called
the unit tangent (vector), and, assumingl 0 mi o h -1 o & S"I 0 , is called the
unit normal (vector) toT .

189314
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Recall from Lemma NN thathd UT o at every pointdN "Qvhere the unit normal is defined.It
should be clear that the unit tangent and normal vectors depend only on the curfeand its oi-
entation, and not on the parameterisatiorotherwise.

Definition NN

Let! "I 'Obe a space curve withl regular and unit-speed. Then, at evergN “Qvhere the unit
normali o is defined,

"Ho h "Hb T 0

is called thebinormal tor .

Since”H andi o are perpendicular unit vectors,"Ho is too of unit length; HTH (hence the
hat).

Consider now a regular, unitspeed planar space curvg "l “O with unit tangent and normal
vectors "HY and{ o at o8 "Qwith "‘Oopen, respedively, and lett O s be a plane such that
't [.Lett Osa be a plane with the same normal direction as but translated, if neces-
sary, as to contain the origin notice tha . is a vector spaceSinceds open, there exists, for
every oM "G sufficiently smallf  mtsuch thatdo T N "Qtoo. By definition,

.10 "I o
" i o] | E-IT—S
o T
Sincebothl 0 T N L and™ o0 N it follows that™l o0 | " 6 Nt . This being so for every

positiveT in some neighbourhood off, it follows that the limit "H8 Nt as well.Hence,
"yL h lov'®
The unit normal, if defined, is

. x| "HY
(o Ppy Pyl T
I II o i
Butt EO A OAAOI O OPAAWH] ATHAN (Ofor evety@ Eih ®meighbdr-
hood of 0; thus
ToNt h JovOxEADA EO ABAET AA

Since"Hd andi o are perpendicular unit vectors int , the binormal™Ho K "F6 T o Ut
for all 6. Thus,not only the (unit) length, but alsothe direction of "HO is constant We summarise
this as a proposition:

Proposition NN

Letf  "1"O be aplanar space curve('l regular and unit-speed) with binormal "Ho at o~ O
(where defined). Then

Ho m lovO

(where defined).
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It is therefore tempting to define the torsion as being closely related to the magnitude of the
derivative of the binormal vector, and we will do soNotice that

HKHTy H O R T T "R N

thus "H U "Hh addition, since"Hk p, "H U"HBut since'HK "H{ ,we have "H ~ 1.

Definition NN

Let; "I "'Obe a space curvevith "I regular and unit-speed Then thetorsion z at 6N "Qs given
by the relation

(where defined).

The minus sign is a conventionNotice thati (and so"H is only defined wherell 1t This means
that t is also only defined on (open) intervals wherdl 711 Notice also thatt "H t1 and

sfs "H .

Corollary NN

A regular planar space curve has zero torsion everywher is defined.

Naturally, we wish to computethe torsion of a curve, without allembracing trouble. In other
words, we need an analogue of Proposition NN, and here it comes:

Proposition NN

Letf "l "Obe a space curve withil regular (but not necessarily unitspeed). Then

nI nI 't' nI
ST

where Tis defined.

Proof

Following the proof of Proposition NN, we introduce the unispeedreparameterisation function
i m 'l and so, simply copying the results obtained there,

" ik aQl q _t_’in Q71 Q 'I_t_ Qi .t_'Qi
© 1PN geni'nd ® W' e QI
and
al QT d .t.’Qi Q 'I.t. Qi F1 al Qrl Q i.t. Qi 18
Q0 ™ QiQo A Qo Qo '™ Q0 Qo

We now also need

Q7 Qi

Q1. Qi. Qi Q1.0i0i Q. Qi
fQ ot it i i8

i
® O ‘9o a “0otd O 'admd 0o
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Putting it all together,

I p ¢ QItQi ’Q‘I.t. Qi ¢
sl s Q. Qi i Qo 4 Qo
ad Qo !
.t.'Q'I_t_’Qi ’Q'I.t_ ’Qi.t.'Qi Q1.Qi. Qi 'Ql.t_‘Qi
d Qo G “TQod G Qo Qi
p _t_’QI Ql .t.'Q'I Qi Q1QIQI AQi
i , Qi d T ® G Q& Qi
Qo
P . . Q Qi -, QIQi HQJL
—1 "Rl — |l —, I == "B
Qi "t "t gy Yo o
Qo
P L . Q Qi . QIQI Qi
Qi " t I"'Ht ,Qi"l 0o G”l'Qc‘Q‘) %
Qo
P . .. Q Qi p.. Q . p.. Ql o}
Qo
“H'Qs
Qi
Since
Q Q T 'Q‘Ht.T Hd ; Hci
o™ oot ot Qi Qi
we have
I Hd ;
sl 7Is Qi
as promised.
Example NN
Let us compute the torsion of the (circular cylindrical) helix, given by
GATOO
Mo CHOOBIR  ov a8
wo
We find
: @O Eol WATOO WO Bl
S l 06 "H GAToOh I o H ©OBIh Il 6 "H oAToOh
~ 7. - T[ T[
(I)@Ebl _ _
o 1T 0 "H oA&Todh S o "1 0s O @ O w3
Thus
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o T ot o YA )
sl o "I os » O O

Notice thatt© mas@® T, which is to be expected, for in this limit, the helix becomes a planar
circle. N

Y
e

4.2.7 The Frenet Serret Formulae
The formulae relating the unit tangent, normal, and binormal vectors to the curvature and to
sion of a space cure are rather succinctly and neatly summarized in the three FrenetSerret
formulae, two of which we already know:

ar TR fi

— | T 1

Qi Qi
where i is an arclength parameter. The last Frenet Serret formulafollows from a simple calw-
lation:

R © HE o1 ER o UV
HK "HUT + i HhUaiHi l—U|-|Ei f HH I H IR
that is,
a .
Ol tTH 1I"BY

The beauty of the Frenet Serret formulae lies in their matrix form:

Proposition NN (The FrenetSerret Theorem)

Let a regular space curvé have unit tangent, normal, and binormal vectorgtl, and™H respec-
tively, and let the curvature and torsion bell and t, respectively, and let be an arelength pa-
rameter, a derivative relative to which is denoted by a prime. Then

4.2.8 A Modern Definition of a Curve

Our definition of a (parameterised) curve is a simple and highly intuitive onedowever, it has
some drawbacks. Perhaps most importantly, it will differ rather significantly from the definition
of a surface tlat we will give in the next ction. To remedy this, we givean alternative, and
iTOA Oi 1T AAOT 6h AAEETEOETT 1T &£ A AOOOAS

Definition NN

A subsetr O is called a(manifold) curveiff, for every point 0N |, there exists an open set
YO s containing 6 and an open setoN s such that™Y. [ and ware homeomorphic.

This definition is not equivalent to the definition of a parameterised) curvegiven as Definition

.8 30Ei1T h ET TATU xAUuOh EO EO A 11 OA O1 AOOBOAIT &
curve, namely, that a curvelpcallyO1 T T EO 1 EEAS8 A dbdnikteriahof sA Ik &id-O1 AA DA
tion, it states that, locally, about gery point, one can introduce a parameterisation of the curve,
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and this is a very nicefurve, indeed a homeomorphism. Also, one does not have to display an f
curve, the image of which i$ , in order to show that/ is a (manifold) curve. It suffices to show
that, locally, it can be parameterised by-€urves.

One ofthe main drawbacks of this definition is that it does not allow norsimple curves. This is
also the reason why we have used a different definition in this section.

194314
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4.3 Surfaces

We now turn to two-dimensional surfaces embedded im . As for the definition of OO O O £A A A
could certainly mimic the definition of a curve made in the last section:

h X

Qu

Definition NN

A (parameterised) surfacen a1 is the imaget 71 'O of a surfaceparameterisation function(or
anf-surfacefor short) "IJO© s where "lis injective and’ O O a1 is asimply connected set

A surface parameterisation function igegular iff it is smooth and "I Ttat every point. A
surface is regular iff it is the image of some regular surface parameterisation function.

Notice that this definition disqualifies surfaces with selfintersections, but this is a rather small
problem: while we are often interested in curves that intersect themselves, we rarely need to
consider surfaces with this property. In addition, should such a need asrge, you are likely to
overcome the problem by subdividing the parameter regiof©into smaller regions, such that the
restrictions of the surface parameterisation functionto these small regionsare injective.

Although this definition works perfectly for the vast majority of everyday situations, there are a

few problems with it. One is that, in order to show that a subset of is a surface, we need to

display a parameterisation function.Thus, snce we are not interested in selintersecting sur-

faces alyway, there is really noreasonnotO1 C1 & O OEA OOOZAAA AT AITCO
tion of a curve.

Indeed, it is clear that ifo N "Y is any point on the unit sphere, then there is an open s&fO s

containing 6 and an open subsetoO s such that™Y. "Y and ware homeomorphic, and this is

typical for a nice surface in space. We will therefore make

Definition NN

A subsett O s is called a(manifold) surfaceiff, for every point 0N +, there exists an open sef
YO s containing 0 and an open seto O 51 such that”Y. + and ware homeomorphic.

A pair oz of a nonempty open subsettyO 5 and a homeomorphismi g © +. “Yfor some
open YO s is called alocal coordinate systemor a(local coordinate) patch(or chart) of +. A
collection of coordinate patches whz is called anatlasfort ifz B &  +.

It follows that every surfacehas an atlas, and if a subsétO s has an atlas, then it is a surface.
In the following examples, we will mostly study surfaces with an atlasonsisting of a single
chart. Thus, in these simple cases any of the definitions would do.

4.3.1 Examples of Surfaces

Example NN

P
4

. Theunit sphere™Y is amanifold surface Indeed, consider thefunctions

N

. OE#i-0 . o
T HOEOEBIh -k voh mt mxh
AT-©
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5 C)E+AT-O\’ 3 o o
T "HOEIOET h -+ Noh “H h
Ai-©
g ® g
’ lafo H _ ® R dmroh dovad o R /
p P W W P ’
: ® :
. | af H @ o dovoh donndg o —8 :
N P W p N
/; It is clear that every pair wh1 is a local coordinate patch, and thag "l &  "Y. Thus the ct- j
2 lection @RI of patches constitute an atlas fofY, which therefore is amanifold surface. f
. Example NN R
- Aplaneis the image of .
Mol 1 61 UIh 6D N s
where’l N g is some fxed point and”l and’l are two linearly independent vectors.
Example NN
A circular cylinder of radius® T, given by the Cartesian equatiod ® @ ,is the image of
GA1-0
Mefr "HOOBI A <R~ mfigt a8
a
~ Although "I does not qualify for a chart, it is clear that the circular cylinder is a surface. Far-i
- stance, an atlas is given by the two charts ’
e (I)A’ ,I,’.AO s
e "HOOBIT h ey v®h mg* ah
Ve . ~d~- z Ve
. WAl <O .
ey "HOOBTHh mNoh “H a8 :
e :
- Example NN
The set of points that satisfyw  ® & is an example of 4circular) coneand is the image of
GA 1+
el "HAOEBI h efr v Tt A8
e
TheconeisnotA | ATEZAI 1T A OOOAAAAR AABublife@nblarg &t thdvede® T 1 O C
- miniin . Howvever, the restrictiona  1t(or @ ) isa manifold surface. .
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Example NN

The helicoidis the image of

DRAFT

* for somedfo  1and some operO O s

AL

It is apparent from the parameterisation that a helicoid is the surface traced out by a rotatin§

http://english.rejbrand.se

A

A A ar ey ey

7 (straight-line) aircraft or boat Qropellerdas the vehicle is moving with constant velocityl  ¢® ~
in which case0 is the time. Below a helicoid is drawn for ¢Hm

RGN

¢y

197/314
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Example NN

Let"@OC s be a real valued function of two variables defined o® P s . If "Qis continuous and
‘Oopen, then thegraph, defined by :

Tt

GFafti v d G N O @ Qaf

is asurface, parameterised by the single patch

W
Tofw H @ h afton 08
"Qatw
Below is the graph of the twedimensional GaussianQafty ~ VQ ~ on ¢hiv v pip ™

T T T T T T T T
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4.3.2 The Tangent Space and the Standard Normal

Consider a surfacé "I O with coordinates 6R) N 'O. At every point 6fb N 'O, mapped to
6h "o ~ ¢, the vectors”l o) and™l 6h) are tangent to the surface. The plane
L gh Tvad 7o 71 6 &1 ol hi N a

is called thetangent planeof+ at”l 6fD . Although™l o) and”l 6f depend upon the paran-
eterisation function "l of 1, the tangent planet  does not Notice also thatt j is a plane in
space, becausd 6h) and”l 6h) are guaranteed to be norparallel since’lis regular. The tan-
gent planet  is not a vector subspace ofi unless N U . Since being a vector space is a
formal nicety, we introduce thetangent space™¥, as the tangent plane translated ira as to
contain the origin. Thus, the tangent spee ¥ ¢ is a vector space, and a plane with the same rRo
mal direction ast . Of course, if you like, you can imagirief ;, as being a vector subspace of a
copy ofa with originat 6OAT AOGEOA O1 al mAvhichdlives. A OT UET C8

Figure 37. The tangent space at Pfv 2R 8 t2 to the sphere "I r of radius 5, which is considered a

two -dimensional subspace of a copy ofsa  with origin at "l 2R 8 {2 w
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Needless to say, the tangent spade spannedby "I and”l andis always isomorphic tosa . Now,
it is clear that, at every point;1 "l is orthogonal to the tangent space, which we write either as
T UT¥goras’t I N "¥s  where "¥4 is the orthogonal complemenbf ¥, that is,
oS ¥ a .

Of coursethe geometric vectorl "l atd "I 6f) depends not only upont "I 'O, but also
on the specific parameterisation’l. However, thestandard unit normal defined as
en
sl s

is almost independent upon the parameterisation; indeed, iEand "Eare the standard unit na-
mal of two different f-surfaces™l and "I with the same imaget "0 "I 'O then "Eo6h

"EOR ateveryo IOl I 6 , which is obvious from the construction of the
standard unit normal. (Since”l and”l are not parallel, the standard unit normal is weldefined.)

The unit normal forms a vector field ina defined ont. For instance, the normal vector field to
the sphere of radius five is(the usual parameterisation of which is regular everywhere besides
at the poles— 1" ) is 'E—h OEJA 130 EHO B TMA 1§ and the normal vector field

to the circular cylinder of radius five is A 1 «@0 E Tht , as illustratedbelow.

Figure 38. Unit normal fields to a sphere and a circular cylinder

O#1 AAOT U AOGAOU OACOI AO OOO0OZEZAAA EAO A CciiTAATT U A
i ECEO OAU8 O#1 AAOI U AOAOU I6cAIg dfinddCunithGroaibedick EAO A
AEAT Adh ) xTMYybprédposkion@s@aethédrdnmedimie8 A0 x Ad1 1 -eahgle A AT Ol
Ol OEA 11 GEAAGO POI bi OEOEI 1 8

Consider theMdbius band which is the image of

P. ~.0_ ..
p —ULVAI=-OA10O
v C '(;) &y
1oh HY p PoAT200EER o v OR it pip 8
0" ¢ q o
p, . 0
—-0O0E-
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You can create a Mdbius band by taking a strip of paper (30 cm xr@ works just fine) and then
attach its ends to each other, but, before doing so, ytwist one of the ends 180°.

Figure 39. A hand-made M&bius strip .

Below the Mdbius strip and its standard normal fieldEare drawn.

Figure 40. The Mé&bius strip (or band) is a two -sided surface O s .
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4.3.3 The Area of a Surface

Definition NN
Lett 71’0 be aregular surface given by a regulardurface™lJO© a . Then the area of is

Qoh  $1 106 BO

The motivation of this definition (as the reader is supposed to know very well) makes clear that

also clear that the area of aegular surface does not depad upon its parameterisation (recall
that we do not allow non-injective parameterisation functions!). This can be shown by simple

Apbpl EAAOETT 1T &£ OEA OAEATCA 1T £ OAOEAAI AO8 4 O Ol

determinant (or Jacobian),you know.

~ Example NN

‘Lett  "I'O bethe (part of a) plane given by

Since

SNNNNT S AN NN NN NN

the area oft is

QoK S1 1N6 QN Q6 QUp ¢ic8

NN NNN S S S AN N N

< <
~ Example NN N
"7A xEOE O AiiDPOOA OEA AOAA i & 11 AAnESthilap B
. clearly a translation and rotation of any other such lap, such ahe surfacet "I 'O where
- c é A I ':D o - . “* Vll .
o "HcoOBI h o ~ Oh —h- rmig" 8
0 C C
Now
GATUO COOBI cOBl
I "HqOBIh T "H ¢coATooh T T "H ¢ATuOh
I p 10

Thus the area

202/314
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Q8K  $I I0N6QUc  p 16 Q6 QUt p 10 Q6 X @8

Example NN

Let us compute the area of the Gaussian surfat@lotted in Example NN.

P
LSS

The parameterisation

[
Taf H ® R wwrOh pipm
vQ
implies
p Tt
,, Tt > . p .
N h I H ove h
—Q —0Q
T T
VT WQ ™ 3
[ S h
- U T wQ
-~ p e
g’ U, - y
. I | — w0 w Q p .
. p y
and sothe area
Q0 T T QwQux o8

4.3.4 Curves on Surface$he First Fundamental Form

We are interested in measuring the curvature of surfaces. Perhaps the easiest approach to a
measure of the curvature of a surface is to study the curvature of spacerves that are subsets

of the surface.This is what we will do.For simplicity, from now on, we will assume that all {
curves and fsurfaces are regular.

Definition NN

Let+ 7"I'O be a surface given byldO© a , and letf I 'O be a spacecurve given by
1d® a . lft O+, we say that is a curveont andthat 'l is an fcurve on+ and we may write
1d® t.

The following result is immediate.
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ObservationNN

Lett+ "1'O be a surface and lei ® s be a planef-curve with images I "'OO O, which
we write 1d® O. Then the space curve | 'Ogiven by Id® a wherel 6 "Il 'O isa
curve ont, thatis,1d® t.

In other words, a curve in the parameter regiorOis mapped, by the fsurface, to a curve on the
image of the fsurface.This is how we prefer to pecify curves on surfaces. Indeed, to specify a
PTETO 11 OEA it daturaldodi2emitAcAdngitude and latitude 6D N 'O
in the (very nice, indeed, rectangular) parameter region of the Earth, and not a point

ahuitr "1 'O in the subset of the space in which the Earth is embedded.

Every fsurface™lJO© s hasa natural family of curves on it, the secalled parameter curvesA
parameter curve is the image of a straight line in the parameter regid@that is parallel with one

of the coordinate axes il p 'O. That is, if 6f) are coordinates ina p ‘O, then a general p-
rameter curve can be written asl 0 6f for o fixed or'1 o o for U fixed. A common
way of drawing a surfacet " 'O is to let OO Obe agrid in ‘Oand plot "l ‘O, which then is the
union of parameter curves ofl. Indeed, this is how all surfaces have been drawn in the examples
above.Below a parameter plane grid is mapped to a cylinder via 60 v A T 6®O BIHD .

Figure 41. Parameter curves of a cylinder .

Let us now turn to general curves on surfacesAs a simple example, consider the cylinder
t 71O given by
AT.0
Tey vVHOBI R <hx~Oh “ff PP
o}
and the butterfly curver from Example NN but scaled by a factor m@ so that! O'O. Then
"It Ot is acurve on the cylinder, as illustrated below.
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Figure 42. The butterfly curve on a cylinder .

205314



Physics Done Right, an Attempt

4.3.4.1 Curve Lengths

, AGBO OAU OEAO x1/0 déadadxdveA 0100 anitie Aurface, wherd & O

is an f-curve on the parameter regionO. We wish to find the length0 of 1 (or, strictly speaking,

the length of the fcurve 121 t+ 2 they coincide unless the fturve traverses some part of
the curve many times.

Let the fsurface be

and let the fcurve’l be

Then, by definition,

o 0w o
0 —1To Qo T1To il 6Q0 "Hw w o Qb
Qo -, X V]
a o
wo6 woL
‘THod wL QO
a6 av
w6 v Wwoé WL a6 av Qo
W O o6 COww Ww aa ov W O & LQoO
SIsé ¢t 60 glsv Qo % L @ Qo
I 1Q0o
where
. 0O O . | I
h O Op sle T
O O I t71  SIs
is calledthe first fundamental formof the f-surface™l and’l h —’l 46, Notice that we may write,
purely formally of course,
0 0
1f°1 v B ‘H g isavector,then g is the coordinate matrix of I relative to the basis’H
0 0

Hence, if we wih to apply a linear transformationo to a vector, as to obtain a new vector, we should write
‘i dwhere we explicitly introduce das the coordinate matrix of 1 1), However, to simplify notation,

we will use the same boldface letter to denote both #vector and its coordinate matrix. We let the sita-
tion make clear what we mean. For instance, we write simpi’l (since the product of a matrix and a ve-
tor is not defined, it is clear that'l denotes the coordinate_column matrix). Also, witil we mean the
transpose of the coordinate matrix of1, thatis, ¥ 0 E 0 (indeed, the transpose of a vector is not
defined). In particular, ifl  "Hdand 6 is a linear transformation, the we write’l &’linstead of& 6 @
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) 5 oo wos 020 Qo oo .
v v 0 Qo S“a&mo ~qo 0

o ¢0Q6 QUO Qi

where Qi of course,represents an infinitesimal arc-length (since, if you integrate it over the
curve, you get the total legth). Thus, we may write, formally,

. i 2 g s o~ O 0O Q06
Q O c0OQ6 QUo) Q06 QU 0 0O 'Qb8

We summarise:

Definition NN

Let"ldO© s be an fsurface Then the three functions
Oh glsh
"Oh I t7h
“OH $‘I s

(which are scalar fields ornO) are called thecoefficients of thdirst fundamental formof I, and the
matrix

_h 0 O
and alsothe formal expression

q o ¢0Q6 QUo

is calledthe first fundamental formof "I.

Proposition NN

Lett "1'O beasurfaceand "1l O be acurve ont. Then the length of thgf-) curve is

O T 108

NNN N

B

4.3.4.2 Forms of some Common Surfaces
We will determine the first fundamental forms for a few important fsurfaces.

Example NN
Consider a general plane

oyl 61 U8

7 We have

207/314
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O O sls 117
" 0 O 1871 Sls

~Notice that, is always constant,diagonal if "l U "1, andequal tothe identity matrix if also "l and

¢ "l are unit vectors.SinceeveryP1 AT A AAT AR xOEOOAT 11 OEA" & O |
> and’l, it follows that everyplane can be parameterised by anfilane with A E A . /

. Ve

- Example NN :

- Consider the cylinder ’

g BE 146 /

Tefr HOOET 8
o
* Now

00 o m
0 O 8

m p
< Notice that the matrix is alwaysconstant anddiagonal and equal to the identity matrix ifd p. <
Example NN
* The cone
GAT+0
Tehy "HaOBI
Q
has the diagonal, norconstant first fundamental form
00 ¢ mg :
" "0 O m ¢ N
. Example NN R
¢ Consider the2-sphereof radius E
§ ] HOERT-0 ,
T HOOEOEBEIT S8
DA T-©
" Now
: °©0 & m g :
N - "0 O m ®OE+ N

This is nonconstant,but always diagonal.
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Example NN

The helicoid might not be a very important surface, but it is fascinating. Thgarameterisation,
which closely resembles that of the cone, is
0AT00
o "H 6O B
0

ANNNNNNNS S S A A AN

and the first fundamental form is diagonal andhon-constant:

0O O p T

- "0 O mTo p 8

Example NN

We end this subsection by finding the first fundamental form of the Gaussian surface from—S
ample NN, parameterised by

w N
"Tofto  "H w 8 N
LvQ "~
The first fundamental form is thus ‘
o, _ C W _
o~ —0 —0Q
o0 A 1 N0 &g
" O O qd)%_ cu'),Q_
o oo P ©

Far from the origin, where® ® is big, the surface looks very much like the (flat) plane/
oy @« with diagonal first fundamental form A E AP , the identity matrix. So we;

~ would expect the first fundamental form of theGaussianto tend to the same diagonal matrix,:
- and, indeed,, © AE A when®d © © p.

4.3.4.3 Isometries
In this subsection, we are interested in function&e} © t+ between two surfacest andt . Let
+ 'O and+t "I 'O . Since we prefer to use surface coordinates to specify points on

surfaces we prefer to work with a function "@JO © O instead. The relation between™Qand "Qis
pretty obvious:

QT a2RI
wherei df © O istheinverse of 10 © 4+ .3 ET AA xA AOA 1 AETI U E
tions, we will require "Qand "o be diffeomorphisms47

47 Notice that we use norbold italics to denote functions between two parameter regions (e.g) and
between two surfaces (e.g(), even though the image is a vector.
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Definition NN

A diffeomorphism "®@} © t+ is called anisometryif every curve; O+ is mapped to a curve
" O+t of the same length.

If there exists an isometry'®@f © t+ betweent andt ,thent andt are said to beisometric.

SNN NN NN

NN

* with the corresponding diffeomorphism™Q 7l 2"C& |

P NN

NNNN S

N N NP I L

we do here, have the same first fundamental forms,

- The length off is therefore

Example NN

Let+ be the planed T, parameterised byl 6fb 66 00  O6R where 6l N'O 1 ,
and lett be the unitradius circular cylinder® ®  p, given parametrically byl
AT-GO0BIM where «fx 'O h mig*  A.

DN T

The first fundamental forms oft and+t are

hAEAG h _ h AEADH

N N

respectively.Introduce the diffeomorphism

QO © 0
of m <R of 8

PR

FANRNR Y S

~

@ © 4
Qoo m AT adO B :

Lett h "I 1 'O O+ be any curve ort . This curve is of length
0h T . 1Q8 .

Consider now the curvg h '@ O+ , the image of ont , given by’ QSince€Q "l z2"(&i
and! "I T "O we have naturally,

where

R N

1Th "I

is the fcurve '@ O . Thus, theimagd O "Q' "O is the curve in the parameter region of the§
secondsurface that corresponds to the curvdl "Oin the parameter region of thefirst surface.

0 h 1 1Qo ) 1Qo

S N N U

sincel 6 1 o for every ON 4. But since the plane and the cylinder, parameterised the Wa§/

-
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O 08

RN

f Therefore, anycurvel on the planet has the same length as itsimage " on thecylin-
der when the mapping™Qs used. ThusQis an isometry, and the plane and the cylinder are s

\ metric. :
The result above is actually obvious. Indeed, drawny curve, using a red pencil, on a piece of

paper, and then fold the paper to the cylinder. Then, no matter what curve yalrew, the curve

will have the same length on the resulting cylinderHence,a plane and &circular) cylinder are

isometric surfaces. (In fact, the result holds even if you use any other colour than retét us call

OEEO DPOi AAAOOA OEA OEET AKnOgrar@didst carOals® éhowi thiat aE OT | A O
plane is isometric to an elliptical cylinder, a circular congand even an elliptical cone, as thaua

thor just tried.

« the origin, whers «¥ + y* s big, the surface looks much ke
1 -ﬂo”‘*hu“;f{h !—:::’l:
M wxpect the first fundamental form of the Gausstan to tnd 10 the same dagona matris,
¥, -+ diag(1. 1) when s’ ¢ y' 1

L e ;

¥ : e
I this b e, wer arw (nturwted in Rty Le
Doy T
£ N b o f and g s T 148, Than
) Curvel -+ By The the
g atucen et i ot . e v g o —————
Bty oty gt of 1, s Baretere =
L ¥ e
BN et
; S 1 o ) = o) o oy £ € B
L -t-‘n—--—'h-—-:-:---
| y bt
Tharwturs, wny curve p, o the gl 3, e the s gl
‘ S . G gy [ g T | e - b——_—y.
» /\ / The et s o ohnally v i, o
Q@ —— oo (el e —

D

oy /
o) ee

Figure 43. A piece of paper can be folded into a cone, and the length o f any curve on the paper will remain
unchanged.

The kindergarten test fails for the sphere. Indeed, from experience, we know we cannot deform a
(initially flat) piece of paper into a sphere. Thus, wesuspectthere to be no isometryt © t

wheret P s andt PY.

Since curve lengths are computed using the first fundamental form of a surface, the following
result should not be that surprising.

Proposition NN
A diffeomorphism "@f © t+ is an isometry if and only if the first fundamental forms ofl and
"2 "l are the same for every fsurface™ with imaget .
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Proof

#h) Ifr h "I 1 O isanycurve ont ,where” I dO© a is any fsurface with imaget ,then its
length isO h _ I I'Qavhere _ is the first fundamental form of"l . The length of therin-
ager h o Q7 1T 0O "l I 'O, where "l h "Gl is an fsurface with imaget ,is
O h I—AIQ owhere _ is the first fundamental form of "I K "&"I. By hypothesis,

_,andsad 0.

t ) Conversely,suppose that"Qs an isometry. This means that, for every curvé ~ t+ of length
0, the curvef h "y has length0 and 0 0 . Thus, if you introduce an -surface

dOO a such that t "I 'O and an fcurve 1dC® O such that | I 1 'O, then
O K. 1 _ 1Qdwhere _ is the first fundamental form of "l . But since™Qis an isometry,
O K., 1T _1Q0 0 where _ is the first fundamental form of "I h "&"l. Thus
1T _1Qo . 1 1'Qdor everyf-curve 'l & O, and one can show that the only
sibility is _ . by studying a set of suitable curves. Thus, for our choicedf the fundamental
forms . and_ of"l and" "l are the same. But sincd was completely arbitrary, the equality
of the forms must hold for any choice ofl . 4

The above result agees with some of our earlier experiences. For instance, we saw that the
planet and the (unit) cylindert are isometric, and an isometry is given by

‘o o 4
"o m A TaBO Bdho h

and, indeed, our parameterisation of the plan€] 66 06 ol with Qi B Q is,

via "Q transformed to a parameterisation of the cylinder’] AT odO B with 'Q (9]

Q) ;thus'd a .

4.3.4.4 Angles andConformality

Let+ andt be surfaces, andlet O+ andr Ot be two curves ont . Let'®} © + bea
diffeomorphism. Thent h " O+ andf h " O+ aretwocurvesont .Ifon| T
is a point of intersection off and[ ,then™Q6 N[ [ is a point of intersection off andr
[because oNT T+ ONT T ONT and ON[ + QO NTOY and, similarly,
ONT + "QO0 NY . ThusQo v "Qr . Or .

At oN 1 | the angle of intersection between and| is defined as the angle between their
tangent vectors ato. The angle of intersection betweenr andr at™Qo6 N t is defined ana-
ogously. If"Qis such that | , thatis, if it preserves the angle of intersection at any point of
intersection of any pair of curves, then it is said to beonformal.

Definition NN

Let"@} © t+ be adiffeomorphism. IfQoreserves angles, therCs conformal.

Proposition NN

Lett+ 71O be a surface, and lef 711 O andT "'l 'O be two curves ont. If
6 6 T 6 I'le®d N7, [ is a point of intersection, then the corresponding ia-
gle of intersection is
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where

and

is the first fundamental form of"l.

Proof

The tangentvector tol atois

Q @ @ ®o6 QU
Th al 1T 0 1o t1 o ‘HW 0 'H Wwo6 v
° a 4 a6 av

wherew,oh 8 AOA A &hA br@dAdditare &\@luated atd. Similarly, the tangent ve-
tortor atois

WO WL
T "HOO U
6 aov

wherew,oh 8 AOA Ad&hA bnd@ AW arddeBaluated ao . Thus,

P I ) e
| AOAé—I@—,P—% AOAA+©O
W0 Cu®Od w0 E wo CwWwoOL WU
. . 006 O6v vo QU
AOAAL+©O 8
N (@ @ & ¢cdou @

®wWOoO WO wrLd wuy E

Th

Proposition NN

A diffeomorphism "@ © + is conformal if and only if the first fundamental forms of’l and
(&7l are proportional for every f-surface” with image+t .

Note. Two first fundamental forms ‘G o ¢0Q6 QUOQ and A oM
¢'OQ06 QUOQ) are proportional iff there exists a scalar field 3dO©° a such that

B oh ‘A .This implies, in particular, thatO B 6 ‘O. But sinceO and'O both are positive
by definition and regularity, it follows that, in fact,3dO° s

Proof

#h) Let "I be an fsurface with imaget , and consider two curves’ » AO andT
N1 0 Os3.Lletd To TTO Il 6 NP o1 . The correspondingangle of
intersection is
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b AOAALG DO 000 08 @b .
N6 @0 @ % (BL W

The images’ h "Qr Q7T O "l 1O andf h Ty Q7T O T O
where "l h "&7l is the fsurface with imaget given by 'QThus, by definition, the angle ofri-
tersection off andf ato h Qo is

066 ™O6v VO  "OLL

7\ i
YL

b

| h AO

U

06 (¢O6v Ov 00 ¢ooLv "OvU

where 'Q O ¢0Q6 QUOQ) is the second fundamental form ofl . By assumption,
a BA ,thatissO BOO0 B'Qand’O QO Thus,

o BO66 K06y 06 B@
| AOAAIS
B0 (B @0 B'® KO cB@BO BGD
Q6 06y 06 "G

B'GO @O @ B G ¢c@uv @

t (rhis isleft as an exercise. 4

Corollary NN

Every isometry is conformal.

4.3.4.5 Surface Area
Lett be a parameterised surface. Then its area A s1 "l Q6 ran easily be computed if

you know some fsurfaceIdO© a with t+ as its image.However, since the first fundamental
form is all that is required to measuredistanceson the surface, one would suspect that it also
suffices when it comes to area computations. And, indeed, it does.

Proposition NN

Lett+ "1'O.Thensl 7"Is MAAO MO™O "O,where. andCQi 0@ ¢0Qo6 QioQ
is the first fundamental form of"l.

Proof
If "I 6FD w ol ho 6hy i 6y then ohohx ,71  whohx and sq by direct
computation,

We AW QW
g Ts G Wond g
DO WODD DO

O O a0 0§ Od O ad 0'0 "08
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4.3.4.6 Conclusiomand Examples

Lett "1'O Osa be a surfaceTraditionally, you would use some parameterisation ot , such
as’l, to compute distances (curve lengths) along the surface, angles, and areas. Inghiion,we
have found an alternative approach to these computations. We have defined three scalardiel
'0,"Q and"Oon the parameter regionO of the surface, and using these fields alone, we cannto
pute distances along curves ort, angles between intersecting curves, and surface areas. The
descriptions of the curves and subsurfaces are given solely bye (two) surface coordinates inO
(and not by the (three) coordinates of the surrounding space)and the results agree with mes:
urements that can be performed using the explicit parameterisatiofi of + as a subset ofi . The
Pl ET O xEOE O¢hhs thatiwd medd nédt baeCabolit the explicit form ol. Indeed, we
need noteven be @waredof the fact thatt is a subsé of some higherdimensional space,a in
this case. All we need to care about the surface alone, with its coordinatesofy N 00 s .

Our first example shows that our newlydeveloped machinery actually reduces to welknown
formulae in a simple case.

Example NN

A sphere of radius® Thas a coordinate systenwith coordinates —» ~ Oh i g
< and a first fundamental form

d H— O OEFD
-} OEAO EO O0O0A eéplaie pote®A Ortii x) EFCArBider the equatof given by
10 Ehb h o~ mg” 8

The length of this curve is

Qih 1T .1Qo % OE+QO cI)OEc—T’Qo ¢ ®

- Consider now the are of the entire surface. This is

00 "'0Q—Q- O OEFQ—Qs HOEI—Q«d0 OEI— Q¢ 1038
~ The reader recognizes the classical volume element

QoQwd OEI—Q-

~in spherical coordinates.

yz

Our next examples illustrateghe idea that we really only need the first fundamental form to find

OEA |1 AOOEA bpOi PAOOEAO 1T &£# A OOOEAAA8 T7A Am- 1

bedded ing .
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Example NN
Consider a surfacé with coordinates 6fb N Oh  p fi p 1, and firstfundamental form

a ®» QW 8

Consider now the curveé 1 "Owhere the fcurve

S S

10 odh ov'CGh  vbn

thus[ is a straight line inO.

Far e

The length off , in the coordinate region’OO A , of course, ip M, if we use the usual metric in
a . However, Ois only a mathematical construct, the parameter (or, coordinate) region, and its

OEi ACA8 EpaceOmus, ifv®appetd know thatt 1’0 Oa for some fsurface’,
then we are interested in the length of the-Eurve ™l I "O using the metric ofa .

7A AT 180 EIiHubwe dosnow thelfirst fundamental form oft . Thus the sought curve:
length is

e
e
e
e

Qih T 1006 p QQ0 ¢ §8

-

If the reader thinks the above example is unnatural and artificial, he might wish to know that it is

Al EIi T AAEAOA POADPAOAOEITT A& O %EI OOAET 60 CAT AOAI

4.3.4.7 Some Simple Results
Before we end this subsection, we derive some simplesults about curves on surfaces, which
we will need later on.

Lemma NN
Letf 1O "1 0 O+, 1T 0 11 'O O+4,and7 T 0 11 0 O+t be
curves on a surfacé "1 'O . Thenthe following relations hold (pointwise):

@ 1T o vl

@ 1t 1

~

where _ is the first fundamental form of"l.

Proof
0w ® WO WL
(1) By thechainrule;l 6 110 t1 6 "H®W 8 "'Hwd v o'l U,
a a a6 av
21 1 07 01T to Ul OO0t S6UTTTET V6t
DOTTET ©CO6 06L VO ‘@D v T . 8
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4.3.5 Surface Curvature The Second Fundamental Form

How much does a surface, considered a subsetsofh OAOOOASdh 1T O OAAOEADBA &0

this subsection, we will develop a set of measures of surface curvature, at first using a rather
intuitive language, but we will endby reformulating our results in a more powerful language
that will easily generalise to measures of curvature of geneka-dimensional spaces, in a sense
that we will describe later.In this section, all curves and surfaces are assumed regular.

Perhaps the most obvious way of measuring the curvature of a surface is to measure the eudrv
ture of space curven the surface.Indeed, on a plana O s you can have straight lineg O

of zero curvature (and torsion), while this is clearly impossible on a spheréY, say. However,
even on a plana you canhave curves of arbitrarily high curvature (but not, of course, torgin).
For instance a planar circle of radiu$ has curvaturepj i . To resolve this issue, we wilkeparate
the curvature of a space curve on a surface into two parts, hamely, thermal curvatureand the
geodesic curvature

Lett "Il 'O O+t be acurve onasrfacet "'O. Letl h "1zl be a unitspeed parametei-
sation function off . The unit tangent vector tg at6 "l 6fD 1 0 isthen”H 'l O N "¥g
in the tangent space of at 0. Ato, the unit normal vector oft is "E6R) , which is orthogonal to
every vector in "¥¢; in particular, 'EU’l 0. Therefore the vectors’E6R ,’l 6 and "E 6h)

1 6 form a right-handed ONbasis at 6. The fAOOOAG O AAAAI AOAOGET 1T OAAOQ]

16 U'l 6. Therefore,l o ~ OP AE6f RE6R 1 6 and so there are unique scalars
I 6 andll 0 such that

10 I 0'E6D I 0Eold 1 08
These scalars are called theormal and geodesic curvatureof[ at 0, respectively.l measures
the curvature of/ due to its attachment to the surfacet, while Il , since’EORD 1 & N ¥4,
measures the curvature that makes insidethe surfaceOA U E O O. Itisholld be delarithat,

given a curve’ O+ and a surfacet, the normal and geodesic curvatures are wedlefined up to
their signs, which depend upon the orientatios of the surface and the curve.

We summarise this in

Definition NN
Lett 11 'O 1 'OO+t beacurveonasurface "I'O with 'l unit-speed, and write
To I 0"E6RD I O0E6l 1 08
asthe fAOOOAB8 O AAAAT & OBPAET T o.0HeA Bd nOMbAr® andll |, that are

uniquely determined byT , 1, and their orientations, are called thenormal and geodesic cura-
turesof[ at o, respectively.

OUOEACGCT OAOG O inmedlatelip Al UEAIT AO

Corollary NN
At any point of a curvg on a surfaces,
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In the present subsection, we are mainly interested in the normal curvature, and so we apprec
ate the simple observation

Corollary NN
Lett "I'1 O 1 OO+ be a curve on asurface + "1'O. If 1 is unit-speed, then
I 6 1 6tE6h ateveryd "Tol 1 0.

Consider a plana O s andanycurver Ot on it. Both the tangent and normal vectors of the

curve are confined to thetangent space of the plane, and so, in particular, the second derivative

of any fcurve with imagel will lie in the tangent space. Thus, the normal curvature is identically

zero, and the curvaturell I is purely geodesic This motivates why the normé curvatures of

curves on a surfacare A | AAOOOA 1T £ OEA OOOZAAAEO AGOHAOOOAS
some surfacet, there are infinitely many curves passing througlit, and so there are, in general,

infinitely many normal curvature numbers associatedwith each point 6 on a surface However, if

two curves that pass throughd have the samalirection at 0, then they will have the same normal

curvature there, as is proved in the following proposition.

Proposition NN

Lett O+t and; O+ be two curves on a surfacé, and letd N | I be a point of intersection
off andr .Iff andl have the same instantaneous direction ab, that is, if their unit tangent
vectors coincide (or differ by a sign) at 0, then their normal curvatures coircide at 0, too.

Proof

We will show this by deriving an alternative expression for the normal curvature of a single
curve on the surface, and notice that this new formula only depends upon the unit tangent of the
curve, from which the proposition follows.

Letf "Il O 1 "'OO+* be a curve on the surfacé "I 'O, with '| unit-speed. At any point
6 Mol ToxA T AU xOEOA OEA AOOOGAS8O OAIT AEOU OAAOT C
To o1 vl

according to Lemma NNand so the acceleration vectoat this point is

To 61 o667 o6 7MT0 01 076 T0 o1 o7 cou’l 0l vl 8
Thus, the normal curvature is

I TotEOlD 6 1 f°E ¢o60 1 T'E 0 1 {E

where "l t"E "I t"E msince”l and’l are tangentto the surface (indeed,Eis defined to be
parallel to the cross product of 1 and"l). But™l ol ,"l ol ,"l 6k, and "Eoh are
properties of the f-surface, and so the only piece of information requir@in order to compute |l
that comes from the curve is 6 0 D 0O 16,thef-rAOOOABO OAT CAT O OAADI O E
region ‘O of the fsurface.In addition, the tangent vectors 6f0 and  6fy 6h U vyield the
same normal curvaturell . o

Let us now make
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Definition NN
Let”l 'O be an f-surface with coordinates 6 N ‘O. Then the numbers

Oh " th O h7 B0 Oh 7 B

which are scalar fields onO, are called thecoefficients of the second fundamental forofi "I, and
the matrix

, 0 0
0 0
is called thesecond fundamental fornof "l.
Using this terminology, we thus have
Corollary NN
Let+ "I'O be a surface with coordinates6fb N 'O, and lett "'l 'O Ot bethe image ofa
unit-speed fcurve 121 ont. Then the normal curvature of atapointo "Tol 11 6 s

[ 06 ¢dbov ov Tt

where'l O 60 o and?,V, and’ are the coefficients of the second fundamental form df
",

PP

4.35.1 Forms of some Common Surfaces

Example NN
Consider the plana. "1 'O where

PP AV O A

N Y3 VI I Y

where I N a4 is a fixed point in space,’l and IN g are two orthonormal vectors, andf
ol ~ Oh sa . The second fundamental form dlis

T[T[8
T T

Thus, any curve ort has necessarily zero normal curvature everywhere.

- Example NN
" Consider thecircular cylindert+ "1'O with radius 'Y Ttgiven by
§ YAT-O 5 o
ety "H'YOEBT h ehd N'Oh mg* a8
e

“ Since (of course!)

219314



R

Physics Done Right, an Attempt

T AT-O
"EK —— "HOEBITR
R T
- the second fundamental form oflis
\ Y T 8
T T

' Thus, a curvel & ‘Othat encircles the cylinderwithout any vertical motion, that is, a(parame- ’
> ter) curve'lgdm o for some fixedd [the constant—is chosen such thatlz 1 is unit-speed] :
has the constant normal curvature .

I 0 ra il P
Lo CLOL UL 0o t'Y Y8

This is obvious, sincdl 1tand soll I -since the curve is a circle of radius. On the oh-

A0 EATAnh A AOOOA OEAO OAIEiI AGG OpdambtericiveAAO DA

Clgpm e D for some fixede [notice that "1zl is unit speed] has always zermormal curvature:

I 06 cbo6Lv 0L 0o Yin ™

This is obvious, since such a curve is a straight line with 11, and so, by necessity, 1. (No-
_tice that both curves considered have geodesic curvatute 1)

Example NN, continued

We have gen that at any pointd "l « fix on the cylindert "I 'O, a curve ont goingin the
direction has constant normal curvature -, while a curve going in the "I direction has zero
normal curvature.

What about a curve thatgoesin some direction in-between?Well, if the (unit-speed) A & O OA 60
tangent vector is 6h in the parameter plane, then its normaturvature is

I 06 cboyv 0OV Yo T8

N

> Thus, 0 is the greatest normal curvature that we can possibly obtairt is ako the lowestabso- -

\\ lute normal curvature that we could possibly obtain. And we do obtain it; this is the curvature cf;f

the Qertical8lines. What is the lowest possible curvature (that is, theighestabsolute curvature)

that we can obtain? Since the absolatcurvature increases with increasingd , we wish to findf

- the largest possible6 . Sincethe curve is unitspeed, howeverd 0 is bounded from above,:

and so the largest is obtained whend 1 AT A OEA AOOOA zBLwe Baid OEUIT T
seen Z absolute normal curvature equal topj Y.

Thus the directions™ and ™l are highly special, because they correspond to the directions m
~which a curve has the greatest and lowest absolute normal curvature, respectively. Also, the
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normal curvatures - and O are special, because they are the normal curvatures with the hig
. est and lowest possible magnitude, respectively. .

The directions ™l and "I, at every point, are theprincipal directions of the cylinders, and the .

normal curvatures pj 'Y and mtare the correspondingprincipal curvatures We will define these
 concepts precisely in the next subsection. N
4.3.5.2 The Principal Directions and Curvatures

The plane and the cylinder cover both possibilities:

Proposition NN
Let+ "1'O be a surface with'lregular. Then, at any 6f) N ‘O, either

(1) anycurvel N + passing though'l 6f will have the same normal curvature atl 6fb | irre-
spective of its tangent directionat "l 6f) , or

(2) there exists two distinguished directiong® [in the tangent plangspace] at "l 6f) , with a
right angle between them, such that a curve passing through the point with the firstgsp.
the other) distinguished direction will have greater (resp.lower) normal curvature than any
other curve passing through the point (that is, in any ter direction).

Proof

TBW

Definition NN

Let+ 71’0 be a surface with™l regular. Then, if'l 60 is a point such that every curve that

passes through it will have the same normal curvature, the poirit 6h is called anumbilic, and

the normal curvature is called theprincipal curvature at the point. If, on the other hand, there are
two distinguished directions in which a curve will have greater and lower (respectively) norma
curvature than any other curves through the point, hen these two directions are called therin-

cipal directionsand the corresponding normal curvatures are called therincipal curvatures

In the case of an umbilic, we often say thaverydirection is a principal direction, because,ri-
deed, a unitspeed wrve through the point will have the principal curvature no matter what its
direction is. We need a way of computing the principal directions and curvatures of a surface.

Definition NN

Let, and! be the fundamental forms of an-surface. Then the Weingarten matrix is

w h 18

~

8) 0 EO A B6ATETAEAAT AAS OEAO OEAUhK Elthe pdtam@eridalo® A AT ET A
function "I. Their definition relies on the fact that they, at every point, are the directions of greatest and

lowest (normal) curvature. Hence, they do not even depend upon thestirface, only the surface!

49 We identify directions that are 180° apart.
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Proposition NN

Letw be the Weingarten matrix of an4surface. Then the principal curvatures and directions are
the eigenvalues and eigenvectors ab , respectively.

Proof

TBW

CorollaryNN

The principal curvatures of an f-surface with fundamentalforms = and! are the roots of
AAO I 8

If there are two distinct principal curvatures I I, then the corresponding principal direc-
tions are given by(where &  Oh) is a tangent vector in the parameter plane)

ol ® h Q phgs

Proof

TBW
Example NN ;
Let us verify Proposition NN in the case of the plane and the circular cylinder. In the case of tfhe

planet  "la wherel 6l 6 &1 U'lwith "l and”I ON, the first and second fundamental

forms are

PTG T T
- m p T T

Thus, the principal curvatures are the roots of

that is, every point is an umbilic with principal curvaturell Tt

'\ The cylindert "lsa  ofradius® Ttwhere ey WA TGO B I has first and second';
+ fundamental forms '

mop m T

" The principal curvatures are therefore given by

AAOOO Il T n
T I

¢ which is equivalent to

AN S I NV I N N N NP
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I~ mh

Sl

which we recognizes as the correct principal curvatures of the. The direction corresponding to?
I Ttis given by

Tt

I a 1

Tt
Tt

R N

with solution «  T1U Thus, the corresponding tangent vector oh is

GOBT m T
‘HOATO m -, ‘Hm N
Q ~ N
T p Q N
for some™Q 1t On the other handthe direction corresponding toll pj Qis given by
I T . T
T P Tt

with solution & 1t The corresponding tangent vector ot is

HOBT T, HOET /
HoAT-O m ° HoOAIO0 .
I o 1 .

for some™Q T

~

Now we can investigate some more interesting surfaces. Intuitively, one would expect every
point on a sphere of radiuswto be an umbilic. We will now verify this.

Example NN
© The sphere of radiugd Ttis the imaget "1 O of :
. ) GO EHA 10 :
N Tk HOOEIOET 8 N
: MAT-© .
The first and second fundamental forms are N
® T h © mo_g
~ o HOEL no GOEL
- Thus, the principalcurvatures are given by
ARGD 1O T m
T WOE+ Il OE+

- which is equivalent to

I E

W
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) assuming, as always, that-® 1im "QThus every point is an umbilic with the expected norma[
- curvature. (Indeed, there is a unique greatircle of radius® Ttgiven a fixed point on the sphere’
and tangential direction.)

f Example NN
Consider theelliptical paraboloid

-~ which is the imaget "0 of

| 0A 160

ol "HOOBI A o v~ Oh m*  mHb8
v

However, there is a simpler parameterisation for our pesent needs, namely,
Tody H ® R cftyNOh s h
W W

f and we will use this instead. Th€parameter curves of the)lowest part of t is shown belowus- ;
ing both parameterisations. In any caseBA OOAOOA@E j I ET O 1T £ OUiIi i AdoOU

(

G

- Let us stick to the latter parameterisationThe first and second fundamental forms cfiarethen

P T® We o G p T
T p TW T tw pmop

- Consider now, in particular, the vertex &fto Tt . Here are
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mn P
Tt

=a)
N A

which is equivalent to

c8

Thus, this point is, as we would expect, an umbilic.

We end this section by making

R N

ot N N

Observation NN

At any point on a surface, the sign of a nezxero principal curvature is p (resp. p) iff a curve
passing through the point in the direction of the corresponding principal directioncurves (that
is, has an acceleration vector) in the sam@esp. opposite) O A E idifeiibhd A O OE A
standard unit normal at that point.

Proof

This is immediate. Indeed, consider a curvie | "Oon a surfacet, that, at some point, is hed:
ing in a principal direction. Then the normal curvaturell of the curve is simply the correspod-
ing principal curvature, but it is also given by Corollary NNpamely,

I 11°E
where'I| & 1t is unit-speed.Since, by hypothesig| 1,1 and "Eare not orthogonal (in partic-
ular,’l )andll miff 1 {°"E  mand |l miff 1 {°"E T1U o
For example, in the case of the cylinder, a principal curvature at any point ispj @ p, and,
indeed, a curve in the'l direction has an acceleration vector pointingowards the a&-axis, while

the standard unit normal is in the direction of"l "I, which points away from the ¢-axis. And

the sphere has everywhere the principal curvature pj &3 and any curve on it will curve towards
the origin, while the standard unit normal points away from it.

4.3.5.3 The Gaussian and Mean Curvature
We make

Definition NN
Letll andll be the principal curvatures (which are equal at an umbilic) at a poimd ¥ 1. Then

Oh AA® I Tl hAT A
'oh 0® I |

are the Gaussiarand themean curvatureof the surfacet at the point 0, respectively.

50 Two non-orthogonal vectors'Hand "Hooint in the same binary direction if and only ifHt "H Tt.
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Remark. The mean curvatureis also commonly definedas O - |l I so that it is the true
arithmetical mean of the principal curvatures, and not twice this meanThe current author,
however, strongly prefers the beauty of thed A AOh'O O © formulae.

Before we even motivate thamportance of these two concepts (and they are truly important!),
let us compute these curvatures for a number of very simple surfaces.

- Example NN

/ Every point in the plane™ 6l 6 ¢°1 0’1 is an umbilic with principal curvature zero. /
~ Therefore, both the Gaussian and the mean curvatures are identically zero on the plane.

CNNNNNS S,

e

Example NN

The cylinderl « it~ @A 1+G0O B Th has principal curvatures pj dand Ttat every point.
Thus the Gaussian and mean curvatures areand pj wat every point, respectively. ‘

s
~

Example NN

In the sphere (with outward-pointing normal field) of radius wevery point is an umbilic with
principal curvature pj @ Thus the Gaussian and mean curvatures are identicalpy & and -
¢j & respectively. :
As usual,it is possible to derive explicit formulae for the Gaussian and mean curvaturedsing
the result below, we can computa) and ‘Odirectly from the fundamental forms; in other words,

xA AT160 TAAA O1 Ai i pOOA OEA POBRI AEPAT ADOOOAOOOA

Proposition NN

Let and! be the fundamental forms of an-burface”l. Then the Gaussian and mean clav
tures are

00 0 A,&!Oﬁ 0 0000 ¢b O
00 0 AROD 00 0

0

Proof

The principal curvatures are the roots of

KR A <2 a0 0 0O O n R OO0 IO
m AAG I AAG) L g g AA§ 106 10
O oo IO O IO
00 Ol ¢cb™O b'oooll OO O
or, equivalently,since, by regularity, sl "Is ‘OO0 'O T the roots of
I ¢cd0™0O 0O 'O(S" 00 0 -
000 000
Let the coefficients babh ., oh . Then
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I ol & 18
Ifll andll are the principal curvatures (possiblyll Il ), then
[ I S /O
and identification of polynomial coefficients yields

oK Il "KO“O'OG cbﬂ% b K Il ’KH 08
@ 00 0 v “r o500

d

Given an fsurface |, the tuple fields I| Al and OVHO contain exactly the same information.
Indeed, Definition NN is a mapll Al m 0RO, and the inverse map is given hyup to the m-
material ordering of the principal curvatures,

PropositionNN

Let 0 and "Obe the Gaussian and mean curvatures of arsfirface”l, respectively. Then the pm-
cipal curvatures, at every point, are

L8

I & o o
i .

Proof
Trivial, but notice that the relation between the arithmetical mearand the geometric mean
yields can be written, assuming the principal curvatures to be nenegative,

C

or
0
— W
C

which squares to
0
— UL 8
T

If exactly one principal curvature is negative, thew  1and so— U is clearly nonnegative. If
both principal curvatures are negative, then I and |l are positive, and so

C

or — V0 which also squares to— 0. 4
Corollary NN

If 0 andOare the Gaussian and mean curvatures of somatrface, thenv— 0 T

227/314




Physics Done Right, an Attempt

Example NN
Let us compute the Gaussian curvature for the elliptic paraboloi@ ® & , given by

w
Ty H @ R oftyN Oh s 8
WIS

The fundamental forms were found in Example NN, and so Proposition NN yields

T
. 00 0 W T0 p T
000 p T p TW P W Tw Tw p

L A N e

Example NN

. Let us now turn to thehyperbolicparaboloid w @  agiven by

w
Tdw H @ h ooy Oh s 8
[
> The fundamental forms are
p TW TOW oo o] ¢ T
" TOW p TW W tw pTn ¢
- and so the Gaussian cuntare is
N S
00 0 W 10 T
L P 8

00 O P TW p TW P @ W T 1w p
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It follows from Observation NN that

Observation NN
At any point on a surface,

(1)

(2)

(3)

o miffOCI OCI 1 thatis, iffany curve passing through the pointhas an accele
ation vector with the sameO A E Tdife€iion érelative to the standard unit normal. There
cannot be any curve passing through the point with zero normal curvature.

o Tiff OCli OCIi 1 that is, iff there are curves passing through the point with
the their acceleration vectors in the sameD A E Tdife@ibn8as the standard unit normal,
and, also, curves that are passing through the point with their acceleration vectors in th
opposite O A E Tdife@ith 8 Assuming only that the normal curvature is aontinuous func-
OETT 1T &£ OEA AOOOASG therefoie,@herd @rE tutves Ad3sin@ tBrAughbifhe
point with zero normal curvature.

O Tuiff |l ™ | 1t . There are curves passing through the point with zero normg

E

curvature. If, in particular, |l I 11, then the surface is a (part of a) plane.

229314
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Example NN

mteverywhere, andthe sphere and the elliptic

1t everywhere. On the other hand, the hyperboligparaboloid

The plane and the cylinder aresurfaces with 0

Y
Y
~

0
mteverywhere. Another example of a surface with everywhere negative Gaussian car

paraboloid are surfaces with

Y
Y
~

P
e

- hasv

>
-
Y

o

p (exercise). Notice how Observation NN is clearly visible

a

W

he hyperboloid @
in all these cases:

~ tureis t

3
#ﬂ.

/\

77

e e e
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